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The New Minimal Standard Model

Hooman Davoudiasl, Ryuichiro Kitano, Tianjun Li, and Hitoshi Murayama∗
School of Natural Sciences, Institute for Advanced Study, Einstein Drive, Princeton, NJ 08540, USA

(Dated: May 11, 2004)

We construct the New Minimal Standard Model that incorporates the new discoveries of physics beyond
the Minimal Standard Model (MSM): Dark Energy, non-baryonic Dark Matter, neutrino masses, as well as
baryon asymmetry and cosmic inflation, adopting the principle of minimal particle content and the most general
renormalizable Lagrangian. We base the model purely on empirical facts rather than aesthetics. We need only
six new degrees of freedom beyond the MSM. It is free from excessive flavor-changing effects, CP violation,
too-rapid proton decay, problems with electroweak precision data, and unwanted cosmological relics. Any
model of physics beyond the MSM should be measured against the phenomenological success of this model.

The last several years have brought us revolutionary new
insights into fundamental physics: the discovery of Dark En-
ergy, neutrino masses and bi-large mixings, a solid case for
non-baryonic Dark Matter, and mounting evidence for cosmic
inflation. It is now clear that the age-tested Minimal Standard
Model (MSM) is incomplete and needs to be expanded.

There exist many possible directions to go beyond the
MSM: supersymmetry, extra dimensions, extra gauge symme-
tries (e.g., grand unification), etc. They are motivated to solve
aesthetic and theoretical problems of the MSM, but not nec-
essarily to address empirical problems. It is embarrassing that
all currently proposed frameworks have some phenomenolog-
ical problems, e.g., excessive flavor-changing effects, CP vio-
lation, too-rapid proton decay, disagreement with electroweak
precision data, and unwanted cosmological relics.

In this letter, we advocate a different and conservative ap-
proach to physics beyond the MSM. We include the minimal
number of new degrees of freedom to accommodate convinc-
ing (e.g., > 5σ) evidence for physics beyond the MSM. We do
not pay attention to aesthetic problems, such as fine-tuning,
the hierarchy problem, etc. We stick to the principle of min-
imality seriously to write down the Lagrangian that explains
everything we know. We call such a model the New Minimal
Standard Model (NMSM). In fact, the MSM itself had been
constructed in this spirit, and it is a useful exercise to follow
through with the same logic at the advent of the major dis-
coveries we have witnessed. Of course, we require it to be a
consistent Lorentz-invariant renormalizable four-dimensional
quantum field theory, the way the MSM was constructed.

We should not forget that the MSM is a tremendous success
of the twentieth century physics. It is a gauge theory based
on the SU(3)C × SU(2)L × U(1)Y gauge group, has three
generations of quarks and leptons, one doublet Higgs boson,
and a completely general renormalizable Lagrangian one can
write down. We also add classical gravity for completeness.
The Lagrangian can be written down in a few lines (we omit
the metric factor

√
−g):

LMSM = −
1

2g2
s

TrGµνGµν −
1

2g2
TrWµνWµν

−
1

4g′2
BµνBµν + i

θ

16π2
TrGµνG̃µν + M2

PlR

+|DµH |2 + Q̄ii $DQi + Ūii $DUi + D̄ii $DDi

+L̄ii $DLi + Ēii $DEi −
λ

2

(

H†H −
v2

2

)2

−
(

hij
u QiUjH̃ + hij

d QiDjH + hij
l LiEjH + c.c.

)

.(1)

Here, MPl = 2.4× 1018 GeV is the reduced Planck constant,
H̃ = iσ2H∗, and i, j = 1, 2, 3 are generation indices. It
is quite remarkable that the nineteen physically independent
parameters in these few lines explain nearly all phenomena
we have observed in our universe.

Using the principle of minimal particle content, we attempt
to construct the NMSM. It is supposed to be the complete the-
ory up to the Planck scale unless experiments guide us oth-
erwise. What is such a theory? We claim we need only four
new particles beyond the MSM to construct the NMSM, two
Majorana spinors and two real scalars, or six degrees of free-
dom. Note that all components we add to the MSM had been
used elsewhere in the literature. What is new in our model is
that (1) it is inclusive, namely it covers all the recent impor-
tant discoveries listed below, and (2) it is consistent, namely
that different pieces do not conflict with each other or with the
empirical constraints. Even though the latter may not appear
an important point, it is worth recalling that incorporating two
attractive ideas often leads to tensions and/or conflict, e.g.,
supersymmetry and electroweak baryogenesis because of the
constraints from the electric dipole moments, axion dark mat-
ter and string theory because of the cosmological overabun-
dance, leptogenesis and supersymmetry because of the grav-
itino problem, etc. We find it remarkable and encouraging that
none of the elements we add to the MSM cause tensions nor
conflicts which we will verify explicitly in the letter.

