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Introduction : Flavor Symmetry

4D Standard Model
Mysteries of Flavor Structure

Flavor Symmetry
Non-Abelian Discrete Groups

(e.g.) 𝑆4

𝑐3 = 𝟏
𝑎4 = (𝑏𝑐)4= 𝟏

𝑏2 = 𝟏
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Introduction : Modular Flavor Symmetry

4D Standard Model
Mysteries of Flavor Structure

𝛼1
Complex Structure Modulus : 𝜏 =

𝛼2

𝛼1

𝛼2

Modular Flavor Symmetry
Finite Modular Subgroups
Γ𝑁 ⊂ തΓ (e.g.) Γ4 ≅ 𝑆4

Geometrical Structure 
(e.g.) Modular symmetry

+ Compact space (e.g.) 𝑇2 ≃ 𝑪/Λ
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Introduction : Modular Flavor Symmetry
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Complex Structure Modulus : 𝜏 =
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Introduction : Modular Flavor Symmetry

4D Standard Model
Mysteries of Flavor Structure

T

Complex Structure Modulus : 𝜏 =
𝛼2

𝛼1

തΓ ≡ 𝑆𝐿(2, 𝒁)/𝒁2

𝑇: 𝜏 → 𝜏 + 1

𝑆2 = (𝑆𝑇)3= 𝟏

Modular Flavor Symmetry
Finite Modular Subgroups
Γ𝑁 ⊂ തΓ (e.g.) Γ4 ≅ 𝑆4

Geometrical Structure 
(e.g.) Modular symmetry

+ Compact space (e.g.) 𝑇2 ≃ 𝑪/Λ

Image
തΓ

𝛼′2

𝑆: 𝜏 → −
1

𝜏

𝛼′1
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Introduction : Modular Flavor Symmetry

4D Standard Model
Mysteries of Flavor Structure

Modular Flavor Symmetry
Finite Modular Subgroups
Γ𝑁 ⊂ തΓ (e.g.) Γ4 ≅ 𝑆4

𝜌(𝑆)2 = [𝜌 𝑆 𝜌 𝑇 ]3= 𝟏

𝜌: representation of തΓ ≡ 𝑆𝐿(2, 𝒁)/𝒁2

𝑇: 𝑌 𝜏 → 𝑌 𝜏 + 1 = 𝜌(𝑇)𝑌 𝜏

𝑆: 𝑌 𝜏 → 𝑌 −
1

𝜏
= −𝜏 k𝜌 𝑆 𝑌 𝜏Complex Structure Modulus : 𝜏 =

𝛼2

𝛼1

Modular Forms of Weight k (∈2Z): 𝑌(𝜏)

Geometrical Structure 
(e.g.) Modular symmetry

+ Compact space (e.g.) 𝑇2 ≃ 𝑪/Λ 𝜌(𝑇)𝑁 = 𝟏

Image
തΓ

Γ𝑁
k = 

even

T𝛼′2

𝛼′1
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4D Standard Model
Mysteries of Flavor Structure

𝜌(𝑆)4 = [𝜌 𝑆 𝜌 𝑇 ]3= 𝟏

𝑇: 𝑌 𝜏 → 𝑌 𝜏 + 1 = 𝜌(𝑇)𝑌 𝜏

𝑆: 𝑌 𝜏 → 𝑌 −
1

𝜏
= −𝜏 k𝜌 𝑆 𝑌 𝜏Complex Structure Modulus : 𝜏 =

𝛼2

𝛼1
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Image
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𝛼′1

Modular Forms of Weight k (∈Z): 𝑌(𝜏)

𝜌: representation of Γ ≡ 𝑆𝐿(2, 𝒁)

Modular Flavor Symmetry
Finite Modular Subgroups
Γ′𝑁 ⊂ Γ (e.g.) Γ′4 ≅ 𝑆′4

Γ

തΓ
Γ′𝑁Γ𝑁

k = 
even

k = 
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4D Standard Model
Mysteries of Flavor Structure

