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Intro: S-matrix in plane-wave basis

 The standard tool for describing quantum processes of particles:

 Basis (@ Schrödinger Pic.): 
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eippp·xxx

(plane wave: the eigenstate of     )
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[QFT textbooks]

(non-normalisable mode)

 |S|2 is ill-defined due to |𝛿4(Pout-Pin)|2 = 𝛿4(Pout-Pin) × 𝛿4(0). 
 ⇒ Only the averaged (per V and T) frequencies of events is calculable. 

[(Volume)(Time) → ∞] 

decay widths & cross sections

 (Tin (= Tinitial) = -∞, Tout (= Tfinal) = +∞)
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Gaussian expansion
• Expansion by free Gaussian wave functions: 

• In plane-wave limit σ→∞, 

• fσ,X,P(x) → Gaussian wave packet, 

• centered around X+(tT)V.

�̂(x) =

Z
d3X d3P

(2⇡)3

h
f�,X,P (x) Â(�, X,P ) + h.c.

i

<latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit><latexit sha1_base64="bJILMiZubp9775gwkqvZ2PgEHZY="></latexit>

Gaussian basis
D �&977.&3�'&7.7�78&8*�#&����P)*B3*)�'=

TJ
�

�

�

hx|�,X,P i / eiP ·(x�X)e�
(x�X)2

2�
<latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="tf7tRiL4N1jku580/8yCpJP+GGU="></latexit><latexit sha1_base64="osVaK95C5nXWpcciLRHJeEln+5I="></latexit>

Intro: Gaussian basis
 Key: Fields can be expanded in any complete sets of bases. 
  → Perturbations under normalised bases are possible. ➜ Gaussian!

 Gaussian basis

 Form (@ Schrödinger Pic.):

normalisable! 
(plane-wave limit: σ→∞)

<latexit sha1_base64="oEJQDw7bles2dibnLJc1ZAvv6IQ="></latexit>

' eiPPP ·(xxx�XXX)� (xxx�XXX)2

2�

Centre Position 
at a certain time T Expansion of Scalar operator 

 (in Int. Pic.):

(when T=0)

Wave function of Gaussian wave packet 
(X is defined @ T) 

Annihilation op. 
for the corresponding wave-packet state

<latexit sha1_base64="fTI3s0UrR4CiknFjusGySNUoZVw="></latexit>

|Pi = Â†(P) |0i ,
h
P = {�, X0(= T ),XXX| {z }

=:X

,PPP}
i

the one-particle state

◦

◦

[Ishikawa, Shimomura (0508303), Ishikawa, Oda (1809.04285)]

(a coherent state)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P

X

√σ

2/9



Intro: S-matrix in Gaussian basis
 S-matrix (1→2) def.:

<latexit sha1_base64="rwT4HwvihsIJNrRMSUcLgqB+910="></latexit>h
Pi = {�i, X

0
i (= Ti),XXXi| {z }

=:Xi

,PPP i}
i

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

This describes the amplitude for the finite probability/frequency 
of the event with fully-described initial & final particle states!

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin

<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout ~√σ1 ~√σ2

~√σ0X0(@t=T0)
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

P1 P2

P0

all possible configurations 
(up to an order)

Normalisability of Gaussian 
can makes S finite! 

(Tout-Tin being 

finite in general)

in 
free state

X1(@t=T1) X2(@t=T2)

◦ First proposal by coherent state:
[Ishikawa, Shimomura (0508303)]

◦ Claims on various phenomena 
by Ishikawa-san et. al.

e.g. [Ishikawa, Jinnouchi, Kubota, 
  Sloan, Tatsuishi (1901.03019)]

Experiment by the same group → (1907.01264)
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[Note: as in the plane-wave basis, 
  but by the creation/annihilation 
  operators for wave packets]

out 
free state
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S-matrix of the simplest 1➔2: Φ ➔ ϕϕ
 When 

<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Tei∫dt H = 1 i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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Û(TQmi, TBM) = 1� i

Z
TQmi

TBM

/t
Z

/3x ĤUAV
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S = hP1,P2|Te�i
R Tout
Tin

dt Ĥ(I)
int(t) |P0i

<latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="YRDiVd4VS9PvoGUM2jT/XEUi1Ak="></latexit>

<latexit sha1_base64="ibTQDJY3w5WikFpwhrym8kc0uTA=">AAAB/HicbVDLSgNBEJz1GeMr6tHLYBC8GHZV1GPQi8cEzAOSJcxOepMhs7PLTK8QQvwBr/oH3sSr/+IP+B1Okj2YxIKGoqqb7q4gkcKg6347K6tr6xubua389s7u3n7h4LBu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHA/8RtPoI2I1SMOE/Aj1lMiFJyhlarnnULRLblT0GXiZaRIMlQ6hZ92N+ZpBAq5ZMa0PDdBf8Q0Ci5hnG+nBhLGB6wHLUsVi8D4o+mhY3pqlS4NY21LIZ2qfydGLDJmGAW2M2LYN4veRPzPa6UY3vojoZIUQfHZojCVFGM6+Zp2hQaOcmgJ41rYWynvM8042mzmtgSaDQDHeRuMtxjDMqlflLzr0mX1qli+yyLKkWNyQs6IR25ImTyQCqkRToC8kFfy5jw7786H8zlrXXGymSMyB+frF4galSE=</latexit>�

<latexit sha1_base64="jt/WzYqbdqKUblkbwt2nsKyHwUs="></latexit>

(⇧i := {Xi,PPP i})

, for finite Tin & Tout, S becomes

free out-state free in-state

Wick’s theorem 
for A and A† (@LO)

<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx



2

⇣
�̂�̂�̂

⌘ [Ishikawa, Oda (1809.04285)]

4/9

time

<latexit sha1_base64="9vrZ4UIK7lZW6sJmsMza5/IipPs=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9lV0R4LXjxWsB/QLiWbZtvYbBKSrFCW/gcvHhTx6v/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3n6g2TIoHO1E0TPBQsJgRbJ3U6qkR6wf9csWv+nOgVRLkpAI5Gv3yV28gSZpQYQnHxnQDX9kww9oywum01EsNVZiM8ZB2HRU4oSbM5tdO0ZlTBiiW2pWwaK7+nshwYswkiVxngu3ILHsz8T+vm9q4FmZMqNRSQRaL4pQjK9HsdTRgmhLLJ45gopm7FZER1phYF1DJhRAsv7xKWhfV4Lp6eX9VqdfyOIpwAqdwDgHcQB3uoAFNIPAIz/AKb570Xrx372PRWvDymWP4A+/zBzrgjuE=</latexit>

�1

<latexit sha1_base64="LUu0m8UM3ApNR1oSOz9G6VCsVCY=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqexW0R4LXjxWsLXQLiWbZtvYbLIkWaEs/Q9ePCji1f/jzX9j2u5BWx8MPN6bYWZemAhurOd9o8La+sbmVnG7tLO7t39QPjxqG5VqylpUCaU7ITFMcMlallvBOolmJA4FewjHNzP/4Ylpw5W8t5OEBTEZSh5xSqyT2r1kxPu1frniVb058Crxc1KBHM1++as3UDSNmbRUEGO6vpfYICPacirYtNRLDUsIHZMh6zoqScxMkM2vneIzpwxwpLQrafFc/T2RkdiYSRy6zpjYkVn2ZuJ/Xje1UT3IuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmnXqv5V9eLustKo53EU4QRO4Rx8uIYG3EITWkDhEZ7hFd6QQi/oHX0sWgsonzmGP0CfPzxkjuI=</latexit>