What physics do we need to incorporate into the NMSM
that is lacking in the MSM? Here is the list:
• Dark Matter has been suggested as a necessary ingredient
of cosmology for various reasons. There is now compelling
evidence for a non-baryonic matter component [1].
• Dark Energy is needed based on the concordance of data
from cosmic microwave anisotropy [1], galaxy clusters (see,
e.g., [2]), and high-redshift Type-IA supernovae [3, 4].
• Atmospheric [5] and solar neutrino oscillations [6] have
been established, with additional support from reactor anti-
neutrinos [7], demonstrating neutrino masses and mixings.
• The cosmic baryon asymmetry η = nB/s = 9.2+0.6
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ergy, neutrino masses and bi-large mixings, a solid case for
non-baryonic Dark Matter, and mounting evidence for cosmic
inflation. It is now clear that the age-tested Minimal Standard
Model (MSM) is incomplete and needs to be expanded.

There exist many possible directions to go beyond the
MSM: supersymmetry, extra dimensions, extra gauge symme-
tries (e.g., grand unification), etc. They are motivated to solve
aesthetic and theoretical problems of the MSM, but not nec-
essarily to address empirical problems. It is embarrassing that
all currently proposed frameworks have some phenomenolog-
ical problems, e.g., excessive flavor-changing effects, CP vio-
lation, too-rapid proton decay, disagreement with electroweak
precision data, and unwanted cosmological relics.

In this letter, we advocate a different and conservative ap-
proach to physics beyond the MSM. We include the minimal
number of new degrees of freedom to accommodate convinc-
ing (e.g., > 5σ) evidence for physics beyond the MSM. We do
not pay attention to aesthetic problems, such as fine-tuning,
the hierarchy problem, etc. We stick to the principle of min-
imality seriously to write down the Lagrangian that explains
everything we know. We call such a model the New Minimal
Standard Model (NMSM). In fact, the MSM itself had been
constructed in this spirit, and it is a useful exercise to follow
through with the same logic at the advent of the major dis-
coveries we have witnessed. Of course, we require it to be a
consistent Lorentz-invariant renormalizable four-dimensional
quantum field theory, the way the MSM was constructed.

We should not forget that the MSM is a tremendous success
of the twentieth century physics. It is a gauge theory based
on the SU(3)C × SU(2)L × U(1)Y gauge group, has three
generations of quarks and leptons, one doublet Higgs boson,
and a completely general renormalizable Lagrangian one can
write down. We also add classical gravity for completeness.
The Lagrangian can be written down in a few lines (we omit
the metric factor
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Here, MPl = 2.4× 1018 GeV is the reduced Planck constant,
H̃ = iσ2H∗, and i, j = 1, 2, 3 are generation indices. It
is quite remarkable that the nineteen physically independent
parameters in these few lines explain nearly all phenomena
we have observed in our universe.

Using the principle of minimal particle content, we attempt
to construct the NMSM. It is supposed to be the complete the-
ory up to the Planck scale unless experiments guide us oth-
erwise. What is such a theory? We claim we need only four
new particles beyond the MSM to construct the NMSM, two
Majorana spinors and two real scalars, or six degrees of free-
dom. Note that all components we add to the MSM had been
used elsewhere in the literature. What is new in our model is
that (1) it is inclusive, namely it covers all the recent impor-
tant discoveries listed below, and (2) it is consistent, namely
that different pieces do not conflict with each other or with the
empirical constraints. Even though the latter may not appear
an important point, it is worth recalling that incorporating two
attractive ideas often leads to tensions and/or conflict, e.g.,
supersymmetry and electroweak baryogenesis because of the
constraints from the electric dipole moments, axion dark mat-
ter and string theory because of the cosmological overabun-
dance, leptogenesis and supersymmetry because of the grav-
itino problem, etc. We find it remarkable and encouraging that
none of the elements we add to the MSM cause tensions nor
conflicts which we will verify explicitly in the letter.