𝑆4 = (𝑆𝑇)3= 𝟏

+ Compact space (e.g.) 𝑇2 ≃ 𝑪/Λ

Modular Flavor Symmetry on magnetized T2

Γ ≡ 𝑆𝐿(2, 𝒁)

Geometrical Structure 
(e.g.) *Modular symmetry

(Coordinate,Modulus) : (z, 𝜏)

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍

𝑆: (𝑧, 𝜏) → −
𝑧

𝜏
, −

1

𝜏

𝑇: (𝑧, 𝜏) → (𝑧, 𝜏 + 1)

𝛼1

𝛼2 Magnetic Flux

0 1

𝜏 𝑧

Assumption:
Flavor group, Representation, Weight

How can they be determined?
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Mysteries of Flavor Structure

Modular Flavor Symmetry
Finite Modular Subgroups
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𝛼1

𝛼2

0 1

𝜏 𝑧
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How can they be determined?
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4D Standard Model
Mysteries of Flavor Structure

𝜌: representation of ෨Γ ≡ ෪𝑆𝐿(2, 𝒁)

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍

Geometrical Structure 
(e.g.) *Modular symmetry

𝜌(𝑆)8 = [𝜌 𝑆 𝜌 𝑇 ]6= 𝟏

(Coordinate,Modulus) : (z, 𝜏)

Wavefunctions : 𝜓(𝑧, 𝜏)

Modular Flavor Symmetry on magnetized T2/Z2

𝜌(𝑇)2𝑀 = 𝟏

𝑇:𝜓(𝑧, 𝜏) → 𝜓(𝑧, 𝜏 + 1) = 𝜌(𝑇)𝜓(𝑧, 𝜏)

𝑆: 𝜓(𝑧, 𝜏) → 𝜓(−
𝑧

𝜏
, −

1

𝜏
) = −𝜏 1/2𝜌 𝑆 𝜓(𝑧, 𝜏)

0 1

𝜏 𝑧

3 generations on magnetized 𝑇2/𝑍2

Modular Flavor Symmetry
Finite Modular Subgroups
෨Γ2𝑀 ⊃ ෩Δ 6𝑀2 (𝑀 = 4,8)

+ Compact space (e.g.) 𝑇2/𝑍2
𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧~ − 𝑧

Assumption:
Flavor group, Representation, Weight

How can they be determined?
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4D Standard Model
Mysteries of Flavor Structure

𝜌: representation of ෨Γ ≡ ෪𝑆𝐿(2, 𝒁)

Geometrical Structure 
(e.g.) *Modular symmetry

𝜌(𝑆)8 = [𝜌 𝑆 𝜌 𝑇 ]6= 𝟏

(Coordinate,Modulus) : (z, 𝜏)

Wavefunctions : 𝜓(𝑧, 𝜏)

Modular Flavor Symmetry on magnetized T2/Z2

𝑇:𝜓(𝑧, 𝜏) → 𝜓(𝑧, 𝜏 + 1) = 𝜌(𝑇)𝜓(𝑧, 𝜏)

𝑆: 𝜓(𝑧, 𝜏) → 𝜓(−
𝑧

𝜏
, −

1

𝜏
) = −𝜏 1/2𝜌 𝑆 𝜓(𝑧, 𝜏)

0 1

𝜏 𝑧

3 generations on magnetized 𝑇2/𝑍2

+ Compact space (e.g.) 𝑇2/𝑍2
𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧~ − 𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍 + 1

Modular Flavor Symmetry
Finite Modular Subgroups

Γ𝑀 × 𝑍8 (𝑀 = 5,7)

𝜌(𝑇)𝑀 = 𝑒𝑖𝜋/4𝟏

Assumption:
Flavor group, Representation, Weight

How can they be determined?
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Magnetized T2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2

(e.g.) 𝑀 = 4

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍
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Magnetized T2/Z2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2/𝑍2

𝑧~ − 𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍

(e.g.) 𝑀 = 4
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Magnetized T2/Z2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2/𝑍2