�2

<latexit sha1_base64="4VkmPSP3EuHdD2X/uznITpXxtOU=">AAAB/3icbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6rHoxWMFWwttKJvtpFm62YTdjVBCD/4Br/oPvIlXf4p/wN/hps3Btj4YeLw3w8w8P+FMacf5tkorq2vrG+XNytb2zu5edf+greJUUmzRmMey4xOFnAlsaaY5dhKJJPI5Pvqj29x/fEKpWCwe9DhBLyJDwQJGic6lXjNk/WrNqTtT2MvELUgNCjT71Z/eIKZphEJTTpTquk6ivYxIzSjHSaWXKkwIHZEhdg0VJELlZdNbJ/aJUQZ2EEtTQttT9e9ERiKlxpFvOiOiQ7Xo5eJ/XjfVwbWXMZGkGgWdLQpSbuvYzh+3B0wi1XxsCKGSmVttGhJJqDbxzG3xJRmhnlRMMO5iDMukfVZ3L+vn9xe1xk0RURmO4BhOwYUraMAdNKEFFEJ4gVd4s56td+vD+py1lqxi5hDmYH39AhDRlo8=</latexit>

�



 When 
<latexit sha1_base64="Iyk7vDZ9TchrB2PdpPnA/gkwL/w="></latexit>

S := hP1,P2|Te�i
R Tout
Tin

dt Ĥ
(I)
int (t)|P0i

Tree-level decay
• Tree level decay  

• By Tei∫dt H = 1 i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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3

S = hP1,P2|Te�i
R Tout
Tin

dt Ĥ(I)
int(t) |P0i

<latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="G6pf6e93nujOw7MGvPmGj+OD/Fc="></latexit><latexit sha1_base64="YRDiVd4VS9PvoGUM2jT/XEUi1Ak="></latexit>

<latexit sha1_base64="ibTQDJY3w5WikFpwhrym8kc0uTA=">AAAB/HicbVDLSgNBEJz1GeMr6tHLYBC8GHZV1GPQi8cEzAOSJcxOepMhs7PLTK8QQvwBr/oH3sSr/+IP+B1Okj2YxIKGoqqb7q4gkcKg6347K6tr6xubua389s7u3n7h4LBu4lRzqPFYxroZMANSKKihQAnNRAOLAgmNYHA/8RtPoI2I1SMOE/Aj1lMiFJyhlarnnULRLblT0GXiZaRIMlQ6hZ92N+ZpBAq5ZMa0PDdBf8Q0Ci5hnG+nBhLGB6wHLUsVi8D4o+mhY3pqlS4NY21LIZ2qfydGLDJmGAW2M2LYN4veRPzPa6UY3vojoZIUQfHZojCVFGM6+Zp2hQaOcmgJ41rYWynvM8042mzmtgSaDQDHeRuMtxjDMqlflLzr0mX1qli+yyLKkWNyQs6IR25ImTyQCqkRToC8kFfy5jw7786H8zlrXXGymSMyB+frF4galSE=</latexit>�

<latexit sha1_base64="jt/WzYqbdqKUblkbwt2nsKyHwUs="></latexit>

(⇧i := {Xi,PPP i})

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
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⌘ [Ishikawa, Oda (1809.04285)]

4/9S-matrix of the simplest 1➔2: Φ ➔ ϕϕ
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�iĤt

|BM;⇧0i
U>V
� ⇡ |⇧0i

Ua"V
� (t ! TBM),

e
�iĤt
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⇡ e�iĤ7`22t |⇧1,⇧2iUa"V
��

(t ! TQmi). UkkV

LQr i?2 :�mbbB�M S@K�i`Bt Bb i?2 BMM2` T`Q/m+i #2ir22M i?2b2 T?vbB+�H bi�i2b,

S = U>V
��

hQmi;⇧1,⇧2 | BM;⇧0iU>V
� . UkjV

8 ⌅(t) ?�b BKTHB+Bi /2T2M/2M+2 QM m - P - �M/ X U= (T,X)VX
e 1tTHB+BiHv- gBM UgQmiV Bb � UKmHiBTH2 Q7 BM/2T2M/2MiV 7`22 :�mbbB�M r�p2 7mM+iBQMUbV,

gBM(p) =
Ua"V
�hp |⇧i

UA"V
� =

⇣
�

⇡

⌘3/4
e
�ip·X

e
��

2 (p�P )2
����
p0=E�(p)

,

gQmi(p1,p2) =
Y

a=1,2

Ua"V
�
hp

a
|⇧ai

UA"V
�

=
Y

a=1,2

⇣
�a

⇡

⌘3/4
e
�ipa·Xa

e
��a

2 (pa�Xa)
2
����
p0a=E�(pa)

,

r?2`2 2�+? ǳBMi2`�+iBQM #�bBbǴ bi�i2 Bb i?2 QM2 �i /Bz2`2Mi iBK2, |⇧Ai
UA"V
 = e
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e�iĤt |Qmi;⇧1,⇧2iU>V
��
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

 When , for finite Tin & Tout, S becomes
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Tree-level decay
• Tree level decay  

• By Tei∫dt H = 1 i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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⌘ [Ishikawa, Oda (1809.04285)]

4/9S-matrix of the simplest 1➔2: Φ ➔ ϕϕ
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†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd
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Ĥ

UAV(t)- i?2 BMi2`�+iBQM >�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X UPi?2`rBb2 i?2 irQ@T�`iB+H2 bi�i2 rQmH/ ?�p2
irQ `272`2M+2 iBK2b T1 �M/ T2 K2�MBM;H2bbHvXV

d A7 r2 K�v i�F2 T0 = TBM �M/ T1 = T2 = TQmi- r2 rQmH/ Q#i�BM

e
�iĤt
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†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd

e�iĤt |BM;⇧0iU>V
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Ĥ

UAV(t)- i?2 BMi2`�+iBQM >�KBHiQMB�M BM i?2 BMi2`�+iBQM TB+im`2X UPi?2`rBb2 i?2 irQ@T�`iB+H2 bi�i2 rQmH/ ?�p2
irQ `272`2M+2 iBK2b T1 �M/ T2 K2�MBM;H2bbHvXV

d A7 r2 K�v i�F2 T0 = TBM �M/ T1 = T2 = TQmi- r2 rQmH/ Q#i�BM

e
�iĤt
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 ,�(X,P )

i
, UR9V

r?2`2 p
� Bb i?2 rB/i? Q7 i?2 r�p2 T�+F2ic X Bb i?2 HQ+�iBQM Q7 +2Mi2` �i iBK2 T U�M/ r2 r`Bi2

+QHH2+iBp2Hv X =
�
X0,X

�
= (T,X) �b b�B/ �#Qp2Vc �M/ P Bb Bib +2Mi`�H KQK2MimKX q2 �HbQ

mb2 i?2 b?Q`i?�M/ MQi�iBQM

⇧ := (X,P ) , ⇧ := (X,P ) , /6⇧ :=
/3X /3P

(2⇡)3
, UR8V

bQ i?�i

 ̂UAV(x) =

Z
/6⇧

h
f ,�;⇧(x) Â ,�(⇧) + f⇤
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 ,�(X,P )

i
, UR9V

r?2`2 p
� Bb i?2 rB/i? Q7 i?2 r�p2 T�+F2ic X Bb i?2 HQ+�iBQM Q7 +2Mi2` �i iBK2 T U�M/ r2 r`Bi2

+QHH2+iBp2Hv X =
�
X0,X

�
= (T,X) �b b�B/ �#Qp2Vc �M/ P Bb Bib +2Mi`�H KQK2MimKX q2 �HbQ

mb2 i?2 b?Q`i?�M/ MQi�iBQM

⇧ := (X,P ) , ⇧ := (X,P ) , /6⇧ :=
/3X /3P

(2⇡)3
, UR8V

bQ i?�i

 ̂UAV(x) =

Z
/6⇧

h
f ,�;⇧(x) Â ,�(⇧) + f⇤
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iĤ7`22t |xiUa"V
 , |⇧i

UA"V
 = e
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•First defined in momentum space 

•Position-space wave function as its Fourier transform

 When , for finite Tin & Tout, S becomes
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R Tout
Tin

dt Ĥ
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Tree-level decay
• Tree level decay  