What physics do we need to incorporate into the NMSM
that is lacking in the MSM? Here is the list:
• Dark Matter has been suggested as a necessary ingredient
of cosmology for various reasons. There is now compelling
evidence for a non-baryonic matter component [1].
• Dark Energy is needed based on the concordance of data
from cosmic microwave anisotropy [1], galaxy clusters (see,
e.g., [2]), and high-redshift Type-IA supernovae [3, 4].
• Atmospheric [5] and solar neutrino oscillations [6] have
been established, with additional support from reactor anti-
neutrinos [7], demonstrating neutrino masses and mixings.
• The cosmic baryon asymmetry η = nB/s = 9.2+0.6
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Based on local gauge principle
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lattice = 0.733±0.029

B
K

fit = 0.866±0.086

~1.5s

alternatively  e
K
 calls 

for large A and h

h = 0.383±0.027 h = 0.341±0.015 

no sin2b no e
K

Overall features of EWPT

Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

Δαhad(mZ)Δα(5) 0.02758 ± 0.00035 0.02766
mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874
ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4957
σhad [nb]σ0 41.540 ± 0.037 41.477
RlRl 20.767 ± 0.025 20.744
AfbA0,l 0.01714 ± 0.00095 0.01640
Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1479
RbRb 0.21629 ± 0.00066 0.21585
RcRc 0.1721 ± 0.0030 0.1722
AfbA0,b 0.0992 ± 0.0016 0.1037
AfbA0,c 0.0707 ± 0.0035 0.0741
AbAb 0.923 ± 0.020 0.935
AcAc 0.670 ± 0.027 0.668
Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1479
sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314
mW [GeV]mW [GeV] 80.392 ± 0.029 80.371
ΓW [GeV]ΓW [GeV] 2.147 ± 0.060 2.091
mt [GeV]mt [GeV] 171.4 ± 2.1 171.7

Beyond Standard Model – p. 44/??

Almost Perfect !

EWPT & CKM



Only Higgs (~SM) and Nothing 
Else So Far at the LHC

All the interactions except for 
gravity are described by 

Quantum Gauge Theories !



Still Many Why’s !!
• Neutrino masses and mixings ?

• Nonbaryonic DM ? DE ? 

• Why is top much heavier than other fermions ?

• Why Q(e) = - Q(p) ?

• Do all forces unify at high energy scale ?

• Why 3 generations ? 

• Is our spacetime 4-dim ? There are many more,  
including your own Q’s

Occam’s razor principle ?



Building Blocks of SM

• Lorentz/Poincare Symmetry

• Local Gauge Symmetry : Gauge Group + 
Matter Representations from Experiments

• Higgs mechanism for masses of  weak 
gauge bosons and SM chiral fermions

• These principles lead to unsurpassed 
success of the SM in particle physics



Lessons from SM

• Specify local gauge sym, matter contents and 
their representations under local gauge group

• Write down all the operators upto dim-4

• Check anomaly cancellation

• Consider accidental global symmetries 

• Look for nonrenormalizable operators that 
break/conserve the accidental symmetries of 
the model



• If there are spin-1 particles, extra care 
should be paid : need an agency which 
provides mass to the spin-1 object

• Check if you can write Yukawa couplings to 
the observed fermion

• One may have to introduce additional Higgs 
doublets with new gauge interaction if you 
consider new chiral gauge symmetry (Ko, 
Omura, Yu on chiral U(1)’ model for top FB 
asymmetry)

• Impose various constraints and study 
phenomenology



(3,2,1) or SU(3)cXU(1)em ?

• Well below the EW sym breaking scale, it may 
be fine to impose SU(3)c X U(1)em

• At EW scale, better to impose (3,2,1) which 
gives better description in general after all

• Majorana neutrino mass is a good example

• For example, in the Higgs + dilaton (radion) 
system, and you get different results 

• Singlet mixing with SM Higgs 



Towards BSM

• Precision Calculations

• Experimental Anomalies 

• Construct phenomenological 
model and try to explain the 
anomaly

• If successful, try to construct 
more complete theories

• Otherwise one gives up

• Hierarchy problem (SUSY,X-Dim, 
etc.)

• GUT, String Theory etc.