𝑧~ − 𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍

(e.g.) 𝑀 = 4
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Magnetized T2/Z2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2/𝑍2

𝑧~ − 𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍

(e.g.) 𝑀 = 4

𝑍2-even

𝜓
𝑇2/𝑍2

+
0,4

𝜓
𝑇2/𝑍2

+
1,4

𝜓
𝑇2/𝑍2

+
2,4

(e.g.)
𝑀 = 4

M 2 4 6 8

T2/Z2 even 2 3 4 5

T2/Z2 odd 0 1 2 3

Table.1: The number of zero-modes 
[with Scherk-Schwarz phase 

𝛼1, 𝛼𝜏 = 0,0 ]
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Magnetized T2/Z2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2/𝑍2

𝑧~ − 𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍

(e.g.) 𝑀 = 4

𝑍2-even

Δ(6𝑀2) ≅ 𝑍𝑀 × 𝑍′𝑀 ⋊ 𝑍3 ⋊ 𝑍2
෩Δ(6𝑀2) ≅ 𝑍𝑀 × 𝑍′𝑀 ⋊ 𝑍3 ⋊ 𝑍8

𝜌(𝑆)8 = [𝜌 𝑆 𝜌 𝑇 ]6= 𝜌(𝑇)2𝑀 = 𝟏෨Γ2𝑀

(𝜌 𝑆 −1𝜌 𝑇 −1𝜌 𝑆 𝜌 𝑇 )3= 𝟏෩Δ(6𝑀2)

∪

𝜓
𝑇2/𝑍2

+
0,4

𝜓
𝑇2/𝑍2

+
1,4

𝜓
𝑇2/𝑍2

+
2,4

𝜌 𝑆 =
𝑒𝑖𝜋/4

2

1 2 1

2 0 − 2

1 − 2 1

𝜌 𝑇 =
1

𝑒𝑖𝜋/4

−1

(e.g.)
𝑀 = 4

෨Γ2𝑀

Γ′2𝑀

Γ2𝑀

Image

෩Δ(6𝑀2)

Δ′(6𝑀2)Δ(6𝑀2)

M 2 4 6 8

T2/Z2 even 2 3 4 5

T2/Z2 odd 0 1 2 3

Table.1: The number of zero-modes 
[with Scherk-Schwarz phase 

𝛼1, 𝛼𝜏 = 0,0 ]

෩∆(96) ෩∆(384)෩Δ(6𝑀2)

with
modular 
weight

1/2
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Magnetized T2/Z2

0 1

𝜏

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧
𝑇2/𝑍2

𝑧~ − 𝑧

(e.g.) 𝑀 = 4

𝑍2-even

𝜓
𝑇2/𝑍2

+
0,4

𝜓
𝑇2/𝑍2

+
1,4

𝜓
𝑇2/𝑍2

+
2,4

𝜌 𝑆 =
𝑒𝑖𝜋/4

2

1 2 1

2 0 − 2

1 − 2 1

𝜌 𝑇 =
1

𝑒𝑖𝜋/4

−1

(e.g.)
𝑀 = 4

M 2 4 6 8

T2/Z2 even 2 3 4 5

T2/Z2 odd 0 1 2 3

Table.1: The number of zero-modes 
[with Scherk-Schwarz phase 

𝛼1, 𝛼𝜏 = 0,0 ]

෩∆(96) ෩∆(384)෩Δ(6𝑀2)

M 1 3 5 7

T2/Z2 even 0 1 2 3

T2/Z2 odd 1 2 3 4

Table.2: The number of zero-modes 
[with Scherk-Schwarz phase 

𝛼1, 𝛼𝜏 = 1/2,1/2 ]

𝐴5 × 𝑍8 𝑃𝑆𝐿(2, 𝑍7) × 𝑍8Γ𝑀 × 𝑍8

with
modular 
weight

1/2
(𝜌( ෨𝑇)𝑀 = 𝑒𝑖𝜋/4𝟏)

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 𝑍
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𝑧1 ↔ 𝑧2
Z2 permutation