• By Tei∫dt H = 1 i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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iĤ7`22T |⇧i
Ua"V
 ,

r?2`2 t = x
0 �M/ T = X

0 BM ⇧ = (X,P ) �b �Hr�vbX

e

BM r?B+? T /2MQi2b i?2 iBK2@Q`/2`BM; �M/ ĤUAV
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†
�
(⇧2) |0i . UkRV

�b b�B/ �#Qp2- |�1,⇧1;�2,⇧2i Bb �##`2pB�i2/ iQ |⇧1,⇧2i i?`Qm;?Qmi i?2 K�BM i2tiX

kX9 :�mbbB�M S@K�i`Bt
amTTQb2 i?�i i?2 BMi2`�+iBQM URV Bb M2;HB;B#H2 �i bQK2 BMBiB�H �M/ }M�H iBK2b TBM �M/ TQmiX
h?2M r2 K�v /2}M2 i?2 +Q``2bTQM/BM; BM �M/ Qmi bi�i2b- 7QHHQrBM; 1[bX UNV �M/ URyV- #vd
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iĤ7`22T |⇧i
Ua"V
 ,

r?2`2 t = x
0 �M/ T = X

0 BM ⇧ = (X,P ) �b �Hr�vbX

e

•First defined in momentum space 

•Position-space wave function as its Fourier transform
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Wick’s theorem 
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⌘ [Ishikawa, Oda (1809.04285)]

4/9S-matrix of the simplest 1➔2: Φ ➔ ϕϕ
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Tree-level decay
• Tree level decay  

• By Tei∫dt H = 1 i∫dt H +…  

• With H 〜 κ Φφφ 

• Result: S 〜 ∫d4x f1* f2* f0
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Û(TQmi, TBM) = 1� i

Z
TQmi

TBM

/t
Z

/3x ĤUAV
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X1(@T1) X2(@T2)

X0(@T0)

the overlap domain of the wave packets

free out-state free in-state

Wick’s theorem 
for A and A† (@LO)

<latexit sha1_base64="yVzdEPkJ1PE4yXbhHhcLrDQ+tg0="></latexit>

Ĥint(t) =

Z
d
3
xxx
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⌘ [Ishikawa, Oda (1809.04285)]

4/9S-matrix of the simplest 1➔2: Φ ➔ ϕϕ



Result of S(Φ ➔ ϕϕ)Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
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Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

This is the exact analytic form.

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)
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Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt

1  :

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Geometrical variables 
characterise S.

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)
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<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• Feature 2  :
The limit (σs→∞ and σt→∞) ⇒ 

Recovery of the energy-momentum 
conservation

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>

Tout

<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>

Tin
<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

• Feature Geometrical variables 
characterise S.
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(= 0, 1, 2)

5/9

<latexit sha1_base64="seJLsVxsNZlgnuzqCMIdpZ+LBBI="></latexit>

(�! ⇠ �E := Eout � Ein, �PPP := PPP out �PPP in)

Result of S(Φ ➔ ϕϕ)



Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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S = �Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t
<latexit sha1_base64="/bZzYnZPTFyNLl1bW1ywBx1XfZY=">AAACB3icbVDLSsNAFJ34rPVVdekmWARXJVFRl0U3Liv0BU0ok+ltO3SSCTM3Ygn5AH/Arf6BO3HrZ/gDfofTNgvbeuDC4Zx7OZcTxIJrdJxva2V1bX1js7BV3N7Z3dsvHRw2tUwUgwaTQqp2QDUIHkEDOQpoxwpoGAhoBaO7id96BKW5jOo4jsEP6SDifc4oGsmrdz2EJ0xlglm3VHYqzhT2MnFzUiY5at3Sj9eTLAkhQiao1h3XidFPqULOBGRFL9EQUzaiA+gYGtEQtJ9Of87sU6P07L5UZiK0p+rfi5SGWo/DwGyGFId60ZuI/3mdBPs3fsqjOEGI2CyonwgbpT0pwO5xBQzF2BDKFDe/2mxIFWVoappLCRQdAWZFU4y7WMMyaZ5X3KvKxcNluXqbV1Qgx+SEnBGXXJMquSc10iCMxOSFvJI369l6tz6sz9nqipXfHJE5WF+/JAqahg==</latexit>
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<latexit sha1_base64="ZRs66c5jhnRmkQbIJ+aSy5JO8kc=">AAACBnicbVDLSgNBEJz1GeMr6tHLYBA8hV0V9Rj04jFCXpAsYXbSmwyZfTDTK4Zl7/6AV/0Db+LV3/AH/A4nyR5MYkFDUdVNd5cXS6HRtr+tldW19Y3NwlZxe2d3b790cNjUUaI4NHgkI9X2mAYpQmigQAntWAELPAktb3Q38VuPoLSIwjqOY3ADNgiFLzhDI3XqvS7CE6YizHqlsl2xp6DLxMlJmeSo9Uo/3X7EkwBC5JJp3XHsGN2UKRRcQlbsJhpixkdsAB1DQxaAdtPpyRk9NUqf+pEyFSKdqn8nUhZoPQ480xkwHOpFbyL+53US9G9c80+cIIR8tshPJMWITv6nfaGAoxwbwrgS5lbKh0wxjialuS2eYiPArGiCcRZjWCbN84pzVbl4uCxXb/OICuSYnJAz4pBrUiX3pEYahJOIvJBX8mY9W+/Wh/U5a12x8pkjMgfr6xcsnZn7</latexit>
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<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx

~ √σs

~ √σt

∝ R

~√σ1 ~√σ2

~√σ0

P1 P2

P0

X1(@T1) X2(@T2)

X0(@T0)

Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

• Feature 3  :Terms are classified into “bulk” and “boundary”.

: time of overlap (around which three wave packets overlap).
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Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.
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Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

: time of overlap (around which three wave packets overlap).

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“bulk”

ap
proxim

ate
ly

“(in) boundary”

“(out) boundary”
<latexit sha1_base64="F0pP5Q2lzabIVplNiIOWV89h79o="></latexit>
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i
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<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>

�e�
(T�Tin)2

2�t
+�t

2 (�!)2�i�!(T�Tin)

i
p
2⇡�t [�! � i(T� Tin)/�t]

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

5/9Result of S(Φ ➔ ϕϕ)



<latexit sha1_base64="zF/9xOO0l9wSxrwkfEyXar4vx0c="></latexit>

1

2


sgn

✓
T� Tin + i�t�!p

2�t

◆
� sgn

✓
T� Tout + i�t�!p

2�t

◆�

<latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

 In “1→2”,

• Bulk part is “time-universal”. As expected, we can show

[Marginalised rate 
 per (Volume) & (Time), 
 from Sbulk @ P0→0]

<latexit sha1_base64="CFLBYC7k9D7+e1WYmowN2FIvi3E="></latexit>
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d3XXXjd3PPP j
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PPP 0!000

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>

G(T) �

Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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8
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1 7Q` <z > 0 Q` U<z = 0 �M/ =z > 0V-
�1 7Q` <z < 0 Q` U<z = 0 �M/ =z < 0V-
0 7Q` z = 0X

UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

(the decay width from Splane-wave)
(σs→∞ and σt→∞: “plane-wave limit”)

“bulk”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)

<latexit sha1_base64="56CYwpdC9jf6n2yJySyd3T3ty9w="></latexit>

�(plane-wave)
�!��

5/9Result of S(Φ ➔ ϕϕ)



 In “1→2”,

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>

G(T) �

Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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UejV

6`QK 1[X U83V- r2 b22 i?�i i?2 S@K�i`Bt Bb 2tTQM2MiB�HHv bmTT`2bb2/ mMH2bb i?2 KQK2MimK
Bb M2�`Hv +QMb2`p2/- �P ⇠ 0X h?Bb Bb �HbQ i?2 +�b2 7Q` i?2 2M2`;v +QMb2`p�iBQM �! ⇠ 0 2t+2Ti BM
i?2 #QmM/�`v `2;BQMb- �i r?B+? i?2 i`�MbH�iBQM�H BMp�`B�M+2 Bb 2tTHB+BiHv #`QF2Mc b22 a2+X jX9
#2HQrX �b b�B/ �#Qp2- i?2 Qp2`H�T 2tTQM2Mi R ;Bp2b �MQi?2` bmTT`2bbBQM r?2M i?2 r�p2
T�+F2ib /Q MQi Qp2`H�TX

jXj a2T�`�iBQM Q7 #mHF �M/ #QmM/�`v 2z2+ib
Ai Bb +QMp2MB2Mi iQ b2T�`�i2 i?2 rBM/Qr 7mM+iBQM U8NV BMiQ i?2 #mHF T�`i �M/ i?2 BM@ �M/
Qmi@#QmM/�`v QM2b,

G(T) = G#mHF(T) +GBM@#/`v(T) +GQmi@#/`v(T) , Ue9V

Rj

• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement].