• Start from (beautiful) high energy 
theory, then RG run down to low 
energy scale and do 
phenomenology

• If fails, modify the high energy 
theory and repeat the whole 
procedure

Bottom-Up Top-Down



We are living in a data-driven 
era, and so I will follow the 

bottom-up approach !



We are living in a data-driven 
era, and so I will follow the 

bottom-up approach !

We have to rely on effective field theory (EFT)



How to construct EFT ?

• Top-Down : If a high energy scale theory is given, you 
integrate out the heavy d.o.f. and RG run down to the 
next heaviest mass scale, and repeat (Match and Run) 
until you reach the energy scale you are interested in 

• Bottom-Up : At energy scale E you are interested in, 
identify dynamical fields and symmetries (local or global), 
and write down all possible interactions with Lorentz/
Poincare symmetry 



How to construct EFT ?

• Top-Down : If a high energy scale theory is given, you 
integrate out the heavy d.o.f. and RG run down to the 
next heaviest mass scale, and repeat (Match and Run) 
until you reach the energy scale you are interested in 

• Bottom-Up : At energy scale E you are interested in, 
identify dynamical fields and symmetries (local or global), 
and write down all possible interactions with Lorentz/
Poincare symmetry 

This is the most difficult part !
Only ext’s can help us ! 



Effetive Field Theory (EFT)

Why EFT ?

SM (Ren + Nonren) as an EFT

EFT for Dark Matter Physics

Beyond Standard Model – p. 4/80



Weinberg’s theorem (1979)

• To any given order in perturbation theory, and for a given 
set of asymptotic states, the most general possible 
Lagrangian containing all terms allowed by the assumed 
symmetries will yield the most general S-matrix elements 
consistent with analyticity, perturbative unitarity, cluster 
decomposition and assumed symmetry principles


• Originally this was to conjecture the equivalence of 
current algebra results and effective Lagrangian method 
for pion physics



Why EFT ? (weak coupling case)

We don’t know what happens at energy higher than it is
affordable

High Energy physics can leave footprints in low energy
regime, which can be adequately described by effective
lagrangian with an infinite tower of local operators

lf new physics scale is much higher than experimental
energy scale, the lowest dim nonrenormalizable
operators will give the dominant corrections to the SM
prdictions
Fermi’s theory of weak interaction is a good example

One can do meaningful phenomenology with a few
number of unknown parameters

Existing proof : the very most successful SM down to
r ! 10−18 m

In any case, we are living with EFT any way in real life

Renormalizable Lagrangian + Nonrenormalizable terms
Beyond Standard Model – p. 5/80



Why EFT ? (strong coupling case)

In a strongly coupled theory such as QCD where
nonperturbative aspects are very important, it is
ususally very difficult to solve a problem

Very often physical dof is different from fields in the
lagrangian
(quarks and gluon vs. hadrons in QCD)

Useful (often critical) to construct EFT based on the
symmetries of the underlying strongly interacting theory,
using the relevant dof only

Most important to identify the relevant dof and relevant
symmetries

Many examples in QCD: chiral lagrangian [+ (axial)
vector mesons, heavy hadrons], NRQCD for heavy
quarkonium, HQET for heavy hadrons, SCET etc.

Beyond Standard Model – p. 6/80



EFT is not new at all !

• Newton’s gravity near the earth’s surface (  = radius of 
the earth) : 


• Classical E&M : multipole expansions for local charge/
current distributions, Good for    ( : the size of local 
charge distribution) 


• Potential for +q and -q separate by a distance d: Good for 

R
V(r) = − GMm /(R + h) ≈ const + mgh + . . .

r ≫ R R

V( ⃗r ) = q ( 1
| ⃗r + ⃗d /2 |

− 1
| ⃗r − ⃗d /2 | ) ≈ q ⃗d ⋅ ⃗r

r3 + . . . = ⃗p ⋅ ⃗r
r3 + . . .

pko
However this is not good for d < r , especially near r = 0



Dim. Analysis : Area of Ellipse
• Consider an ellipse given by 


• What is the area of this ellipse ? Ans = 


• Dimensional Analysis : [a]=[b]= , [Area]= 


• Area ~   (one can think of more complicated forms)


• Area is symm under , vanishes when  : Area = 


• For  (circle), we know   (Area =  )


• Therefore we get the area of an ellipse is 


• HW 0: What is the volume of 3-dim ellipsoid ?

