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● Charm quark mass is a unique scale.

— too heavy for ChPT

Theoretically challenging
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Introduction

— too light for                     expansion?⇤QCD/mc
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— in a good stage to test theories

● High statistics data are provided.
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● Charm quark mass is a unique scale.

● High statistics data are provided.

●  mixing.D0 − D̄0

— too heavy for ChPT

— experimental data are not quantitatively reproduced yet

Theoretically challenging
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Introduction

— too light for                     expansion?⇤QCD/mc

[1810.06874]LHCb

— in a good stage to test theories

— ⇤QCD/mc expansion is not successful
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mc ⇡ 1.3� 1.7 GeV

perhaps, quark-hadron duality is violated?



Outline
(A)  mixingD0 − D̄0

(B) Quark-hadron duality for neutral meson mixings
— quark-hadron duality in the ’t Hooft model

— theoretical method (OPE) and comparison with experiments

— numerical results for duality violation

(C) Summary



D0 − D̄0 mixing

observables
mass difference

width difference

D̄0

{
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time evolution

Time evolution Eq.

Mass eigenstate
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D0

= 2M12/�
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CP-conserving limit
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Heavy quark expansion (HQE)

box diagrams 4-fermi interaction

:  dimension of operator
: Wilson coefficientCn
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 mixing: theoryD0 − D̄0

Two methods
(1) Exclusive approach ✔ (2) Inclusive approach

(hadronic-level) (quark-level)
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 mesonD

HFLAV 2019

{

{Exp.

Theory / Experiment comparison (for inclusive)
 meson

{

Bs

{

   mesonBd

{{
● For      meson, the experimental data are reproduced.

Exp. Exp.

SM SM SM

Lenz and Tetlalmatzi-Xolocotzi  2019

HFLAV 2019

● For  meson, the order of magnitude is not reproduced within four-quark operators.D

Bs

y = (6.51+0.63
�0.69)⇥ 10�3
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✔Golowich and Petrov 2005

HFLAV 2019

Buras, Slominski and Steger 1984

Cheng 1982Hagelin 1981,

Δms = (17.757 ± 0.021) ps−1

ΔΓs = (0.090 ± 0.005) ps−1

Δmd = (0.5065 ± 0.0019) ps−1

Δms = (18.77 ± 0.86) ps−1

Lenz and Tetlalmatzi-Xolocotzi  2019

ΔΓs = (0.091 ± 0.013) ps−1

Δmd = (0.543 ± 0.029) ps−1

ΔΓd = (2.6 ± 0.4) × 10−3 ps−1

ΔΓd = (0.002 ± 0.020) ps−1

Bobrowski et al. 2010
NLO QCD 

Box diagram

suppressed by GIM cancellation
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x ' 6 · 10�7
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y ' 6 · 10�7

*  is not calculated in the HQE formalism.Δmd,s

● For      meson,  is reproduced within the experimental error.ΔΓdBd



● For      meson, the experimental data are reproduced.

● For  meson, the order of magnitude is not reproduced within four-quark operators.D

Bs

● For      meson,  is consistent within the experimental error.ΔΓdBd

 mesonD

HFLAV 2019

{Exp.

 meson

{

Bs

{

   mesonBd

{{Exp. Exp.

SM SM

Lenz and Tetlalmatzi-Xolocotzi  2019

HFLAV 2019

y = (6.51+0.63
�0.69)⇥ 10�3
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HFLAV 2019

Δms = (17.757 ± 0.021) ps−1

ΔΓs = (0.090 ± 0.005) ps−1

Δmd = (0.5065 ± 0.0019) ps−1

Δms = (18.77 ± 0.86) ps−1

Lenz and Tetlalmatzi-Xolocotzi  2019

ΔΓs = (0.091 ± 0.013) ps−1

Δmd = (0.543 ± 0.029) ps−1

ΔΓd = (2.6 ± 0.4) × 10−3 ps−1

ΔΓd = (0.002 ± 0.020) ps−1

✔ Violation of quark-hadron duality?

Jubb, Kirk, Lenz and Tetlalmatzi-Xolocotzi, 2017

Contribution of higher dim. operators?