<latexit sha1_base64="xzlTj8EBtQ4NNXkpqi9YKUxjDkM="></latexit>

�e�
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i
p
2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>

T
<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin
<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)
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 In “1→2”,

Result

• δω 〜 EoutEin and δP = 
PoutPin. 

• √σs: spatial size of wave 
packet overlap. 

• √σt: time-like size of 
wave packet overlap.
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• R: “Overlap exponent”. 

• R=0 if center of all wave packets coincide at 
some time. 

• Becomes large when wave packets does not 
overlap. 

• G(T): “Window function” (described soon). 

• T: “Overlap time” around which wave packets 
overlap.

<latexit sha1_base64="7rmhZaQFjRERvwVe8YKhOhneogk=">AAACCXicbVDLSsNAFJ34rPVVdelmsAhuLImKuhGKblxWtA9oY7mZTtqhk0mYmQgl5Av8Abf6B+7ErV/hD/gdTtosbOuBC4dz7uUejhdxprRtf1sLi0vLK6uFteL6xubWdmlnt6HCWBJaJyEPZcsDRTkTtK6Z5rQVSQqBx2nTG95kfvOJSsVC8aBHEXUD6AvmMwLaSI+dAPSAAE/u0yt83C2V7Yo9Bp4nTk7KKEetW/rp9EISB1RowkGptmNH2k1AakY4TYudWNEIyBD6tG2ogIAqNxmnTvGhUXrYD6UZofFY/XuRQKDUKPDMZpZSzXqZ+J/XjrV/6SZMRLGmgkwe+THHOsRZBbjHJCWajwwBIpnJiskAJBBtipr64kkYUp0WTTHObA3zpHFScc4rp3dn5ep1XlEB7aMDdIQcdIGq6BbVUB0RJNELekVv1rP1bn1Yn5PVBSu/2UNTsL5+AU/imoE=</latexit>

S = �

• No counterpart of boundary terms exists in Splane-wave. 

• Suppression via energy-non-conservation is relaxed as 

“Exponential” → “Power” [∴Enhancement]. 

• Suppression via distances between time domains is relaxed e.g., in

<latexit sha1_base64="hs1VSgrjFA7CW/vB6YEODzK9VBs=">AAACFHicbZBLTgJBEIZ78IX4Ql24cNORmOCGzKhRlyQudIkJCAkQ0tPUQIeeR7prTMhkruEF3OoN3Bm37r2A57AHWAj4J538+asqVf25kRQabfvbyq2srq1v5DcLW9s7u3vF/YNHHcaKQ4OHMlQtl2mQIoAGCpTQihQw35XQdEe3Wb35BEqLMKjjOIKuzwaB8ARnaKJe8eiu3PEZDj3FRkk9PaMdHUcasFcs2RV7IrpsnJkpkZ lqveJPpx/y2IcAuWRatx07wm7CFAouIS10Yg0R4yM2gLaxAfNBd5PJB1J6apI+9UJlXoB0kv6dSJiv9dh3TWd2rF6sZeF/tXaM3k03EUEUIwR8usiLJcWQZjRoXyjgKMfGMK6EuZXyIVOMo2E2t8U1gADTggHjLGJYNo/nFeeqcvFwWapWZ4jy5JickDJxyDWpkntSIw3CSUpeyCt5s56td+vD+py25qzZzCGZk/X1Cxwnnq0=</latexit>
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2⇡�t [�! � i(T� Tin)/�t] <latexit sha1_base64="xkJvL8Ouxr/hE/v56IRKt6IdU8U=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwVRIV7bLgxmWFvqAJZTKdtEMnkzBzI5SQD/AH3OofuBO3foY/4Hc4abOwrQcuHM65l3s4fiy4Btv+tkobm1vbO+Xdyt7+weFR9fikq6NEUdahkYhU3yeaCS5ZBzgI1o8VI6EvWM+f3ud+74kpzSPZhlnMvJCMJQ84JWAk1w0JTAJFpmk7G1Zrdt2eA68TpyA1VKA1rP64o4gmIZNABdF64NgxeClRwKlgWcVNNIsJnZIxGxgqSci0l84zZ/jCKCMcRMqMBDxX/16kJNR6FvpmM8+oV71c/M8bJBA0vJTLOAEm6eJRkAgMEc4LwCOuGAUxM4RQxU1WTCdEEQqmpqUvvumFQVYxxTirNayT7lXdua1fP97Umo2iojI6Q+foEjnoDjXRA2qhDqIoRi/oFb1Zz9a79WF9LlZLVnFzipZgff0C19GaTg==</latexit>
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<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>
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<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout

“(in) boundary”

<latexit sha1_base64="gU7xrC5dkUI8x9S8TGiiS8TgJAE=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhC9v6AW/0Dd+LW3/AH/A6nbRa29cCFwzn3cu89fiy4Rsf5tgpr6xubW8Xt0s7u3v5B+fCorWWiGLSYFFI9+FSD4BG0kKOAh1gBDX0BHX98O/U7j6A0l1ETJzF4IR1GPOCMopG6zX4P4QlTHmX9csWpOjPYq8TNSYXkaPTLP72BZEkIETJBte66ToxeShVyJiAr9RINMWVjOoSuoRENQXvp7OTMPjPKwA6kMhWhPVP/TqQ01HoS+qYzpDjSy95U/M/rJhjUPPNPnCBEbL4oSISN0p7+bw+4AoZiYghliptbbTaiijI0KS1s8RUdA2YlE4y7HMMqaV9U3evq5f1VpV7LIyqSE3JKzolLbkid3JEGaRFGJHkhr+TNerberQ/rc95asPKZY7IA6+sXKZuZ8Q==</latexit>

Tin

<latexit sha1_base64="YNtoZhFPgzQlkfY+50ep81GPOYk=">AAACB3icbVDLSsNAFJ3UV62vqks3wSK4KomKdllw47JCH0IbymR60w6dZMLMjVhCPsAfcKt/4E7c+hn+gN/htM3Cth64cDjnXs7l+LHgGh3n2yqsrW9sbhW3Szu7e/sH5cOjtpaJYtBiUkj14FMNgkfQQo4CHmIFNPQFdPzx7dTvPILSXEZNnMTghXQY8YAzikbqNfs9hCdMZYJZv1xxqs4M9ipxc1IhORr98k9vIFkSQoRMUK27rhOjl1KFnAnISr1EQ0zZmA6ha2hEQ9BeOvs5s8+MMrADqcxEaM/UvxcpDbWehL7ZDCmO9LI3Ff/zugkGNS/lUZwgRGweFCTCRmlPC7AHXAFDMTGEMsXNrzYbUUUZmpoWUnxFx4BZyRTjLtewStoXVfe6enl/VanX8oqK5IScknPikhtSJ3ekQVqEkZi8kFfyZj1b79aH9TlfLVj5zTFZgPX1CyEImnw=</latexit>

