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・ Origin of flavor and CP symmetries : important issue in the SM

Introduction

𝑌 = න
𝑄 𝐻𝑈

Extra-dimensional space

・ 4D Yukawa couplings (in the higher-dimensional theory)
= Overlap integrals of zero-mode wavefunctions on the internal space

・ Geometrical symmetries (and stringy selection rule)
→ Flavor structure of quarks/leptons

・ Yukawa couplings 𝑌(𝜏) depend on moduli 𝜏 (geometric parameters)
－Moduli VEVs determine the flavor structure and CP violation



𝑇2 torus  :  𝑆𝐿(2, ℤ) geometrical (modular) symmetry

=

𝑻𝟐 = ℂ/Λ

𝑒𝑥

After 2017

Two generators : 𝑆 and 𝑇

𝑒𝑦
′

𝑒𝑥
′

𝑒𝑦

・ Lattice vectors are related under 𝑆𝐿(2, ℤ) modular transformation:

F. Feruglio, 1706.08749
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𝑒𝑥
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𝑆, 𝑇 𝑆2 = −𝕀, 𝑆4 = 𝑆𝑇 3 = 𝕀}𝑆𝐿(2, ℤ)

Finite subgroups of modular group

Finite subgroups :

Γ2 ≃ 𝑆3, Γ3 ≃ 𝐴4, Γ4 ≃ 𝑆4, Γ5 ≃ 𝐴5, … .
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・ Matter fields and Yukawa couplings : non-trivial representations of Γ𝑁

(developed in heterotic orbifold models, magnetized D-brane models)

useful to reproduce the data, in particular, the lepton sector

𝑦𝑖𝑗(𝜏)𝑄𝑖𝐻𝑈𝑗

Γ𝑁 = 𝑆, 𝑇 𝑆2 = 𝑆𝑇 3 = 𝑇𝑁 = 𝕀}



Modular symmetry on 6D Calabi-Yau threefolds ?
(Vacuum solutions in string theory)
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𝑌 = න
𝑄 𝐻𝑈

Torus

𝑌 = න
𝑄 𝐻𝑈

Calabi-Yau



6D CY  :  𝑆𝑝(2ℎ + 2, ℤ) symplectic modular symmetry

・ (dual) basis {𝛼𝐼 , 𝛽𝐼} of three cycles is related under 𝑆𝑝(2ℎ + 2, ℤ)

preserves the symplectic matrix:

𝐼 = 0,1, … , ℎ

ℎ ∶ # of moduli fields 

A. Strominger (‘90), 
P. Candelas, X. de la Ossa (‘91)

𝑆𝑝 2, ℤ ≃ 𝑆𝐿(2, ℤ)
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𝐸8 × 𝐸8 Heterotic string on 6D CY (standard embedding)

𝐸6 × 𝐸8

27𝑖 : Kaehler moduli 
27𝑎 : Complex structure moduli      

・Moduli ≈ Matters (𝐸6 ∶ 27 or 27) 

・ 4D Gauge symmetry :

・ Yukawa couplings (273)

𝑊 = 𝐹𝑖𝑗𝑘27
𝑖27𝑗27𝑘

Symplectic modular symmetry in CY moduli space
∼ Flavor symmetry 

𝐹𝑖𝑗𝑘 = 𝜕𝑖𝜕𝑗𝜕𝑘𝐹

𝐹 : prepotential

Candelas-Horowitz-Strominger-Witten (‘85)
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・ Symplectic transf. of matters (27𝑖) and Yukawa couplings (𝐹𝑖𝑗𝑘)

27𝑖 → ෪27𝑖 = ෨𝑋0 1/3 𝜕 ෨𝑋𝑖

𝜕𝑋𝑗
27𝑗

𝐹𝑖𝑗𝑘 → ෨𝐹𝑖𝑗𝑘 =
𝜕𝑋𝑙

𝜕 ෨𝑋𝑖

𝜕𝑋𝑚

𝜕 ෨𝑋𝑗
𝜕𝑋𝑛

𝜕 ෨𝑋𝑘
𝐹𝑙𝑚𝑛

ー Non-trivial representations of 𝑆𝑝(2ℎ + 2, ℤ)

ー Flavor symmetry :   Gflavor ⊂ 𝑆𝑝(2ℎ + 2, ℤ)

ー 𝑈 1 𝑅 symmetry :    𝑈 1 𝑅 ⊂ 𝑆𝑝(2ℎ + 2, ℂ)

(𝑋0, 𝑋𝑖): projective coordinates
with the gauge 𝑋0 = 1

( 𝑖 = 1,2, … , ℎ)

