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Intro: S-matrix in plane-wave basis =

[QFT textbooks]

[4 The standard tool for describing quantum processes of particles:

¢ Basis (@ Schrodinger Pic.): [6721)-:13]

(plane wave: the eigenstate of P ) <> X completely undetermined
(non-normalisable mode)

[(Volume)(Time) = «0]

€ |S|2 is ill-defined due to [64(Pou-Pin) |2 = 64(Pou-Pin) X 64(0).

= Only the averaged (per V and T) frequencies of events is calculable.
t decay widths & cross sections

(Tin (= Tinita1) = -00, Tout (= Thpa)) = +00)
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Intro: Gaussian basis

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]
M Key: Fields can be expanded in any complete sets of bases.

— Perturbations under normalised bases are possible. =» Gaussian!

M Gaussian basis normalisable!
Rlane-wave limit: = x)

€ Form (@ Schrodinger Pic.):

i (x—X)2
~ iP-(x—X) 5
L (a coherent state) (when T=0))

Centre Position
at a certain time T

€ Expansion of Scalar operator
(in Int. Pic.):

A d° X d?’P
O¢($):/ [faxp J[( XPB—FhC} \
(2 T
Wave function of Gaussnan wave |oa(:ket—T Annihilation op.
(X is defined @ T) for the corresponding wave- Dajw
P) = A1(P)|0), |P={0.X"(=7).X.P}

H/_/
—: X

the one-particle state




Intro: S-matrix in Gaussian basis
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o S-matrix (1=2) def.: | S := (P, Py|Te

[Note: as in the plane-wave basis,
but by the creation/annihilation
operators for wave packets]

8 freg_tsj‘;(ate . fTout at (D ( t\freei_rs]tatej
T int )|7)O>
[PL' = {04, Xj (= Ti),Xi,Pi}}

- =X y

This describes the amplitude for the finite probability/frequency

of the event with fully-described initial & final particle states!

all possible configurations
(up to an order)

A
t P1 ,1\2(1(@t=_|—1) X2<@t:,15_\%> Pz

Normalisability of Gaussian
can makes S finite!

; R
(o First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

o Claims on various phenomena

by Ishikawa-san et. al.

e.q. [Ishikawa, Jinnouchi, Kubota,
Sloan, Tatsuishi (1901.03019)]

| Experiment by the same group — (1907.01 26@
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S-matrix of the simplest 122: ® > o b

[Ishikawa, Oda (1809.04285)]
M When H;(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,772‘T6 vy, int ‘73()>

k h r‘: 7;,4/ Tout W

Wick’s theorem |_ “"V dt | B3¢ £ | o) FE . | .

for A and At (@LO) \/5 T / f¢,01,H1( )fcb,Uz,Hz( )fq’,Uo,Ho( )
- y
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S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H(I) t free in-state
S = <7D1, PQ‘TQ vy, int ( ‘73()>

(Hz‘ L= {Xz',Pz'})

k h l out W
Wick’s t 3 *

for /Al\cansd Ae*(zg[nO) /m dt d°z f(baUlKHl ) fgbﬂiﬂz (Qj) fcbio;ﬂo (ZE)

W,

“Wave-packet Feynman Rule”

Summing over
all the spacetime points here!

>» U
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S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;(t) = /d% - (Ci)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,772‘T6 vy, int ‘73()>

(H — {Xzapz})

W. k h I rt 1K Tout 3 [ W
ick’s theorem |_ "'V dt Pr * T * - .

fOI‘ A and At (@ LO) \/5 /ﬂn / f¢7017H1 ( ) f 70-271_[2 ( ) fq)70-07H0 )

- Y

[Details (skippable)]

3/4 - 2
o (z—=X) =35 (p—P)
f\IJ o; H( / 2]9 27T 3/2 ’

saddle-point approx. for a large @

(2)"" (2_7?>3/ Tl ipeex)- e
7T ” V2P0 (27‘(’)3/2
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S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;(t) = /d% - (Ci)g%) for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7D1,7)2‘T6 vy, int ( ‘730>

)
—> a Tout [ )

Wick’s th LR 3 * *
for /Al\cansd Ai?gf]@ - ﬁ T dt / d°x fqb o111 (x) fgb,o'z I15 (z) fo,00:11, ()
w

Uniform linear motion
_ 9
f\P,a;H(x) ~ of the centre (= Peak!)

o\3/4 [ 21\ 3/ 1
() Ama
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S-matrix of the simplest 122: ® = ¢