Tout
<latexit sha1_base64="78YmNijiPXR3qC2Qmz1YgMt/Oh8=">AAACB3icdVDLSgMxFM3UV62vqks3wSK4KkmVPnYFNy4r9AWdoWTSTBuayQxJRihDP8AfcKt/4E7c+hn+gN9hpq1gRQ8EDufcyz05fiy4Ngh9OLmNza3tnfxuYW//4PCoeHzS1VGiKOvQSESq7xPNBJesY7gRrB8rRkJfsJ4/vcn83j1TmkeybWYx80IyljzglBgruW5IzCRQZJq258NiCZURQhhjmBFcqyJLGo16BdchziyLElihNSx+uqOIJiGThgqi9QCj2HgpUYZTweYFN9EsJnRKxmxgqSQh0166yDyHF1YZwSBS9kkDF+rPjZSEWs9C305mGfVvLxP/8gaJCepeymWcGCbp8lCQCGgimBUAR1wxasTMEkIVt1khnRBFqLE1rV3xbS/MzAu2mO/fw/9Jt1LG1fLV3XWp2VxVlAdn4BxcAgxqoAluQQt0AAUxeARP4Nl5cF6cV+dtOZpzVjunYA3O+xcrdpqM</latexit>

T <latexit sha1_base64="idQ+0AEvw5tEYKBNmRz+kv9HnFY=">AAAB/HicbVDLTgJBEJzFF+IL9ehlIjHxRHbVqEeiF4+QyCOBDZkdGpgwO7uZ6TUhG/wBr/oH3oxX/8Uf8DscYA8CVtJJpao73V1BLIVB1/12cmvrG5tb+e3Czu7e/kHx8KhhokRzqPNIRroVMANSKKijQAmtWAMLAwnNYHQ/9ZtPoI2I1COOY/BDNlCiLzhDK9WwWyy5ZXcGukq8jJRIhmq3+NPpRTwJQSGXzJi258bop0yj4BImhU5iIGZ8xAbQtlSxEIyfzg6d0DOr9Gg/0rYU0pn6dyJloTHjMLCdIcOhWfam4n9eO8H+rZ8KFScIis8X9RNJMaLTr2lPaOAox5YwroW9lfIh04yjzWZhS6DZCHBSsMF4yzGsksZF2bsuX9auSpW7LKI8OSGn5Jx45IZUyAOpkjrhBMgLeSVvzrPz7nw4n/PWnJPNHJMFOF+/+UKVaA==</latexit>

t

<latexit sha1_base64="S8X/Q9zh6haDgwgLDjpC2CFhBEE=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKeyqqMegF48RzAOSJcxOZpMhM7PLTK8Ylr35A171D7yJV3/EH/A7nCR7MIkFDUVVN91dQSy4Adf9dgorq2vrG8XN0tb2zu5eef+gaaJEU9agkYh0OyCGCa5YAzgI1o41IzIQrBWMbid+65FpwyP1AOOY+ZIMFA85JWClVjeWQfqU9coVt+pOgZeJl5MKylHvlX+6/YgmkimgghjT8dwY/JRo4FSwrNRNDIsJHZEB61iqiGTGT6fnZvjEKn0cRtqWAjxV/06kRBozloHtlASGZtGbiP95nQTCaz/lKk6AKTpbFCYCQ4Qnv+M+14yCGFtCqOb2VkyHRBMKNqG5LYEmIwZZyQbjLcawTJpnVe+yen5/Uand5BEV0RE6RqfIQ1eohu5QHTUQRSP0gl7Rm/PsvDsfzuesteDkM4doDs7XLwDSmDs=</latexit>xxx P0’ P1’

P2’

<latexit sha1_base64="NgvNj07IouDFb4n2FnkD/jjHGQE=">AAACA3icbVDLSgNBEOz1GeMr6tHLYhAihLAbRb0IQS8eI5gHJEuYnfQmQ2Znl5lZIYQc/QGv+gfexKsf4g/4HU6SPZjEgoaiqpvuLj/mTGnH+bZWVtfWNzYzW9ntnd29/dzBYV1FiaRYoxGPZNMnCjkTWNNMc2zGEknoc2z4g7uJ33hCqVgkHvUwRi8kPcECRok2UrNw4xTdYvmsk8s7JWcKe5m4KclDimon99PuRjQJUWjKiVIt14m1NyJSM8pxnG0nCmNCB6SHLUMFCVF5o+m9Y/vUKF07iKQpoe2p+ndiREKlhqFvOkOi+2rRm4j/ea1EB9feiIk40SjobFGQcFtH9uR5u8skUs2HhhAqmbnVpn0iCdUmorktviQD1OOsCcZdjGGZ1Msl97J0/nCRr9ymEWXgGE6gAC5cQQXuoQo1oMDhBV7hzXq23q0P63PWumKlM0cwB+vrF6GclrM=</latexit>

(= 0, 1, 2)
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Setup of S(ϕϕ ➔ Φ ➔ ϕϕ)
Setup: S-matrix for 2→2  scattering

• Saddle-point approximation: Perform 8-dimensional integral over x and x .̓

where the propagator of � becomes the same as the plane-wave one, as we have seen in the
previous sub-section. Then the contribution (39) becomes
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In total there will be factor 8 from the other Wick contractions. To summarize,
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where t := x0 and t0 := x00 are the production and decay times of �, and M := m� is the
heavy scalar mass. This is the starting equation for our computation.

Hereafter, we consider the leading approximation in the plane-wave limit (24):
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where for a = 1, . . . , 4,

⌅a(t) := Xa + V at, (44)

in which Xa is the center of wave packet at a reference time t = 0 and V a is its central
velocity:

Xa := Xa � V aTa, (45)

V a :=
P a
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=
P aq

m2 + P 2

a

, (46)

with m := m�.
We perform the Gaussian integral over the positions of interaction to get
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2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share

6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)

the intermediate part 
described in simple 

plane-wave LanguageWick’s theorem 
for A and A† (@LO) 

and 
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Setup of S(ϕϕ ➔ Φ ➔ ϕϕ)
Setup: S-matrix for 2→2  scattering

• Saddle-point approximation: Perform 8-dimensional integral over x and x .̓

where the propagator of � becomes the same as the plane-wave one, as we have seen in the
previous sub-section. Then the contribution (39) becomes

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
f⇤
�3;⇧3

(x) f⇤
�4;⇧4

(x) h0|T �̂(x) �̂
�
x0
�
|0i . (41)

In total there will be factor 8 from the other Wick contractions. To summarize,

S = (�i)2 (�i)

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt

Z
d3x f⇤

�3;⇧3
(x) f⇤

�4;⇧4
(x) eip·x

⇥

Z
Tout

Tin

dt0
Z

d3x0 f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
e�ip·x0

, (42)

where t := x0 and t0 := x00 are the production and decay times of �, and M := m� is the
heavy scalar mass. This is the starting equation for our computation.

Hereafter, we consider the leading approximation in the plane-wave limit (24):

f�,�1;⇧1(x) f�,�2;⇧2(x) !

✓
1

⇡�1

◆
3/4
✓

1

⇡�2

◆
3/4 1

p
2E1

p
2E2

⇥ e
iP1·(x�X1)� (x�⌅1(t))

2

2�1 e
iP2·(x�X2)� (x�⌅2(t))

2

2�2 ,

f⇤
�,�3;⇧3

(x) f⇤
�,�4;⇧4

(x) !