( x2

a2 ) + ( y2

b2 ) = 1

πab

L L2

a2, b2, ab

a ↔ b a, b → 0 Cab

a = b C = π πa2

πab



Naive Dimensional Analysis

Natural Units in HEP:

c = ! = 1 → [!L = !r × !p] = 0

[L] = [T ] = [!p]−1

E =
√

(pc)2 + (mc2)2 −→ E =
√

p2 +m2,

QM Amp ∼
∫

path
eiS/! −→ [Action] = 0 = [

∫

d4xL]

[E] = [p] = [M ] = [L]−1 = [T ]−1

Everything will be in mass dimensions:

[L] = 4, [σ(= Area)] = −2, [τ(= Γ−1)] = −1

Beyond Standard Model – p. 7/80



Both the decay rate (Γ ≡ τ−1) and the cross section (σ)
are given by

Fermi’s Golden Rule

with suitable flux facors

|M|2×phase space

(

≡ Πi=1n
d3!pi

(2π)32Ei
)

)

×(2π)4δ(
∑

i

pi−
∑

f

pf )

Note that [Γ] = +1 and [σ] = −2

It is often enough to do the dimensional analysis for Γ
and σ, when there is only one important mass scale
from the phase space integration

A number of easy examples will be given in this lecture

Beyond Standard Model – p. 8/80



Scalar fields

Lagrangian for a real scalar field:

L =
1

2
∂µφ∂

µφ−
m2

2
φ2 − µφ3 −

λ

4
φ4 +

∞
∑

i=1

C4+i

Λi φ4+i

[∂] = +1, [L] = 4 → [φ] = 1

[m] = [µ] = +1 and [λ] = [Ci] = 0

Ci terms are nonrenormalizable interaction terms ( φd>4

: Irrelevant operators → Will discuss shortly)

Field op φ create or annihilate a particle of mass m:

φ ∼ a(p)e−ip·x + a†(p)e+ip·x

Complex scalar φ ∼ a+ b† with a and b relevant to
particle and antiparticle

Beyond Standard Model – p. 9/80



Fermion fields

Lagrangian for fermion fields :

L = ψ(i∂ · γ −mψ)ψ +
C

Λ2 (ψψ)
2 + ....

[ψ] = 3/2 , [m] = 1 , [C] = 0

C term: nonrenormalizable (irrelevant at low energy)

Dirac field operator:

ψ ∼ bu+ d†v

ψ ∼ b†u+ dv

Fermi’s theory of weak interaction is the classic
example

Beyond Standard Model – p. 10/80



Dimensional analysis for ψψ scattering

M(ψ(p1, s1)ψ(p2, s2) → ψ(p3, s3)ψ(p4, s4)) ∼
1

Λ2

σ ∼
(

1

Λ2

)2

× (phasespace) ∼
(

1

Λ2

)2

× s

Mandelstam variables for 2 → 2 scattering:

s ≡ (p1 + p2)
2, t = (p3 − p1)

2, u = (p4 − p1)
2

s+ t+ u =
4
∑

i=1

m2
i

Cross section becomes zero as s → 0 : Irrelevant

Beyond Standard Model – p. 11/80



Unitarity Violation

What happen at high energy ?

σ → ∞ →

Violation of perturbative Unitarity near
√
s ∼ Λ/

√
C

→ New dof’s will come into play for cure (e.g., W± or
Z0)

This is the wonder of Nature with special relativity and
quantum mechanics

In the SM, the pointlike interaction is replaced by the
W±, Z0 propagator, which cuts off the bad high energy
behavior

σ ∼ 1/s at very high energy scale
√
s ( mW,Z

Beyond Standard Model – p. 12/80



Vector fields

Lagrangian for abelian gauge field with a charged
particle (QED):

L = −
1

4
FµνF

µν + ψ(iD · γ −mψ)ψ

Fµν ≡ ∂µAν − ∂νAµ

Dµψ ≡ (∂µ + ieAµ)ψ

[Aµ] = 1, [Fµν ] = 2, [e] = 0

Dimensionless coupling e → Renormalizable interaction
(marginal operator, meaning that it is important at all
energy scales)

RG equation for e may run into a Landau pole, above
which the coupling diverge → Either new theory
before/around Landau pole, or low energy theory is free
field theory

Beyond Standard Model – p. 13/80



Heavy Particle EFT

If the energy scale is so low that the particle cannot be
created or destroyed, the particle number will be
conserved

Heavy particle EFT

pµ = mvµ + kµ, |k| << m

Remove e−imt factor from the field : φ = e−imv·xψv(x)

Lagrangian (with Lorentz sym restore by vµ) :

L(ψv, v
µ) = ψ†

vv ·Dψv + ....