[Ishikawa, Oda (1809.04285)]
M When H;(t) = /d3:1: - (i)g%) , for finite Tin & Tour, S becomes

free out-state f Tt » H( I t free in-state
S = <7>1,772‘T6 vy, int ‘73()>

1)
—_—) ~

Wick’s th K
for /Al\cansd Ai?gin@ ¢,01;111 (m) fcb,az;ﬂz (m) fq’,ﬂo,ﬂo (m)
L y

* )
f\\\/ the overlap domain of the wave packets

' O \/O-O
) : PO ~-




Result of S(P = db)
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(‘t
S
\

1K

V2

(

H(?TUA)_S/4 1 )6?(5w)2?(5p)2§(27ras)

A(=0,1,2)

2F 4

N

32\ foroy G(T)

This is the exact analytic form.




Result of S(P = db)

v (H (o) ¥4 )e Do Corr-Q o)

A(=0,1,2) 2EA

o ( & )
|||
\

Feature @ * Geometrical variables
characterise S.

(5CL) ~oF = Eout — Ein7 OP = Pout — Pin)




Feature @: Geometrical variables e Feature@ .
characterise S.

(6w ~ OF := Eoui — Ein, 6P := Pous — Pin)
Recovery of the energy-momentum

The limit (0;— o and g2 x) =

v o P2 conservation
rere Note:
: \N\/O-Z
‘ 3 0 —>00
X




Result of S(® = dd) >

. 1 - o s '»
S = _Z_/{ (H (WOA)_3/4 ) 6_%(500)2_T(5P)2_§ (27T(73)3/2 \ /27T0't

A(=0,1,2) 2F A

» Feature (3) : Terms are classified into “bulk” and “boundary”.

% time of overlap (around which three wave packets overlap).

_ PEEPPSEIe PP SIS I P




Result of S(® = dP) 5/9

(H (WOA)_3/4 ) 6_%(5w)2_7(5P)2_§ (271'(75)3/2 /—271'(775 . 4

A(=0,1,2) 284

@_ Tout + iUt(SUJ
AV 20't

N o o
6_@}22]&) - 02t (6w)? —i6w(T—Tin)

i/ 2moy [ow — (8

2 |

Voo

"~
=




Result of S(P = bd) >

- | =
S= H (o 4) 3/ ! e~ 3 (0w)° =5 (0P ~3 (270,)%% V2moy G(T)
. A(=0,1,2) 284

_—

& In“1-2”,

® Bulk part is “time-universal”. As expected, we can show

I

[Marg;;;|;€@ j‘ | fngO(zin) / H dSXJdSP . -

per (Volume) & (Time), 1L (277)3 J\Sbu1k|2

L 4 Py—0

(O-S_’OO and (0 Fiamdoo) ”planE'Wave Iimit”) F(plane_Wave)

R S R

— Y (the decay width from Sjane.wave)
- . _ )
1 — Tin 040 — Tou 040 ”
G(‘Z) > . lsgn (‘Z \/%wt w) ~sem (3 \/%wt w>] l “b\)“‘ [
5

L Czjin Tout y




Result of S(P > <|><|> >

™ In“1-2”
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].




Result of S(P = dd) >
- | =
S= (H (o 4) 3/ ! ) e~ 3 (0w)° =5 (0P ~3 (270,)%% V2moy G(T)
. A

2K

A(=0,1,2)

-

4 In“1-22”
® No counterpart of boundary terms exists in Splane-wave.
® Suppression via energy-non-conservation is relaxed as

“Exponential” = “Power” [..Enhancement].

® Suppression via distances between time domains is relaxed e.g., in
r:m I’q\\ ‘ PO, P1, II,'\\‘ | :

1
i /
1

-
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Setup of S(bh > D = dd) a0

(2006.14159,2102.12032

free out-state - rTout ~(I) ,,, ree in-state +ongoing)]
—1 Jpotdt HY /(1)
S = <7>3,7>4|T6 me ¢ ‘731,7)2> (e ~ MT)
> a4, 1 )} theintermediate part

described in simple
plane-wave Language

= & (—ir)* (i)}
Wick’s theorem ‘
for A and At (@LQO) Tout
m X
(over)completeness

of Gaussian basis 9 /




Setup of S(bd = D = bd) vaka Do

(2006.14159,2102.12032
free out-state free in-state +ongoing)]

—i Tout A.(I)
S :=|(Py, Py|Te oz @ i (01D Py (e ~ MT)