✓
1

⇡�3

◆
3/4
✓

1

⇡�4

◆
3/4 1

p
2E3

p
2E4

⇥ e
�iP3·(x�X3)� (x�⌅3(t))

2

2�3 e
�iP4·(x�X4)� (x�⌅4(t))

2

2�4 , (43)

where for a = 1, . . . , 4,

⌅a(t) := Xa + V at, (44)

in which Xa is the center of wave packet at a reference time t = 0 and V a is its central
velocity:

Xa := Xa � V aTa, (45)

V a :=
P a

Ea

=
P aq

m2 + P 2

a

, (46)

with m := m�.
We perform the Gaussian integral over the positions of interaction to get

S = i2
 

4Y

A=1

1
p
2EA

✓
1

⇡�A

◆
3/4
!
(2⇡�in)

3/2 (2⇡�out)
3/2

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt e
��out

2 (p�P out)
2� 1

2&out
(t�Tout)

2�Rout
2 �it(p0�Eout)+iV out·(p�P out)t+iXout·(p�P out)

⇥

Z
Tout

Tin

dt0 e
��in

2 (p�P in)
2� 1

2&in
(t

0�Tin)
2�Rin

2 +it
0(p0�Ein)�iV in·(p�P in)t

0�iXin·(p�P in), (47)
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2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share

6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)

the intermediate part 
described in simple 

plane-wave LanguageWick’s theorem 
for A and A† (@LO) 
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Setup: S-matrix for 2→2  scattering

• Saddle-point approximation: Perform 8-dimensional integral over x and x .̓

where the propagator of � becomes the same as the plane-wave one, as we have seen in the
previous sub-section. Then the contribution (39) becomes

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
f⇤
�3;⇧3

(x) f⇤
�4;⇧4

(x) h0|T �̂(x) �̂
�
x0
�
|0i . (41)

In total there will be factor 8 from the other Wick contractions. To summarize,

S = (�i)2 (�i)

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt

Z
d3x f⇤

�3;⇧3
(x) f⇤

�4;⇧4
(x) eip·x

⇥

Z
Tout

Tin

dt0
Z

d3x0 f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
e�ip·x0

, (42)

where t := x0 and t0 := x00 are the production and decay times of �, and M := m� is the
heavy scalar mass. This is the starting equation for our computation.

Hereafter, we consider the leading approximation in the plane-wave limit (24):

f�,�1;⇧1(x) f�,�2;⇧2(x) !

✓
1

⇡�1

◆
3/4
✓

1

⇡�2

◆
3/4 1

p
2E1

p
2E2

⇥ e
iP1·(x�X1)� (x�⌅1(t))

2

2�1 e
iP2·(x�X2)� (x�⌅2(t))

2

2�2 ,

f⇤
�,�3;⇧3

(x) f⇤
�,�4;⇧4

(x) !

✓
1

⇡�3

◆
3/4
✓

1

⇡�4

◆
3/4 1

p
2E3

p
2E4

⇥ e
�iP3·(x�X3)� (x�⌅3(t))

2

2�3 e
�iP4·(x�X4)� (x�⌅4(t))

2

2�4 , (43)

where for a = 1, . . . , 4,

⌅a(t) := Xa + V at, (44)

in which Xa is the center of wave packet at a reference time t = 0 and V a is its central
velocity:

Xa := Xa � V aTa, (45)

V a :=
P a

Ea

=
P aq

m2 + P 2

a

, (46)

with m := m�.
We perform the Gaussian integral over the positions of interaction to get

S = i2
 

4Y

A=1

1
p
2EA

✓
1

⇡�A

◆
3/4
!
(2⇡�in)

3/2 (2⇡�out)
3/2

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt e
��out

2 (p�P out)
2� 1

2&out
(t�Tout)

2�Rout
2 �it(p0�Eout)+iV out·(p�P out)t+iXout·(p�P out)

⇥

Z
Tout

Tin

dt0 e
��in

2 (p�P in)
2� 1

2&in
(t

0�Tin)
2�Rin

2 +it
0(p0�Ein)�iV in·(p�P in)t

0�iXin·(p�P in), (47)

9

2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share

6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)

the intermediate part 
described in simple 

plane-wave LanguageS-matrix structure

• Want to extract time-boundary effect independent of 

2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share

7

where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

F: quadratic in p0
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four characteristic times 
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3  : The propagator emerges.
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Wick’s theorem 
for A and A† (@LO) 
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(over)completeness 
of Gaussian basis
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S-matrix structure

• Want to extract time-boundary effect independent of 

2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share

7

where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

F: quadratic in p0
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four characteristic times 
in the S-matrix 

1  :

two interaction points2  :

3  : The propagator emerges.
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R Tout
Tin

dt Ĥ
(I)
int (t)|P1,P2i

free out-state free in-stateSetup: S-matrix for 2→2  scattering

• Saddle-point approximation: Perform 8-dimensional integral over x and x .̓

where the propagator of � becomes the same as the plane-wave one, as we have seen in the
previous sub-section. Then the contribution (39) becomes

S �
(�i)2

8

Z
Tout

Tin

dt

Z
d3x

Z
Tout

Tin

dt0
Z

d3x0

⇥ f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
f⇤
�3;⇧3

(x) f⇤
�4;⇧4

(x) h0|T �̂(x) �̂
�
x0
�
|0i . (41)

In total there will be factor 8 from the other Wick contractions. To summarize,

S = (�i)2 (�i)

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt

Z
d3x f⇤

�3;⇧3
(x) f⇤

�4;⇧4
(x) eip·x

⇥

Z
Tout

Tin

dt0
Z

d3x0 f�1;⇧1

�
x0
�
f�2;⇧2

�
x0
�
e�ip·x0

, (42)

where t := x0 and t0 := x00 are the production and decay times of �, and M := m� is the
heavy scalar mass. This is the starting equation for our computation.

Hereafter, we consider the leading approximation in the plane-wave limit (24):

f�,�1;⇧1(x) f�,�2;⇧2(x) !

✓
1

⇡�1

◆
3/4
✓

1

⇡�2

◆
3/4 1

p
2E1

p
2E2

⇥ e
iP1·(x�X1)� (x�⌅1(t))

2

2�1 e
iP2·(x�X2)� (x�⌅2(t))

2

2�2 ,

f⇤
�,�3;⇧3

(x) f⇤
�,�4;⇧4

(x) !

✓
1

⇡�3

◆
3/4
✓

1

⇡�4

◆
3/4 1

p
2E3

p
2E4

⇥ e
�iP3·(x�X3)� (x�⌅3(t))

2

2�3 e
�iP4·(x�X4)� (x�⌅4(t))

2

2�4 , (43)

where for a = 1, . . . , 4,

⌅a(t) := Xa + V at, (44)

in which Xa is the center of wave packet at a reference time t = 0 and V a is its central
velocity:

Xa := Xa � V aTa, (45)

V a :=
P a

Ea

=
P aq

m2 + P 2

a

, (46)

with m := m�.
We perform the Gaussian integral over the positions of interaction to get

S = i2
 

4Y

A=1

1
p
2EA

✓
1

⇡�A

◆
3/4
!
(2⇡�in)

3/2 (2⇡�out)
3/2

Z
d4p

(2⇡)4
1

p2 +M2 � i✏

⇥

Z
Tout

Tin

dt e
��out

2 (p�P out)
2� 1

2&out
(t�Tout)

2�Rout
2 �it(p0�Eout)+iV out·(p�P out)t+iXout·(p�P out)

⇥

Z
Tout

Tin

dt0 e
��in

2 (p�P in)
2� 1

2&in
(t

0�Tin)
2�Rin

2 +it
0(p0�Ein)�iV in·(p�P in)t

0�iXin·(p�P in), (47)
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2

resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share
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SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)

the intermediate part 
described in simple 

plane-wave LanguageWick’s theorem 
for A and A† (@LO) 

and 
(over)completeness 
of Gaussian basis

We take the limit 
(Tin→+∞ and Tout→-∞) and 
focus on the time boundaries 
during the propagation.
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“2→2” S-matrix structure
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!q
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�i
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eF
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, UjV
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�
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2

�
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�2
, U9V
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. U8V
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h?2 2tTQM2MiB�H 7�+iQ` ?�b � b�//H2 TQBMi �i p0 =
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SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out
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(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2
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✓
Tin
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Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
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 ⌅1 +⌅2
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, (31)
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◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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are the wave-averaged in and out velocities.
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and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,
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|V 1�V 2| and
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focusing on 

this kernel
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[quadratic for p0, (p0)* is a saddle point]
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6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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Z /4p