Can be applied to baryon ChPT, heavy meson ChPT,
etc..

Beyond Standard Model – p. 14/80



Renormalizable Opertors

dim 0 : Iop (cosmological constant)

dim 1 : S (scalar tadpole)

dim 2 : S2 , AµAµ (mass terms for bosons)

dim 3 : ψψ (Fermion mass term) , S3 (self interaction of
singlet scalar)

dim 4 : Sψψ (Yukawa interaction) , S4 (Scalar self
coupling) , A4

µ , ∂µAνAµAν (self interactions of gauge

fields)

NB: S, S3 etc possible only for gauge singlet S

Beyond Standard Model – p. 15/80



Nonabelian Gauge Symmetry and Renormalizability

Renormalizable Interactions are only 3 types:

B3, B4, FFB

Power counting renormalizable interactions for spin-1:

L = −
1

4
(∂µA

a
ν−∂νAa

µ)
2+m2

A
1

2
AµaA

µa+∂µA
a
νA

µbAνc++Aa
µA

b
νA

µcAνd

(all possible contraction over group indices)

Although this is power counting renormalizable, it is not

Only special type of lagrangian consistent with local
Nonabelian gauge symmetry is renormalizable

Local gauge symmetry is really a powerful principle for
a spin-1 object

Beyond Standard Model – p. 16/80



Some remarks on QFT

QFT is the basic framework for particle physics, and is a
marriage of QM and Special Relativity

Spin-Statistics theorem

Bosons : totally symmetric wavefunction

Fermions : totally antisymmetric wavefunction

Intrinsic P (B,F ) = (+B,−F )

CPT is a symmetry of any local QFT
→ CP violation implies T (time-reversal) violation

CPT theorem: mn = mn̄ and τn = τn̄, µn = µn̄

However, a partial width of n and n̄ can be different →
Direct CP Violation :

Γ(n → f) )= Γ(n̄ → f̄)

Beyond Standard Model – p. 17/80



Heavy Quarknia Quantum Numbers

Bound State of spin-1/2 Q and Q̄ with 2S+1LJ :

P = (−1)L+1, C = (−1)L+S → 0−+, 1−−, 1++, 1+−,

Bound State of spin-0 Q and Q̄ with 2S+1LJ

(with S = 0 and L = J):

P = (−1)L, C = (−1)L → 0++, 1−−, 2++, etc.

No place for π (with 0−+)

Observed JPC clearly says that quarks are spin-1/2
fermions, not scalars

Exotic mesons don’t follow the above assigment

Beyond Standard Model – p. 18/80



Effective Lagrangian Approach

If new physics scale is high enough, it is legitimate to
integrate out the heavy d.o.f.

The low energy physics can be described in terms of
effective lagrangian :

Leff = Lren +
∞
∑

d=5

O(d)

Λd−4
d

where all the operators in Leff are made of light d.o.f.
with their local gauge symmetries

Effects of the nonrenormalizable operators ∼ (E/Λd)
d−4

relative to the amplitude from Lren

EFT is useful, as long as E * Λd, since we can keep
only a few of the NR operators
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SM as an EFT: Below e+e− Threshold

Only relevant quantum dof is photon Aµ

If E increases, we need to include more and more NR
operators

Eventually, unitarity will be broken → We have to
include new d.o.f.’s in the EFT, and redefine the EFT
with more d.o.f.