- N .
T (—iK)" (i)
Wick’s theorem .
for A and At (@LO) Tout
and X dt/

(over)completeness

of Gaussian basis fout / 3 / N
X dt d°x fal;Hl (5’3 ) f02;H2 (‘/E )1
ﬂn y

[Adv.] [7’@ = {01, X{ (= Ti)axiapi}} (IL; :={ X, P;})

the intermediate part
described in simple
plane-wave Language

1i

a related talk at 4:15PM (@ Seoul) — X,
TODAY by Mr. WADA Juntaro (Tokyo)
A complete set of Lorentz-invariant wave packets and modified uncertainty relation ®15m

We define a set of fully Lorentz-invariant wave packets and show that it spans the corre- sponding one-particle Hilbert subspace, and hence the whole
Fock space as well, with a manifestly Lorentz-invariant completeness relation (resolution of identity). The position- momentum uncertainty relation for this
Lorentz-invariant wave packet deviates from the ordinary Heisenberg uncertainty principle, and reduces to it in the non-relativistic limit.

Speaker: WADA Juntaro (The University of Tokyo)




Setup of S(dd = P > dd) a0

(2006.14159,2102.12032
+ongoing)]

free out-state free in-state

out (I)
S <73377D4|T6_’LIT dtHInt( )‘7)177)2>] (EQMF)
3 (—iK)" (—i)}

Wick’s theorem \

for A and At (@LO) T ot OIS
and : / dt/d3 ) ; :

(over)completeness

of Gaussian basis / out

the intermediate part
described in simple
plane-wave Language

~

@ fouricharacteristic times

|n the S-matrix

@ : two interaction points

\—




Setup of S(dd = P > dd) a0

(2006.14159,2102.12032

free out-state 1) ,,. free in-state +ongoing)]
—i [Loutqr A (¢)
S :=|(Ps, P4|Te Iz ot \771,732>] (€ ~ MT)
> I the intermediate part

—5 described in simple
Wick’s theorem lne wave Language

for A and At (@LO) out Y asa
3 , :
and / dt / d £ 0'3 Hg ) f0'4 ‘114 (QE‘ P

(over)completeness
of Gaussian basis

~
@ The propagator emerges.

v

We take the limit

(Tin=+° and Tout—-°) and
focus on the time boundaries
during the propagation.

(t
[New feature in 2 > 2] T ut

two
@ iﬂ& characteristic times

in the S-matrix

@ : two interaction points

in
\_ -°°$




l(/ Jufee) "2—2" S-matrix structure
~ W 1 >
S = @m (i <aHl V2E, (r0,)® 4) Voo

F(p’;p) = Fu(p) — % (p” — pi(p))

[quadratic for p9, (p%+is a saddle point]
_/




TN/ poo(=Tow) 277 44 1, . 7/9
l ([ o[} “222" S-mnatrix structure
. Y ’ ~
S = (2m) (—ik) (H \/E(waa)?’M) \/af’nagutgingout

: on
m&/sy%ﬂ/ei\ F(p’ip) = Fu(p) — = (0" — p.(p))
L ’ [quadratic for p9, (p9+ is a saddle point]
L _
o -" — —
M (Bp = E() = VP> +10°)
W | Key: Treatment of the poles Im p°
p depends on the Im[p::O(p)]
N ——— il pg (p)
a X
or
P, (p)
ep’

(deformed contour)




+00(=Tout) 217 44 1 . 7/9
l ([ o[} “222" S-mnatrix structure
S [ ) )
S (H V2F, (n0a)” ) rhirbusnson

G+ 2
F(p’;p) = F.(p) — - (0” — pi(p))
[quadratic for p9, (p9%+ is a saddle point]

W,
~ pY(p)
X
or
p3(p)
ep?

positive real

(deformed contour)
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(Inter.) “Bulk” & “Boundary” in “2—2"

. 2 ) L
6 .. () e F (welp) - VEX) — e —i%3) 5q X2
4 ~ 1+ 0 — +SVE?(p)—i >
tot (D 2\/E2(p) — (g+ \S\/ (p) — i€
2
_%r 5 5%
4 (wx(p) + VE(p) —ic— i%F) 6 (%‘\/EZ(p) ie — 55)
. 2/ E2%(p) — ic S+ /)
a8 1 4 ) ‘-l
+ Md
2 . 2 . Yol . ate

— P —



(Inter.) “Bulk” & “Boundary” in 22" 8/9

This is because...

® The causal structure is the same with
that of the (plane-wave) Feynman Propagator.