(2⇡)4
�i

p2 +M2 � i✏
eF

�
p0;p

�
, UjV

�M/ i?2 2tTQM2Mi #2+QK2b [m�/`�iB+ BM p0,

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, U9V

BM r?B+? &+ := &BM + &Qmi- p0⇤(p) = !&(p)� i �T&+ - �M/ F⇤(p)

+�M #2 `2�/ Qz 7`QK 1[X URydV BM _27X (R9) UBib 2tTHB+Bi
7Q`K Bb KQbiHv B``2H2p�Mi 7Q` i?2 7QHHQrBM; /Bb+mbbBQMVc
b22 _27bX (Rj- R9) 7Q` 7m`i?2` MQi�iBQMc r2 ?�p2 �HbQ T`2@
T�`2/ amTTH2K2Mi�H J�i2`B�HX S?vbB+�HHv- !&(p) Bb i?2
Qz@b?2HH 2M2`;v Q7 �- �M/ �T Bb i?2 iBK2 T�bb2/ 7`QK i?2
BM@BMi2`�+iBQM iQ i?2 Qmi@BMi2`�+iBQMc b22 2�+? 6B;X R BM
_27bX (Rj- R9)X "Qi? Q7 i?2K p�`v �++Q`/BM; iQ i?2 r�p2
T�+F2i +QM};m`�iBQMb (�a, Xa,P a)X

h?2 b2+QM/ HBM2 BM 1[X UjV- � ǳr�p2@T�+F2i 62vMK�M
T`QT�;�iQ`Ǵ- K�v #2 r`Bii2M �b

R /3p
(2⇡)3

eF⇤(p)I(p)- r?2`2

I(p) :=

Z 1

�1

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2
. U8V

a�//H2 TQBMi

h?2 2tTQM2MiB�H 7�+iQ` ?�b � b�//H2 TQBMi �i p0 =
p0⇤(p) rBi? i?2 bi22T2bi /2b+2Mi �M/ �b+2Mi T�i?b #2BM;

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

6A:X RX a?�/2/ `2;BQM `2T`2b2Mib +QMp2`;2Mi /B`2+iBQMb
<F ! �1 7Q`

��p0
�� ! 1X h?2 TQBMib ±1p /2MQi2 i?2 TQH2b

Q7 i?2 T`QT�;�iQ` Q7 �X h?2 Q`�M;2- Tm`TH2- �M/ #Hm2 HBM2b
`2T`2b2Mi i?2 BMi2;`�H T�i? Q7 I⇤ BM 1[X UeV 7Q` =p0 > =(�1p)-
=1p < =p0 < =(�1p)- �M/ =p0 < =1p- `2bT2+iBp2HvX

=
�
p0 � p0⇤(p)

�
= 0 �M/ <

�
p0 � p0⇤(p)

�
= 0- r?2`2 < �M/

= /2MQi2 i?2 `2�H �M/ BK�;BM�`v T�`ib- `2bT2+iBp2HvX h?2
b�//H2@TQBMi +QMi`B#miBQM Bb

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2

⇡
1

p
2⇡&+

�i

�(!&(p)� i �T&+ )2 + 12
p

, UeV

r?B+? H2�/b iQ 1[X URRyV BM _27X (R9)X h?2 bi�M/�`/ TH�M2@
r�p2 `2bmHi ?�b #22M Q#i�BM2/ #v i�FBM; BMiQ �++QmMi i?Bb
+QMi`B#miBQM QMHv- �M/ MQ BM@#QmM/�`v 2z2+i 7Q` � ! ��
?�b #22M 7QmM/ BM i?2 HBKBi �T ! 0 (R9)X

h?2 F2v Q#b2`p�iBQM BM i?Bb G2ii2` Bb i?�i- �b b?QrM
BM 6B;X R- i?2 b�//H2@TQBMi BMi2;`�H I⇤ Qp2` i?2 bi22T2bi
/2b+2Mi T�i? 7`QK �1+ =p0⇤ iQ 1+ =p0⇤ /Bz2`b 7`QK I
BM 1[X U8V #v i?2 `2bB/m2 �i i?2 TQH2b p0 = 1p �M/ �1p

r?2M =p0 < =1p �M/ =p0 > �=1p- `2bT2+iBp2Hv,

I(p) = I⇤(p) +
e
� &+

2

⇣
!&(p)�1p�i �T

&+

⌘2

21p
✓

✓
�T

&+
+ =1p

◆

+
e
� &+

2

⇣
!&(p)+1p�i �T

&+

⌘2

21p
✓

✓
=1p �

�T

&+

◆
, UdV

r?2`2 �M/ ✓ Bb i?2 >2�pBbB/2 bi2T 7mM+iBQMX 1[X UdV
Bb QM2 Q7 Qm` K�BM `2bmHibX q?2M ✏ Bb bK�HH- r2 ?�p2
=1p ' �

✏
2Ep

- �M/ i?2 b2+QM/ �M/ i?B`/ i2`Kb �`2 MQM@
x2`Q r?2M �T > ✏&+

2Ep
�M/ �T < �

✏&+
2Ep

- `2bT2+iBp2Hvc 2�+?
Q7 i?2K +Q``2bTQM/b iQ � +QM};m`�iBQM Q7 r�p2 T�+F2ib
i?�i ;Bp2b 7Q`r�`/ �M/ #�+Fr�`/ T`QT�;�iBQM Q7 � BM
iBK2- `2bT2+iBp2Hvc b22 6B;X R BM _27X (R9)X LQi2 i?�i-
/`QTTQBM; i?2 >2�pBbB/2 7mM+iBQM- i?2 `�iBQ Q7 i?2 b2+QM/
i2`K iQ i?2 i?B`/ Bb exp

�
�2&+Epp0⇤

�
- �M/ ?2M+2 i?2 i?B`/

i2`K Bb 2tTQM2MiB�HHv bK�HH r?2M &+Ep!&(p) Bb H�`;2X
h?2 b2+QM/ i2`K BM 1[X UdV Bb i?2 M2r +QMi`B#miBQM

BM �//BiBQM iQ i?2 Q`/BM�`v I⇤(p)X h?Bb i2`K b?�`2
i?2 b�K2 T`QT2`iv rBi? i?2 BM@iBK2@#QmM/�`v 2z2+i 7Q`

(original contour)

×

×

×

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)
<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤

<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤

<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤
pole

pole

(deformed contour)

<latexit sha1_base64="Grc1NScTYCdQtpCcDWGRPWXI25w="></latexit> Z +1(=Tout)

�1(=Tin)
dt

Z
d3xxx

!2`` ’’

or

or

“2→2” S-matrix structure 7/9

[quadratic for p0, (p0)* is a saddle point]

<latexit sha1_base64="NeuxwYfzFzfXTOa2Qg1H/efZM6k="></latexit>⇣
Eppp = E(ppp) =

p
ppp2 +M2

⌘



j

/2+�v BM 1[X U83V BM _27X (Rj)X PM i?2 Qi?2` ?�M/- &BM
/Q2b MQi ?�p2 �Mv +Q``2bTQM/2Mi BM _27X (Rj)X

q2 bi`2bb i?�i i?2 `2bmHi UkV Bb Q#i�BM2/ 7Q` � }MBi2
rB/i?@b[m�`2/ � �i i?2 H2�/BM; Q`/2` BM i?2 b�//H2@TQBMi
�TT`QtBK�iBQMX h?2`27Q`2- r2 K�v b�72Hv i�F2 i?2 bK�HH
rB/i? HBKBi ✏ ⌧ M2 BM &+=1� = �

&+✏
2E�

+ O
�
✏3
�
! 0-

`2bmHiBM; BM �T ! �T+ i&Qmi (EQmi � E�)X
6Q` �BM � �Qmi- i?2 H�bi 7Qm` HBM2b BM 1[X UkV `2T`Q@

