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§ !"# = !%"# + ℎ"# in Regge-Wheeler gauge and after Fourier decom.:

4

Odd parity (axial)

Even parity (polar)



§Schwarzschild black hole: 

§ Odd parity (axial): Regge-Wheeler equation

!" = 1 − 2'(
) ) + 1
(+ − 6'(-
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§ Even parity (polar): Zerilli equation
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§Beyond GR?

§QNM spectrum 
§Eikonal QNM and photon orbits
§ Isospectrality
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§Beyond GR?

§QNM spectrum 
§Eikonal QNM and photon orbits
§ Isospectrality
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§ The eikonal QNMs (! → ∞) and the photon ring
$ ≈ Ω'! − )(+ + 1/2)|2'|

§ 34 $ :↔ Ω' (orbital frequency of the photon ring)

§ 78 $ :↔ 2' (Lyapunov exponent)
Cardoso, Miranda, Berti, Witek, Zanchin (2009)

9:; = −=; ̅?9@; + 9A
;

? + A;9Ω;

§ In GR, we have B ≈ =; ̅? CD
ED

§ The peak of the potential coincides with the photon ring

§ This may not be true for modified gravity
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§ For examples: In theories with non-minimal matter couplings:

! ≈ #(%)'( ̅* +(
%(
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cf. ! ≈ '( ̅* ,-
.- in GR 

§ Charged black holes in gEMSG *(/, 12):

!3 =
'( ̅*
%(
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Chen, Chen (2020)

§ Charged black holes in EiBI gravity:
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Chen, Bouhmadi-López, Chen (2019)



§ A simple relation formula (non-rotating BH)

!" = lim'≫)
1
+,

Jusufi (2020), Cuadros-Melgar et al. (2020)

§ A general mapping exists for Kerr BHs
Jusufi (2020), Yang (2021)
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§Beyond GR?

§QNM spectrum 
§Eikonal QNM and photon orbits
§ Isospectrality
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§Schwarzschild black hole: 

§ Odd parity (axial): Regge-Wheeler equation

!" = 1 − 2'(
) ) + 1
(+ − 6'(-
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§ Even parity (polar): Zerilli equation
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Isospectrality:  They share the same spectrum!



§ Chandrasekhar transformation

!"/$ = &' ∓ )&)*∗
− -

' - + 1 '

91'

& = 61 21 − *
*' 61 + 2-* − - - + 131

&: superpotential

§ Wave functions:

Ψ"/$ =
1

7 − 8' (∓& Ψ ⁄$ " +
)Ψ ⁄$ "
)*∗

)
Chandrasekhar (1983)

§ Isospectrality is very fragile

!"/$ → !"/$ + =!"/$
Cardoso et al. (2019) 14



§ In many modified gravity, Schwarzschild and Kerr are still solutions

§ There may be additional physical d.o.f in the theory:
!"
!#∗"

+ &" Ψ − ) ⁄+ ,Ψ = .+/,
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0+/,: source term from extra d.o.f

§ In f(R) : 02 = 0, 0, ≠ 0 Bhattacharyya, Shankaranarayanan (2017) (2018)

§ In dCS gravity: 02 ≠ 0, 0, = 0 Cardoso, Gualtieri (2009)

§ EdGB gravity Blázquez-Salcedo et al. (2016)

§ Scalar-tensor theory
Kobayashi, Motohashi, Suyama (2012), Tattersall, Ferreira (2018)

§ Others: Nonlocal gravity, Hybrid-metric-Palatini gravity
Chen, Park (2021), Chen, Kung, Chen (2020)
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§ Black hole QNMs are important tool to probe strong gravity
§ QNM spectra are directly altered when additional parameters enter
§ Eikonal QNMs and spherical photon orbits

§ Non-minimal matter-curvature couplings

§ Isospectrality
§ Very fragile
§ f(R) gravity, dCS gravity, nonlocal gravity, HMPG


