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• Evidence from oscillation experiments, but not previously accounted for in 
this type of DM interaction study.

Neutrino masses

• Planck vs. local measurements (e.g. SH0ES)

H0 tension

• Planck vs. local measurements (e.g. KiDS-1000)

σ8 tension

Motivations
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• Interaction term
• Boltzmann Equation
• NEW: Non-zero 

neutrino mass

Derivation

• CMB power 
spectrum

• Matter power 
spectrum

CLASS
• Parameter 

constraints
• Correlations

MontePython
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The Boltzmann Equation
• Describes the phase-space evolution of the 

distribution function

• Separate equation for each species – coupled to 
other species through interaction terms

• Legendre decomposition into (infinite, 
truncated) hierarchy

• Evolution of the moments at the linear 
perturbation level – 𝑘𝑘-modes decouple and can 
be evolved separately.

• For detailed overview of the Boltzmann 
equations, see e.g. arXiv:astro-ph/9506072
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𝑃𝑃𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝛼𝛼 − Γ𝛼𝛼𝛼𝛼

𝛾𝛾 𝑃𝑃𝛼𝛼𝑃𝑃𝛽𝛽
𝜕𝜕𝜕𝜕
𝜕𝜕𝑃𝑃𝛾𝛾 = 𝑚𝑚

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝐶𝐶
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𝛿̇𝛿𝑐𝑐𝑐𝑐𝑐𝑐 = −𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐 + 3𝜙̇𝜙

𝜃̇𝜃𝑐𝑐𝑐𝑐𝑐𝑐 = −
𝑎̇𝑎
𝑎𝑎 𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑘𝑘2𝜓𝜓



For comparison: the baryon-photon case
• Baryon equations similar to cdm equations –

but with interactions.

• Photons are massless, so more different. Higher 
moments omitted here.
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𝛿̇𝛿𝑏𝑏 = −𝜃𝜃𝑏𝑏 + 3𝜙̇𝜙

𝜃̇𝜃𝑏𝑏 = −
𝑎̇𝑎
𝑎𝑎
𝜃𝜃𝑏𝑏 + 𝑘𝑘2𝜓𝜓 + 𝑐𝑐𝑠𝑠2𝑘𝑘2𝛿𝛿𝑏𝑏 +

4𝜌̅𝜌
3 �𝑃𝑃

𝑎𝑎𝑛𝑛𝑒𝑒𝜎𝜎𝑇𝑇 𝜃𝜃𝛾𝛾 − 𝜃𝜃𝑏𝑏

𝛿̇𝛿𝛾𝛾 = −
4
3 𝜃𝜃𝛾𝛾 + 4𝜙̇𝜙

𝜃̇𝜃𝛾𝛾 = 𝑘𝑘2
1
4 𝛿𝛿𝛾𝛾 − 𝜎𝜎𝛾𝛾 + 𝑘𝑘2𝜓𝜓 + 𝑎𝑎𝑛𝑛𝑒𝑒𝜎𝜎𝑇𝑇 𝜃𝜃𝑏𝑏 − 𝜃𝜃𝛾𝛾

⋮



Massless and massive neutrinos
• Massless neutrinos like photons – but without 

interactions

• Unlike other species – non-zero mass neutrinos 
transition from ultrarelativistic to nonrelativistic

• Usual approximations don’t work –
equations are momentum dependent
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𝛿̇𝛿𝜈𝜈 = −
4
3
𝜃𝜃𝜈𝜈 + 4𝜙̇𝜙

𝜃̇𝜃𝜈𝜈 = 𝑘𝑘2
1
4
𝛿𝛿𝜈𝜈 − 𝜎𝜎𝜈𝜈 + 𝑘𝑘2𝜓𝜓

𝐹̇𝐹𝜈𝜈 𝑙𝑙 =
𝑘𝑘

2𝑙𝑙 + 1 𝑙𝑙𝐹𝐹𝜈𝜈 𝑙𝑙−1 − 𝑙𝑙 + 1 𝐹𝐹𝜈𝜈 𝑙𝑙+1

Ψ̇0 = −
𝑝𝑝𝑘𝑘
𝐸𝐸 Ψ1 − 𝜙̇𝜙

𝑑𝑑 ln 𝑓𝑓0
𝑑𝑑 ln 𝑝𝑝

Ψ̇1 = −
𝑝𝑝𝑘𝑘
3𝐸𝐸 Ψ0 − 2Ψ2 −

𝐸𝐸𝐸𝐸
3𝑝𝑝 𝜓𝜓

𝑑𝑑 ln 𝑓𝑓0
𝑑𝑑 ln 𝑝𝑝

Ψ̇𝑙𝑙 = −
𝑝𝑝𝑘𝑘

2𝑙𝑙 + 1 𝐸𝐸 𝑙𝑙Ψ𝑙𝑙−1 − 𝑙𝑙 + 1 Ψ𝑙𝑙+1



Calculating our interaction term
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• We assume a constant interaction cross section, 
no specific particle physics model.