QED at E * 2me : Aµ, local U(1) and P,C

LEET = −
1

4
FµνF

µν +
e4

(4π)2Λ4F
4 + ...

where Λ ∼ me

This effective lagrangian describes γγ scattering, the
cross section of which will break unitarity when E
reaches 2me
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SM as an EFT: Below e+e− Threshold

The cross section grows like ∼ s3:

σ(γγ → γγ) ∼
e8

Λ8 s
3

and see at which energy scale unitarity is violated

Unitarity will be restored due to a new process that
opens up: γγ → e+e−

One has to redefine the effective lagrangian near e+e−

threshold, by including the electron/positron fields
explicitly
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Digress on Unitarity

Unitarity is the most profound thing in QM

Scattering Operator S is unitary:

〈f |S|i〉 = Sfi = δfi + i(2π)4δ4(pi − pf )Tfi

Unitarity: S†S = SS† = 1

Tfi − T ∗
fi = i(2π)2

∑

n

δ4(pf − fn)TfnT
∗
in

If interaction is weak, we can ignore the RH →
T becomes Hermitian Tfi = T ∗

if

Optical theorem for f = i:

2ImTii = (2π)4
∑

n

|Tin|2δ4(Pi − Pn)

Im〈nλ|f |nλ〉 =
|!p|σtot
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Rayleigh Scattering: Why is Sky Blue ?

Photon scattering with neutral atom A where

Eγ * ∆En1 ≡ En − E1

→ Elastic scattering of light on neutral atoms

Atom is described by nonrelativistic Schrödinger wave
function ψA with dim 3/2:

L = ψ†
A

(

i
∂

∂t
−H

)

ψA +
e2

Λ3ψ
†
AψAFµνF

µν + ....

Λ ∼ ∆E21, r0 ??

Note that photon couples to a neutral atom. How ???
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No coupling of photon to neutral objects only at
renormalizable level

Photon couples to neutral particle at nonrenormalizable
level due to quantum fluctuation can involve charged
particles in the loop

Likewise, gluons can couple to photons

γA scattering cross section :

σ(γA → γA) ∼
e4

Λ6E
4
γ ∼

1

λ4γ

for Eγ * ∆E2,1

Blue light scatters more than red light → Sky is blue,
and we can enjoy the beautiful sunrise/sunset in red
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Hydrogen Atom

• Hydrogen atom : 3 energy scales ( ) 
with R Rydberg constant


• Consider 


• Fields :  for  ,  for ,  for photon


• Lorentz inv, Parity : only one operator for the radiative 
transition:   ( )

me, a−1
0 ∼ meα, R ∼ meα2

H(2P) → H(1S) + γ

ϕ H(1S) χμ H(2P) Fμν

ℒ = Ce
Λ ϕFμνχμν χμν ≡ ∂μχν − ∂ν χμ



•  dimensionless constant, encoding microscopic 
physics for the radiative transitions (electric dipole,…)


• Now the new physics scale relevant to this case is  
 , since we are ignoring fine structure now


• HW 1: Show that 


• QM textbook : 


•  : is really ~O(1)

g ∼ O(1)

Λ ∼ a−1
0

Γ(H(2P) → H(1S) + γ) = ( 4
3 g2) αa2

0ω3

Γ(H(2P) → H(1S) + γ) = 217

311 αa2
0ω3

g = 0.74



Useful relations
• For photon polarization  , the pol sum is given by      




• For massive spin-1 pol.  , the pol sum is given by 

                            

[  : 4-momentum of H(2P) ]


•     (  : 2-body phase space element, and 

sum over final spin, average over the initial spin) 

ϵμ(γ)

∑
pol

ϵμ(γ)ϵ*ν (γ) = − gμν

ϵμ(2P)

∑
pol

ϵμ(2P)ϵ*ν (2P) = − (gμν −
qμqν

M2
2P )

qμ = (M2P, ⃗0 )

Γ = 1
2M2P ∫ dΠ2 |M |2 dΠ2



• HW 2: Show that   is forbidden by showing 
that there are no effective operators allowed by symmetries. 
What is the allowed decay mode of  into  with 
emitting photons ?


• HW 3: In Nature, one observes  , but not 
 . Can you explain why this is the case ? Which 

symmetry forbids the latter decay mode ? [This is a kind of 
theorem similar to Landau-Yang theorem: Spin-1 particle 
can not decay into a pair of identical scalar particles]


• HW4: Prove Landau-Yang theorem [a spin-1 particle can not 
decay into a pair of photons]. How about the case a colored 
spin-1 particle decays into a pair of gluons in QCD ? 

H(2S) → H(1S) + γ

H(2S) H(1S)

ρ0(770) → π+π−

ρ0 → π0π0



Van der Waals Force

Potential between neutral atoms are described by
two-photon exchange diagrams from the previous

lagrangian ψ†
AψAF

2

Additional contact interaction has to be considered:

1

Λ2

(

ψ†
AψA

)2

Calculate the two contributions and discuss what is the
form of the force between two neutral atoms (Van der
Waals interaction) ?