Beyond the standard model?
Golowich, Pakvasa and Petrov, 2007

— it gives a resource of SU(3) breaking linear in , 
avoiding severe GIM cancellation?

ms

Bigi and Uraltsev, 2001

— 20% violation explains the data. (based on a simple model)

Golowich, Hewett, Pakvasa and Petrov, 2009

x ⇠ y . 10�3
<latexit sha1_base64="EsZagIEZPRutZ8WsS4glKZKS9Bc="></latexit>

x, y ⇠ O(10�3)
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Falk, Grossman, Ligeti and Petrov, 2001

— With some assumption about hadronic matrix elements,

Possibilities discussed in the literature

Theory / Experiment comparison (for inclusive)

Buras, Slominski and Steger 1984

Cheng 1982Hagelin 1981,Box diagram
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{SM

✔Golowich and Petrov 2005
Bobrowski et al. 2010

NLO QCD 

suppressed by GIM cancellation

e.g.,
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x ' 6 · 10�7
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y ' 6 · 10�7

*  is not calculated in the HQE formalism.Δmd,s

suggested by Georgi, 1992, prior to the experimental measurement
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+ (condensates)
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Inclusive and exclusive processes
Quark hadron

σ(inc)(e+e− → qq̄) σ(e+e− → 2π) + σ(e+e− → 3π) + ⋯
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Poggio, Quinn and Weinberg, 1976 for the case with smearing

inclusive = sum of exclusiveQuark-hadron duality:

Duality violation:
(one definition of)

inclusive  sum of exclusive≠
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+ (higher dimensional operators)
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σ(inc)(e+e− → qq̄)

Inclusive and exclusive processes

✔Does duality violation possibly give a large correction to the box diagram?
Non-trivial point

This talk



inclusive (HQE)

d = 4
d = 2

exclusive (Theo.)exclusive (Exp.)

✔

✔

✔

✔❌

❌

Γ(inc)
12 = ∑ Γ(exc)

12

?

QCD is solvable in the large-  limitNc

Method to investigate duality violation

Comparison between  and d = 4 d = 2

The ’t Hooft model (  in the large-  limit)QCD2 Nc
◎ HQE is in common with =4.d

◎ Confinement is built-in.
◎ Asymptotic free theory.

◎ Phase space offen has singularity in .d = 2

’t Hooft, 1974

◎ Gluon is not dynamical.

Duality violation is qualitatively testable.
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Masses and wavefunctions for mesons can be determined 
within the formalism.

the ’t Hooft equation:

Bethe-Salpeter equation (in the light-cone gauge):
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x
+
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1� x

◆
�k(x)� �2Pr

Z 1

0

�k(y)dy

(x� y)2

notation of QCD coupling:

=
S

S S

S
S

S

Bound state equation in the ’t Hooft model
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Exclusive processes for  mixingD0 − D̄0

, + (excited states)M = π, K

D0 M−

M+
W+

Γ(D0)
12 = ∑

k,m

(−1)k+m T(k,m)T(m,k)*

4M2
D0 |pkm |

: color-allowed tree diagramT(k,m)

Width difference in CP conserving limit:

phase space in 2D
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Numerical result:  mixingD0 − D̄0

points: based only on the 4D-like phase space
crosses: based on the 4D-like phase space + 2D-specific one{

◎ The exclusive rate is enhanced by more than , confirmed for 103

, when only the 4D-like phase space function is used.0.14 < ms/β < 0.25

larger than 103
mc = mMS,4D

c
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◎ For the  mixing, the correction to the inclusive rate up to 18% is observed.B0
s − B̄0

s

mb = mpole,4D
b

B0
d − B̄0

d B0
s − B̄0

s

◎ For the  mixing, the correction to the inclusive rate up to 40% is observed.B0
d − B̄0

d

(The experimental data for  is still consistent with zero.)ΔΓBd
/ΓBd

The correction of this size is not excluded yet.

The result is consistent with what is currently indicated in 4D.
(The ratio of the HFLAV data to the HQE  gives )ΔΓ(ex)

Bs
/ΔΓ(th)

Bs
= 0.99 ± 0.15.