• Standard method of calculating interaction term

• Calculation similar to Thomson scattering 
derivation in arXiv:astro-ph/9308019

𝐶𝐶 𝑝𝑝 =
1

𝐸𝐸𝜈𝜈 𝒑𝒑 �
𝑑𝑑3𝒑𝒑′

2𝜋𝜋 32𝐸𝐸𝜈𝜈 𝒑𝒑′
𝑑𝑑3𝒒𝒒

2𝜋𝜋 32𝐸𝐸𝜒𝜒 𝒒𝒒
𝑑𝑑3𝒒𝒒′

2𝜋𝜋 32𝐸𝐸𝜒𝜒 𝒒𝒒′ 2𝜋𝜋 4 𝑀𝑀 2

× 𝛿𝛿4 𝑞𝑞 + 𝑝𝑝 − 𝑞𝑞′ − 𝑝𝑝′ 𝑔𝑔 𝒒𝒒′ 𝑓𝑓 𝒑𝒑′ 1 − 𝑓𝑓 𝒑𝒑 − 𝑔𝑔 𝒒𝒒 𝑓𝑓 𝒑𝒑 1 − 𝑓𝑓 𝒑𝒑′

↓

𝐶𝐶 𝑝𝑝, 𝜇𝜇 =
𝜎𝜎0𝑛𝑛𝜒𝜒𝑝𝑝2

𝐸𝐸𝜈𝜈2 𝑝𝑝
𝑓𝑓0
1 𝑝𝑝 +

1
2 𝑓𝑓2

1 𝑃𝑃2 𝜇𝜇 − 𝑓𝑓 1 𝑝𝑝, 𝜇𝜇 − 𝑣𝑣𝜒𝜒𝜇𝜇𝐸𝐸𝜈𝜈 𝑝𝑝
𝑑𝑑𝑓𝑓 0 𝑝𝑝

𝑑𝑑𝑑𝑑

(going to comoving coordinates + conformal time yields extra factor of a)



Our modified Boltzmann equations
• Define interaction rate amplitude:

𝐶𝐶𝜒𝜒 =
𝑎𝑎𝜎𝜎0𝑛𝑛𝜒𝜒𝑝𝑝2

𝐸𝐸𝜈𝜈2 𝑝𝑝

• Simple additions to neutrino equations, more 
complex to calculate interaction term for cdm
(integral can only be done numerically)
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Ψ̇1 = … − 𝐶𝐶𝜒𝜒
𝑣𝑣𝜒𝜒𝐸𝐸𝜈𝜈

3𝑓𝑓 0 𝑝𝑝
𝑑𝑑𝑓𝑓 0 𝑝𝑝

𝑑𝑑𝑑𝑑
− 𝐶𝐶𝜒𝜒Ψ1

Ψ̇𝑙𝑙 = … − 𝐶𝐶𝜒𝜒Ψ𝑙𝑙

𝜃̇𝜃𝑐𝑐𝑐𝑐𝑐𝑐 = … +
𝜌𝜌𝜈𝜈 + 𝑃𝑃𝜈𝜈
𝜌𝜌𝜒𝜒

3
4 𝑘𝑘

∫𝑝𝑝2𝑑𝑑𝑑𝑑 𝑝𝑝𝑓𝑓 0 𝑝𝑝 𝐶𝐶𝜒𝜒
𝜃𝜃𝜒𝜒𝐸𝐸𝜈𝜈 𝑝𝑝
3𝑘𝑘𝑓𝑓 0 (𝑝𝑝)

𝑑𝑑𝑓𝑓 0 𝑝𝑝
𝑑𝑑𝑑𝑑 + Ψ1

∫𝑝𝑝2𝑑𝑑𝑑𝑑 𝑝𝑝𝑓𝑓 0 𝑝𝑝

Ψ̇2 = … −
9

10
𝐶𝐶𝜒𝜒Ψ2

= … +
𝜌𝜌𝜈𝜈 + 𝑃𝑃𝜈𝜈
𝜌𝜌𝜒𝜒

𝜇̇𝜇𝜒𝜒 𝜃𝜃𝜈𝜈 − 𝜃𝜃𝜒𝜒
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𝑢𝑢𝜒𝜒 =
𝜎𝜎0
𝜎𝜎Th

𝑚𝑚𝜒𝜒

100 GeV

−1 𝐶𝐶𝜒𝜒 = 𝑎𝑎 𝑢𝑢𝜒𝜒
𝜎𝜎Th𝜌𝜌𝜒𝜒

100 𝐺𝐺𝐺𝐺𝐺𝐺
𝑝𝑝2

𝐸𝐸𝜈𝜈2

• Suppression similar to WDM (but with 
oscillations)

• ‘Peaks’ shifted to slightly higher k compared to 
massless neutrino case (same u yields smaller 
effect)
For comparison see arXiv:1903.00540

• Matches expectation from new 𝑝𝑝2/𝐸𝐸2
dependence
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• No significant impact on H0

• Stronger interaction → lower s8



Thank you for your 
attention.

Questions?
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