෨𝑋0(= 𝑒2𝑖𝛼) : R-symmetric trf. with R-charge 2/3 for matters
9



・ 𝑆4 flavor symmetry on 6D toroidal orbifolds with ℎ = 3

ー Invariant under two generators

P : 1 → 3, 2 → 1, 3 → 2 (permutation of three 𝑇2)
Q : 1 → −1, 2 → −3, 3 → 2

ー 𝑆4 triplet : {271, 272, 273}

ー 𝑆4 ⊂ 𝑆𝑝 2 × 3 + 2, ℤ = 𝑆𝑝(8, ℤ)

𝑊 = 271272 273

𝐹123 = 1, otherwise 0 

・ Some classes of 6D Calabi-Yaus have 𝑆4 flavor symmetry 10



・ Assumption :  10D = 4D + 6D Calabi-Yau (CY)

Consider simultaneous transformations of 
ー 4D partiy
ー 6D orientation reversing :   𝑧𝑖 → − ҧ𝑧𝑖 (𝑖 = 1,2,3)

10D Majorana-Weyl spinor under 𝑆𝑂 1,9 = 𝑆𝑂 1,3 × 𝑆𝑂(6) :

Geometrical origin of 4D CP

Strominger-Witten (‘85)
Dine-Leigh-MacIntire (‘92) 
Choi-Kaplan-Nelson (‘92)

(𝑧𝑖: local coordinates of 6D space)

(Volume form : 𝑑𝑉 → −𝑑𝑉)
𝑑𝑉 ∝ 𝑑𝑧1 ∧ 𝑑𝑧2 ∧ 𝑑𝑧3 ∧ 𝑑 ҧ𝑧1 ∧ 𝑑 ҧ𝑧2 ∧ 𝑑 ҧ𝑧3

16 = 2, 4+ ⊕ (2′, ത4−) 2, 2′ : left- and right-handed spinors of 𝑆𝐿 2, ℂ
4+, ത4− : ＋ and ― chirality spinors of 𝑆𝑈(4)
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16 = 2, 4+ ⊕ (2′, ത4−)

2, 4+ → (2′, 4−) E.g., in heterotic string, 𝐸6 : 27 → 27

・ Such transformations correspond to 4D CP

2, 2′ : left- and right-handed spinors of 𝑆𝐿 2, ℂ
4+, ത4− : ＋ and ― chirality spinors of 𝑆𝑈(4)
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・ 𝑆𝑝(2ℎ + 2, ℤ) modular transformation:

・ CP transformation (6D orientation reversing: 𝑥𝑖 → −𝑥𝑖, 𝑦𝑖 → 𝑦𝑖 )

CP-even basis : 𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 ∧ 𝑑𝑦𝑘 , 𝑑𝑦𝑖 ∧ 𝑑𝑦𝑗 ∧ 𝑑𝑦𝑘
CP-odd basis : {𝑑𝑥𝑖 ∧ 𝑑𝑥𝑗 ∧ 𝑑𝑥𝑘 , 𝑑𝑥𝑖 ∧ 𝑑𝑦𝑗 ∧ 𝑑𝑦𝑘}

・ 𝐺𝑆𝑝 2ℎ + 2, ℤ = 𝑆𝑝 2ℎ + 2, ℤ ⋊ ℤ2
𝐶𝑃

generalized symplectic modular symmetry

・ Flavor sym. is enlarged to Gflavor ⋊ ℤ2
𝐶𝑃 (e.g., 𝑆4 ⋊ ℤ2

𝐶𝑃) 13

𝑧𝑖 = 𝑥𝑖 + 𝑖𝑦𝑖



・ Common origin of 4D flavor, CP, and 𝑈 1 𝑅 symmetries

ー Moduli ≈ Matters (Heterotic string with standard embedding)

ー Symplectic modular flavor symmetry (e.g., 𝑆4)

ー Generalized symplectic modular symmetry

ー R-symmetry: 𝑈 1 𝑅 ⊂ 𝑆𝑝(2ℎ + 2, ℂ) ⊂ 𝐺𝑆𝑝(2ℎ + 2, ℂ)

・ Stringy origin of Minimal Flavor Violation
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Conclusion

Gflavor ⊂ 𝑆𝑝(2ℎ + 2, ℤ)

Gflavor ⋊ ℤ2
𝐶𝑃 ⊂ 𝐺𝑆𝑝(2ℎ + 2, ℤ)

T. Kobayashi and H.O., arXiv: 2108.XXXXX

𝑦𝑖𝑗𝑘𝑙 =෍

𝑚
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