A. Lenz and G. Tetlalmatzi-Xolocotzi, 2020
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Numerical result:  B0
q − B̄0

q (q = d, s)

mc /β mc /β

ΔΓ(exc)
q

ΔΓ(inc)
q

For mc < mpole,4D
c



Summary
◎ We have studied local duality and its violation for heavy meson mixings  
     on the basis of one certain dynamical mechanism.

◎ On the basis of the most color-allowed topological amplitude, we 
     numerically evaluated duality violation.

— For the  mixing, the observed difference between inclusive/exclusive 
     is non-negligible:  for

B0
s − B̄0

s
(20 % ,18 % ,11 % ,8%)

— For the  mixing, the order of magnitude for  is enhanced 
     by more than , confirmed for , if the phase space 
     function is given by 4D-like one.

D0 − D̄0 ΔΓD
103 0.14 < ms/β < 0.25

mb/β = (13.7,14.1,15.5,17.0) .
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The results suggest that the theoretical  should be made more precise,ΔΓs
and motivate future measurement of .ΔΓd
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 mixing: theoryD0 − D̄0

Two methods

✔◉Inclusive◉Exclusive
Quark-level analysisHadronic-level analysis
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without dataHard to calculate

Data are used (quark-hadron duality is assumed)

purely theoretical method



(x, y) = (0, 0)
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is excluded by >>11.5σ

mixing: experiment

No signal for CP violation

is allowed(|q/p|� 1,Arg(q/p)) = (0, 0)
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D0 − D̄0
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◉ semi-leptonic decay

This work → heavy meson mixings 
・Mixing is suppressed by the GIM cancellation.

Tiny duality violation is possibly enlarged after cancellation.
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summation ∝

+ bottom loop
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Suppressed by the GIM mechanism.

summation ∝

SU(3) breaking:non-zero contributions 
to  mixingD0 − D̄0

+ bottom loop

For ms = md

�2
d + 2�d�s + �2

s = 0
<latexit sha1_base64="e+1Pdqdq7UuTQd6JfGklpeLjpCI="></latexit>

neglect

CKM unitarity
�d + �s + �b = 0
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neglect
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summation ∝

�i = VciV
⇤
ui
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(1)  mixing for individual flavorsD0 − D̄0

◎ For large , inclusive/exclusive agrees with each other. mc

◎ For small , certain difference between inclusive/exclusive appears.mc

solid line: inclusive
points: sum of exclusive

◎ The agreement beween inclusive/exclusive is better for  than .K−π+ K−K+

D0 → K−π+ → D̄0

(ansatz for fitting the string tension in QCD )4

squares: sum of exclusive
dashed line: inclusive
D0 → K−K+ → D̄0

{ {
Vertical dotted lines: 

reference values corresponding to masses in 4D

 is fixed by 0.32.ms /β
(  mass at the scale of charm quark mass)MS

The vertical axis is normalized by .4G2
F(c2

V − c2
A)2βNc /π

 is fixed by 340 MeV.β

◎ Obvious spikes are observed for  whereas it is not seen for .K−K+ K−π+



(1)   mixing for individual flavorsB0
q − B̄0

q (q = d, s)

solid line: inclusive
points: sum of exclusive

B0
d → D−π+ → B̄0

d

squares: sum of exclusive
dashed line: inclusive{ {

B0
s → D−

s K+ → B̄0
s

B0
d → D−D+ → B̄0

d
B0

s → D−
s D+

s → B̄0
s

◎ The patters are similar for the  and  mixings.B0
d − B̄0

d B0
s − B̄0

s

◎ The disagreement between inclusive/exclusive is larger for .B0
q → DD → B̄0

q



points: based only on the 4D-like phase space
crosses: based on the 4D-like phase space + 2D-specific one{

If the domain of 
 

is considered:
mc < mpole,4D

c

The result is consistent with 4D within  for the latter two.1σ
(The ratio of the HFLAV data to the HQE  gives )ΔΓ(ex)

Bs
/ΔΓ(th)

Bs
= 0.99 ± 0.15.