® \We can check that the energy-momentum
conservation is recovered in the limit
(€ 2 0, Oin = ©0 & Oogut = ©). (e~ MT)
[0in/Oout = Spacial-averaged sizes of in-/out-wave packets]

e Note: naively Lorentzian = Gaussian resonance,

pRY

further deformations comes in |d3p. @@Ek“m\“




(Inter.) “Bulk” & “Boundary” in 22" 8/9
L (e VB i) (2

2\/E2 ) — i€

+ 3V E2(p) — ie)

This is because...

. as we observed in “1—2"”
e Compared with the “bulk”,

i

S+ _ 2
(1) absent of the energy-suppression factor; ——pp Xe 1 2 (we(P)—E(p))

(2) absent of the “6T”-enhancement factor: ————pp o

: _ EL\M\W&‘?N
e Full energy conservation is NOT recovered even in the limit PR
(€ 2 0, Oin = © & Oout = ©), due to wc(p«) # E(p«) [under the limit]

(wg‘( *) — Ein — Eouta E( >|<) — E(Pln) — E(Pout))




(Inter.) “Bulk” & “Boundary” in “2—2" 8/9
¢ Liot(p) =~ : (_l__“ Zh _Ze:_zi_i) ( + SVE) _i€>

2\/E2 ) — i€

This is because...

® 0T can be small e.g.,

in the configuration of
the in- & out-states:
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Summary & PRiscussion

1. The S-matrix in Gaussian wave packet contains full information of
the quantum particles. =» More informative & regularised.

2. (Classical) trajectories of in-/out-states play significant roles.
=» Characterising S-matrix, in particular “bulk” and “boundary”.

3. The “bulk”-“boundary” structure is also found in the intermediate
(off-shell) state of 2—2’. =» Appropriate time-ordering in bulk, also.

[discussion/what I would like to do in future]

¢ nore debails on qeometbric skructure of ‘22’

e concrete qgeneral form of the ‘22 S—makrix

o implications on '1-2’ as the latter part of ‘22’
o generic features of the probabilities of ‘22

o various theoretical points of the wave-packet formalism

¢ applications for various phenomena
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Summary & PRiscussion

1. The S-matrix in Gaussian wave packet contains full information of

the quantum particles. <» More informative & regularised.

2. (Classical) trajectories of in-/out-states play significant roles.

=» Characterising S-matrix, in particular “bulk” and “boundary”.

3. The “bulk”-“boundary” structure is also found in the intermediate

(off-shell) state of 2—2’. =» Appropriate time-ordering in bulk, also.

©

®

[

[discussion/what I would like to do in fufl

more details on qeometric structure of

concrete qgeneral form of the ‘22’ S—w

implications on ‘122’ as the latter part oy—z=2" "*

generic features of the probabilities of ‘22’ Q@\L

various theoretical points of the wfe-w@w%m Lsn-

applications for various phenomena T

—




BACKUP SLIDES




Intro: S-matrix in plane-wave basis ...

[ The standard tool for describing quantum processes of particles:
¢ Basis (@ Schrodinger Pic.):(ezp'm]

(plane wave: the eigenstate of P) «—> X completely undetermined

S Form:[S = (2m)*0*(Pout — Pin) (Z/\/l)j

Energy-momentum conservation — — easy to be constructed
is manifest (due to translational Inv.) by Feynman rules

¢ established formalism, very very widely used in Physics

M On the other hand..., [(Volume)(Time) = o]
€ |S|2 is ill-defined due to |64(Pou-Pin) |2 = 64(Pour-Pin) X 64(0).

= Only the averaged (per V and T) frequencies of events is calculable.
t decay widths & cross sections

# Tin (= Tinitia) = -00, and Toy (= Tinal) = +00

& This 1s because the plane wave is a non-normalisable mode.



Detalls on S(CD > 4 M [Ishikawa, Oda (1809.04285)]

~N
— ]. o Os
e S =— ( (ro4) 3/4 ) e~ 3 (0w =5 (P ~3 (27T03)3/2 V2mo; G(%)
- 2E,
2 ¥ 2
dt _ 1 1040w f — = —T
0 GE)i= | e T et(s) = 7z | e
erf<(z_crin —|—i0't($CU> B f<(z—Tout ‘I"iUt(SLU)]
\/20-75 - \/20',5
_J

5P::P1—|—P2—PO
SE := By + Ey — E,

dw:=0E -V -6P




Detalls on S(CD — M [Ishikawa, Oda (1809.04285)]

1| 2 2 _ 2] —
.« o) = — (5V1) ) (5V2) | (5V1 5V2) | 5Qa — Qa _ QO
Os 0001 0002 0102
c oo oo [0XL OV X5 0V, (6X = 0X,) - (V) — V)
- opor 0 ogon 0109 ’