𝑇1
2/𝑍2 × 𝑇2

2/𝑍2

×
𝜏1 = 𝜏2 = 𝜏

𝑀1 = 𝑀2 = 𝑀

3-generation modes on (T2×T2)/(Z2×Z2)

3-dimensional representations of Γ𝑁
Γ4 ≅ 𝑆4 ≅ Δ 24

Γ8 ⊃ Δ(96)

Γ16 ⊃ Δ(384)

Γ3 ≅ 𝐴4

Γ5 ≅ 𝐴5

Γ7 ≅ 𝑃𝑆𝐿(2, 𝑍7)

R. de Adelhart Toorop, F. Feruglio, C. Hagedorn, 
Nucl. Phys. B 858. 437 (2012) with modular weight 1

3-generation modes

Γ′4 ≅ 𝑆′4 ≅ Δ′ 24𝑀 = 2

Γ′8 ⊃ Δ′(96)𝑀 = 4

Γ′16 ⊃ Δ′(384)𝑀 = 8

Γ′2𝑀 ⊇ Δ′(6𝑀2)

SS phase 𝛼1, 𝛼𝜏 = 0,0

Γ3 × 𝑍4 ≅ 𝐴4 × 𝑍4𝑀 = 3

Γ5 × 𝑍4 ≅ 𝐴5 × 𝑍4𝑀 = 5

Γ7 × 𝑍4 ≅ 𝑃𝑆𝐿(2, 𝑍7) × 𝑍4𝑀 = 7

SS phase 𝛼1, 𝛼𝜏 = 1/2,1/2

Γ𝑀 × 𝑍4



⚫3-generation modes on magnetized T2/Z2

orbifold transform as modular ෩Δ 6𝑀2 (𝑀 =
4,8) triplets or Γ𝑀 × 𝑍8 (𝑀 = 5,7) triplets
with modular weight 1/2.

⚫3-generation modes on magnetized 
(T2×T2)/(Z2×Z2) orbifold transform as 
modular Δ′ 6𝑀2 (𝑀 = 2,4,8) triplets or 
Γ𝑀 × 𝑍4 (𝑀 = 3,5,7) triplets with modular 
weight 1.

Flavor group, Representation, Weight can be 
determined in magnetized orbifold models!

25

Conclusion

𝑧1 ↔ 𝑧2
Z2 permutation

𝑇1
2/𝑍2 × 𝑇2

2/𝑍2

×

𝑇2/𝑍2



3 generations on magnetized𝑇2/𝑍2• Origen of 3 generation
• Origen of mass hierarchy
• Origen of flavor mixing
・・・
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4D Standard Model
Mysteries of Flavor Structure

Modular Flavor Symmetry
Finite Modular Subgroups
෨Γ2𝑀 ⊃ ෩Δ 6𝑀2 (𝑀 = 4,8)

𝜌: representation of ෨Γ ≡ ෪𝑆𝐿(2, 𝒁)

+ Compact space (e.g.) 𝑇2/𝑍2

𝛼1

𝛼2

0 1

𝜏

𝑧

Magnetic Flux :(2𝜋)−1𝑻𝟐 𝐹 = 𝑀 ∈ 2𝑍

𝜌(𝑇)2𝑀 = 𝟏

Geometrical Structure 
(e.g.) *Modular symmetry

𝜌(𝑆)8 = [𝜌 𝑆 𝜌 𝑇 ]6= 𝟏

𝑇:𝜓(𝑧, 𝜏) → 𝜓(𝑧, 𝜏 + 1) = 𝜌(𝑇)𝜓(𝑧, 𝜏)

𝑆: 𝜓(𝑧, 𝜏) → 𝜓(−
𝑧

𝜏
, −

1

𝜏
) = −𝜏 1/2𝜌 𝑆 𝜓(𝑧, 𝜏)

(Coordinate,Modulus) : (z, 𝜏)

Wavefunctions : 𝜓(𝑧, 𝜏)

𝑧~𝑧 + 1~𝑧 + 𝜏

𝑧~ − 𝑧

Future Work