A. Lenz and G. Tetlalmatzi-Xolocotzi, 2020

mb/β = 13.7 mb/β = 14.1

mb/β = 15.5 mb/β = 17.0

◎ The corrections are up to  for .(20 % , 18 % , 11 % , 8%) mb/β = (13.7, 14.1, 15.5, 17.0)

 mixingB0
s − B̄0

s



Analytical check of local duality

◉ Inclusive width difference

Γ12 → 4(c2
V − c2

A)2V*cdVudG2
F f2

D0MD0down quark massless limit:

generalized weak vertex: cV =
1
2

, cA = −
1
2

the standard model

D0 D̄0

c d u

ū d̄ c̄

Γ12 = CA < D0 | (ūαγμγ5cα)(ūβγμγ5cβ) |D0 > +CP < D0 | (ūαiγ5cα)(ūβiγ5cβ) |D0 >

large-  factorization:Nc

CA = +
2G2

F

MD0
(c2

V − c2
A)V*cdVud[(c2

V − c2
A)(F(th)

dd + 2G(th)
dd ) − (c2

V + c2
A)(I(th)

dd + I(th)
dd )]

CP = −
2G2

F

MD0
(c2

V − c2
A)V*cdVud[(c2

V − c2
A)(G(th)

dd + 2H(th)
dd ) + (c2

V + c2
A)(I(th)

dd + I(th)
dd )]

 phase space functionsF(th)
dd , G(th)

dd , H(th)
dd , I(th)

dd : F(th)
dd = 1 − 4m2

d /m2
c

{

{



Analytical check of local duality

◉ Sum of exclusive width difference

generalized weak vertex: cV =
1
2

, cA = −
1
2

the standard model

(k)

(m)
∝ f (k)

π pμ f (k)
π =

Nc

π ∫
1

0
ϕk(x)dx

 ground statesk = 0, m = 0 : f (k)
π = { Nc /π k = 0

0 k ≠ 0

π(ud̄)massless limits for  and  quark for u d

Γ(D0)
12 = ∑

k,m

(−1)k+m T (k,m)T (m,k)*

4M2
D0 |pkm |

(b) completeness: 
∞

∑
k=0

ϕk(x)ϕ*k (y) = δ(x − y)

(a) exact solution, .ϕ0(x) = 1{



Analytical check of local duality

◉ Sum of exclusive width difference

generalized weak vertex: cV =
1
2

, cA = −
1
2

the standard model

(k)

(m)

Γ(D0)
12 = ∑

k,m

(−1)k+m T (k,m)T (m,k)*

4M2
D0 |pkm |

(b) completeness: 
∞

∑
k=0

ϕk(x)ϕ*k (y) = δ(x − y)

f (k)
π =

Nc

π ∫
1

0
ϕk(x)dx

(a) exact solution, .ϕ0(x) = 1

 ground statesk = 0, m = 0 : f (k)
π = { Nc /π k = 0

0 k ≠ 0

π(ud̄)massless limits for  and  quark for u d

= 4(c2
V − c2

A)2G2
FV*cdVudMD0

Nc

π (∫
1

0
ϕD0(x)ϕπ(x))

2

= 4(c2
V − c2

A)2G2
FV*cdVud f 2

D0MD0

→ −
T (0,0)T (0,0)*

4M2
D0 |p00 |

agrees with the inclusive result

analog of the Pauli interference (Bigi and Uraltsev, 1999)

{
∝ f (k)

π pμ



Numerical evalutation of local duality

(1) Check whether local duality exists for massive final states.
(2) Check the net size of observables in the presence of 
      the GIM cancellation.

Motivations

based on the BSW-improved Multhopp technique Brower, Spence and Weis, 1979

for  bound stateq1q2

ϕ =
N

∑
k=1

ak sin(kθ), x =
1 + cos θ

2

M2ai = (H0 + V )ijajeigenvalue problem: 
: eigenvalue 

    : eigenvector
M2

ai

Numerical method to solve the ’t Hooft equation

D → ππ, D → Kπ, D → KK— We calculate and implement the cancellation.
(main motivation)



Definition of amplitude and overlap integrals

Amplitude 

Overlap int.