N NCE SVRCE 2Y g CE S = )

0001 0002 0102

\

5%1 y 5V1 | 5%2 . 5V2 | (5%1 — 5%2) . (5V1 — 5V2)}2

— 0s0¢ ! |
0001 0009 0102

/



Details on S(PD > D D dD) oo o0
—~

2006.14159,2102.12032]
4

4 2 1 \/ )
S = (27T) (—i/i) Uignffgu SinSou
(H VIE, <ma>3/4> o

0%
0 Y i i outWou

o PR(P) = welp) i e | fp) = P ) G Ty — T
e 0. '— 9192 and o . 0304 (§° — 91792 _ and C __ __ 03104 )

n - o1+02 out - o3+04 1n (Vl—V2)2 out (V3—V4)2

) [similar definitions for “out” variables]
1 1 i - Q, Q- 2 2 2
® (= gin‘|‘§out7 S = < | ) Qin = Uin<0_1 T 0_2)7 AC?in =Q in_Qin
Cin Sout
X7 e AN Y7 2 2
T Vin . %in - X Vin R — A%in o CS:im
in -— 2 ) 1m
AV

Oin Gin




Details on S(PD > D D dD) oo o0

2006.14159,2102.12032]
a8 1

~
1
S = (2m)* (—ir)? \/a?nagu SinSout

a1;[1 V2F, (7T0'a)3/4 t

—1

F(po;p) = F,(p) — % (po —PS(P))Q

W,
Rin Oin —_— R t Oout —
F*(p) — <_ 2 — 2 ( Pin) — 1=in (p Pin)) —|_ <_ ;u T (;u ( Pout) ""Z:'out (P Pout))
2
(5‘3) (Zjn ‘zout S 2
B ! 0 -5 (0 B = Xg— 0 B2 ==
2¢4 ° Sin " Sout () (0w(p))” a=Xa—VaXy [‘—'a ‘—‘A(O)]
X7 = o102 [(E1 So 4=,
Win(P) = Ein +Vin - (p — Pin) :in:m—i—Oz <<71—}_c72>W 2 ’
Wout (p) — Liout + Vout ) (p _ Pout) Eout — O_:?fi_4 (:j + ::) ~ =3 ;- =4,
V. .. 0102 (V1 V2) . — 5
B ooy +oa o1 o9 (B —E2)" + {V12 (2, — 52)}
_ - 0304 (V3+V3> Rln: 0'1—|—O'2 ,
ot 03+ 04 \ 04 04 ,\ 2
L (= 20)° + |V (25— E4)]
(Vi —=Vy) - (B1 — Ey) out = ;
Iin—in — 3 o —|_0-
t (Vl _ V2)2 3 4
Tt = — (V3 —V4) (BEs —Ey) in which V15 := |“;1 “;2| and Vg4 := R;i:“;ih
(Vs —Vy)




Cross check of S(2—2): thimble decomposition

dpV —1
2 — (p°)° + E2

o 1) [

p = (
( (T+E2) Play = PY +

(P —%(P)* — foo dp” ]:( D)

B2 — je)l/2

o0 27m
y 4

1

S W)

— @) =0

(three saddle points)

Anti-thimble (steepest ascent path) for p%;

)
o [ = Z (K, R
1=%, T
s

intersection number

under

f‘ 0 T 0
@ I(Z)_fj()sze (P)

Lefschetz thimble (steepest decent path) for p%

under %(]:(pu) — ]:(i)) = Ol
Gt >|> 1

I* ~~ : [j: ~
() V216 — (p9)° Ei =) V2T 2k,
©~1.08
Vomr T

[Ishiwaka, KN, Oda (2102.12032]



Cross check of S(2—2): thimble decomposition

Forward propagation (6 T>0) pg (p) _ wg (p) . ’Lg
G+

| —— -

(¢ =10, we =5, € =0.3, in the unit £, = 1)

Stokes phenomenon occurs.

(5% /< = 0.5) (5% /s = 0)
Forward propagation (5T>0) Backward propagation (5 T<0) & (0%/¢p =—0.5)

1.54 — - 1.5 ,
' . Anti-thimb 0 W iiat)
1.0 £ 5 10 R

.
.......

.-

_1,0* ; -1.0
SQCEUon: | I IRLE 15 -1.0 -05 00 05 1.0 L
15 ~ ' 5t e A 0

-1.5 -1.0 -0.5 O. 0.5 1.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 Re p

0 ;
Re po Re po

[Ishiwaka, KN, Oda (2102.12032]