What is a in the exponent in V (r) ∼ ra ?

What if we consider the neutral atom relativistically ?
(Itzykson and Zuber, QFT)
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QED as an EFT below µ+µ− threshold

QED at 2me ≤ E * 2mµ : Amu, e, ē, local U(1) and P,C

LEff = −
1

4
FµνF

µν + e(iD −me)e

+
e4

(4π)2Λ4
1

F 4 +
e

(4π)2Λ2
eσµνeFµν

where Λ1 ∼ mµ, and Λ2,3 ∼ O(1) TeV or larger (see later
discussions on these points)

NP scale in each NR operator is independent (different
from each other) in general, since the origin can be
different

Scale for F 4 is now ∼ mµ, unlike the previous case

Beyond Standard Model – p. 27/80



QED as an EFT below µ+µ− threshold

Additional 1/(4π)2 suppression for NR operators
generated at one-loop level, compared with NR
operators generated at tree level, even if their operator
dim’s are the same

If we impose SU(2)L × U(1)Y instead of U(1)em, the Λ2

term should be replaced by

e

(4π)2Λ2
2

eLσ
µνHeRFµν →

ev√
2(4π)2Λ2

2

eLσ
µνeRFµν

and the effect becomes smaller for the same Λ2, or the
bound on Λ2 becomes stronger

Chiraliry flip operator
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QED as an EFT above µ+µ− threshold

QED at E * 2mπ : Aµ, e, ē, µ, µ̄, local U(1) and P,C

LEff = −
1

4
FµνF

µν + e(iD −me)e+ µ(iD −mµ)µ

+
e4

(4π)2Λ4
1

F 4 +
e

(4π)2Λ2
eσµνeFµν +

e

(4π)2Λ3
µσµνµFµν

+
e

(4π)2Λ4
eσµνµFµν +

e2

Λ2
5

(ee)(eµ) +H.c.

where Λ1 ∼ mπ, Λ2,3 " XX TeV , and Λ4,5 " XX TeV or
larger

Λ2,3 terms contribute to (g − 2)e,µ

Λ4,5 generate µ → eγ and µ → 3e
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Muon Decay µ → eνeνµ

Apply the Fermi’s theory of weak interaction with
replacing (p, n) by (νµ, µ)

LCCweak = −
GF√
2
(νµγ

µµ)(eγµνe) +H.c.

Muon lifetime :

τ−1 = Γµ =
G2

F

2(4π)3
m5

µ

cf. Compare with the exact expression:

τ−1 = Γµ ∼
G2

F

192π3
m5

µ ∝ m5
µ

Γ ∝ m5 is a generic behavior of a fermion decaying
through 4-fermion (dim 6) operators (τ , proton decays
etc.) Beyond Standard Model – p. 30/80



Weinberg operator for neutrino mass

If we impose SU(2)L × U(1)Y local gauge symmetry
instead of U(1)em, the above neutrino mass terms will
be replaced by dim-5 Weinberg operator breaking with
∆L = 2:

yαβ
Λαβ

(LαH)(JβH) +H.c.

with Λαβ ∼ 1012−16 GeV ∼ MN (RH Majorana mass
scale in seesaw mechanism)

This is the only dim-5 operator which is invariant under
the full SM gauge symmetry SU(3)C × SU(2)L × U(1)Y

This nonrenormalizable terms can be made
renormalizable (UV complete) by introducing the RH
singlet neutrinos (Type-I seesaw), or by triplet Higgs
fields (Type-II seesaw)
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Proton Decay

These decays are kinematically allowed, but never been
observed

τ(p → e+π0) > 8.2× 1033yr

τ(p → K+ν) > 6.7× 1032yr

Why proton is so stable ?

τp > τuniverse = 4× 1017 sec

Consider operators epπ0 (dim 4), and eγµp∂µπ0(dim 5),
both give dangerously short lifetime for proton
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Proton Decay

One possible way out: p and π are composite of quarks,
and B and L violation occurs at very high energy scale,
where proton is no longer a good description with the
following dim-6 operators:

g2

Λ2uude

(ignoring Dirac structure)

SUch operators can be generated in (SUSY) GUT, or
MSSM with R−parity violation

Calculate the lower bound on the scale Λ from the lower
bound on the proton lifetime.
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