Kinematical val.

Grinstein, Lebed 1997,  Bigi, Uraltsev 1999

<latexit sha1_base64="wCS2/yeq4C8nVDyXFm6AuUL5xTc="></latexit>

{
q2 = M2

k for on-shell amplitudes



O1 = (c̄u)V�A(c̄u)V�A
<latexit sha1_base64="l1ON8B0wexEIXWrHA2kwFjSVecs="></latexit>

O2 = (c̄u)S�P(c̄u)S�P
<latexit sha1_base64="IYQ8a3stXPhWPCMYHqd3iB0XMdk="></latexit>

M12 �
i
2�12 = B hD0

|O1|D̄0
i+ C hD0

|O2|D̄0
i

<latexit sha1_base64="aT5/OD6cygI6omb2PGD/x7TmPFQ="></latexit>

Expressions in the SM

Buras, Slominski and Steger, 
Nucl. Phys. B245, 369 (1984)

{
<latexit sha1_base64="Jv3A1RdBTJqbl3mYeFzPLug8dr8="></latexit>

Two contributions

{
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Explicit formula

ū

u
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qi
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i, j = (d, s, b)
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�i = VciV
⇤
ui
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Flavor sum

�d + �s + �b = 0
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CKM unitarity
�d = ��s � �b
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{
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U
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: loop function

c
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Structure of higher-dimensional operators

Leading in     

Subleading in

�i
<latexit sha1_base64="fXt3Kg4ZMXyFjV/gGaz3n75qPpk="></latexit>

: color/Dirac structure

Ohl, Ricciardi and Simmons [9301212]

D=6

D=9



D=9 D=12

Higer-dimensional operators with condensates
 Bobrowski, Lenz and Riedl [1002.4794]



Motivations to study duality violation
(1) For the  mixing, an inclusive calculation, based on theD0 − D̄0

(2) For, e.g., , one can get the systematic uncertainty 
 

B̄ → Xqlν̄ (q = c, u)

(3) Crucial to explain the short lifetime of ?Λb data updated.

before 2003 after 2003

leading operator in HQE, disagrees with data.

[1405.3601]

<latexit sha1_base64="y/aF49qvCb7anDjUlChhYutvXLY="></latexit>

y ' 6 · 10�7

HFLAV 2019[0506185]

in the OPE. 

✔

https://arxiv.org/abs/hep-ph/0506185


Topological amplitudes in the  counting1/Nc

dominant topology in large-  limit:Nc

naive countings: {
<latexit sha1_base64="Jv3A1RdBTJqbl3mYeFzPLug8dr8="></latexit>

◉ Even in the presence of intermediate resonances,
the color-allowed tree diagram is still dominant.

(  does not contribute to the neutral meson mixings)A

[9805404]



Inclusive analysis in the presence of the GIM mechanism

zs = m2
s /m2

c ≪ 1

expansion parameter

Γ(D, inc)
ij ∝ F(th)

ij , G(th)
ij , H(th)

ij .

Γ(D,inc)
(GIM,1) |4D−like ∝ z2

s

Γ(D,inc)
(GIM,1) |4D+2D ∝ zs

{ suppressed more strongly

i, j = d or s

for large mc

The order of magnitude for Γ(exc)/Γ(inc) strongly depends on the two cases.

Both cases are presented in what follows.

zd = m2
d /m2

c = 0{
Γ12 ≃ λ2

s Γ(D,inc)
(GIM,1),CKM unitarity +  limitλb → 0 Γ(D,inc)

(GIM,1) = Γ(D, inc)
dd + Γ(D, inc)

ss − 2Γ(D, inc)
sd

{
three types of phase space functions

Γ12 = λ2
dΓ(D,inc)

dd + 2λsλdΓ(D,inc)
ds + λ2

s Γ(D,inc)
ss .

inclusive observable:

: 4D-like phase space

: 2D-specific phase space

: 2D-specific phase space

λk = VckV*uk