/m+2b i?2 ǳr�p2 HBKBiǴ (R3) Q7 1[X U83V BM _27X (Rj)X AM
T�`iB+mH�`- i?2 }`bi �M/ b2+QM/ i2`Kb BM i?2 H�bi HBM2 ;Bp2
i?2 #mHF �M/ BM@iBK2@#QmM/�`v 2z2+ib- `2bT2+iBp2Hv- QM
i?2 � ! �� /2+�vX 6Q` i?2 }`bi iBK2- r2 ?�p2 T`Qp2M
i?�i i?2 BM@#QmM/�`v 2z2+i 7Q` i?2 T�`iB+H2 /2+�v 2K2`;2b
2p2M B7 r2 /Q MQi i�F2 BMiQ �++QmMi �Mv iBK2@#QmM/�`v
2z2+i 7Q` i?2 �� ! �� b+�ii2`BM;X

q2 �HbQ MQi2 i?�i B7 r2 7m`i?2` i�F2 i?2 HBKBi
�BM ! 1- r2 Q#i�BM � ! �Qmi- P � !

P BM- �M/
p
2⇡&BMe�

&BM
2 (E��EBM)

2

! 2⇡�(E� � EBM)- Q`
[
p
2⇡&BMe�

&BM
2 (E��EBM)

2

]2 !
p
4⇡3&BM�(E� � EBM) BM |S|

2X

�L�GuaAa P6 q�o1@S�*E1h 61uLJ�L
S_PS�:�hP_

LQr r2 im`M i?2 i?2 Q`/2` kX q2 T2`7Q`K x0 �M/ y0

BMi2;`�Hb 2t�+iHv BM 1[X URNV,

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3

BM�
3
Qmi&BM&Qmi

⇥

Z /4p

(2⇡)4
�i

p2 +M2 � i✏
eF

�
p0;p

�
, UjV

�M/ i?2 2tTQM2Mi #2+QK2b [m�/`�iB+ BM p0,

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, U9V

BM r?B+? &+ := &BM + &Qmi- p0⇤(p) = !&(p)� i �T&+ - �M/ F⇤(p)

+�M #2 `2�/ Qz 7`QK 1[X URydV BM _27X (R9) UBib 2tTHB+Bi
7Q`K Bb KQbiHv B``2H2p�Mi 7Q` i?2 7QHHQrBM; /Bb+mbbBQMVc
b22 _27bX (Rj- R9) 7Q` 7m`i?2` MQi�iBQMc r2 ?�p2 �HbQ T`2@
T�`2/ amTTH2K2Mi�H J�i2`B�HX S?vbB+�HHv- !&(p) Bb i?2
Qz@b?2HH 2M2`;v Q7 �- �M/ �T Bb i?2 iBK2 T�bb2/ 7`QK i?2
BM@BMi2`�+iBQM iQ i?2 Qmi@BMi2`�+iBQMc b22 2�+? 6B;X R BM
_27bX (Rj- R9)X "Qi? Q7 i?2K p�`v �++Q`/BM; iQ i?2 r�p2
T�+F2i +QM};m`�iBQMb (�a, Xa,P a)X

h?2 b2+QM/ HBM2 BM 1[X UjV- � ǳr�p2@T�+F2i 62vMK�M
T`QT�;�iQ`Ǵ- K�v #2 r`Bii2M �b

R /3p
(2⇡)3

eF⇤(p)I(p)- r?2`2

I(p) :=

Z 1

�1

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2
. U8V

a�//H2 TQBMi

h?2 2tTQM2MiB�H 7�+iQ` ?�b � b�//H2 TQBMi �i p0 =
p0⇤(p) rBi? i?2 bi22T2bi /2b+2Mi �M/ �b+2Mi T�i?b #2BM;

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

6A:X RX a?�/2/ `2;BQM `2T`2b2Mib +QMp2`;2Mi /B`2+iBQMb
<F ! �1 7Q`

��p0
�� ! 1X h?2 TQBMib ±1p /2MQi2 i?2 TQH2b

Q7 i?2 T`QT�;�iQ` Q7 �X h?2 Q`�M;2- Tm`TH2- �M/ #Hm2 HBM2b
`2T`2b2Mi i?2 BMi2;`�H T�i? Q7 I⇤ BM 1[X UeV 7Q` =p0 > =(�1p)-
=1p < =p0 < =(�1p)- �M/ =p0 < =1p- `2bT2+iBp2HvX

=
�
p0 � p0⇤(p)

�
= 0 �M/ <

�
p0 � p0⇤(p)

�
= 0- r?2`2 < �M/

= /2MQi2 i?2 `2�H �M/ BK�;BM�`v T�`ib- `2bT2+iBp2HvX h?2
b�//H2@TQBMi +QMi`B#miBQM Bb

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

/p0
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�i

� (p0)2 + 12
p

e�
&+
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p0�p0

⇤(p)
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⇡
1
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2⇡&+
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, UeV

r?B+? H2�/b iQ 1[X URRyV BM _27X (R9)X h?2 bi�M/�`/ TH�M2@
r�p2 `2bmHi ?�b #22M Q#i�BM2/ #v i�FBM; BMiQ �++QmMi i?Bb
+QMi`B#miBQM QMHv- �M/ MQ BM@#QmM/�`v 2z2+i 7Q` � ! ��
?�b #22M 7QmM/ BM i?2 HBKBi �T ! 0 (R9)X

h?2 F2v Q#b2`p�iBQM BM i?Bb G2ii2` Bb i?�i- �b b?QrM
BM 6B;X R- i?2 b�//H2@TQBMi BMi2;`�H I⇤ Qp2` i?2 bi22T2bi
/2b+2Mi T�i? 7`QK �1+ =p0⇤ iQ 1+ =p0⇤ /Bz2`b 7`QK I
BM 1[X U8V #v i?2 `2bB/m2 �i i?2 TQH2b p0 = 1p �M/ �1p

r?2M =p0 < =1p �M/ =p0 > �=1p- `2bT2+iBp2Hv,

I(p) = I⇤(p) +
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✓

✓
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, UdV

r?2`2 �M/ ✓ Bb i?2 >2�pBbB/2 bi2T 7mM+iBQMX 1[X UdV
Bb QM2 Q7 Qm` K�BM `2bmHibX q?2M ✏ Bb bK�HH- r2 ?�p2
=1p ' �

✏
2Ep

- �M/ i?2 b2+QM/ �M/ i?B`/ i2`Kb �`2 MQM@
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SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
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dx0 and
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have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,
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a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are
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· (p� P in) , (24)
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are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by
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2 , (28)
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2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is
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where & := &in&out
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is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2
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✓
⌅1

�1
+

⌅2
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◆
 ⌅1 +⌅2

2
, (31)

⌅out =
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✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,
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2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
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2 +
h
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i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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b�//H2@TQBMi +QMi`B#miBQM Bb

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2

⇡
1

p
2⇡&+

�i

�(!&(p)� i �T&+ )2 + 12
p

, UeV

r?B+? H2�/b iQ 1[X URRyV BM _27X (R9)X h?2 bi�M/�`/ TH�M2@
r�p2 `2bmHi ?�b #22M Q#i�BM2/ #v i�FBM; BMiQ �++QmMi i?Bb
+QMi`B#miBQM QMHv- �M/ MQ BM@#QmM/�`v 2z2+i 7Q` � ! ��
?�b #22M 7QmM/ BM i?2 HBKBi �T ! 0 (R9)X

h?2 F2v Q#b2`p�iBQM BM i?Bb G2ii2` Bb i?�i- �b b?QrM
BM 6B;X R- i?2 b�//H2@TQBMi BMi2;`�H I⇤ Qp2` i?2 bi22T2bi
/2b+2Mi T�i? 7`QK �1+ =p0⇤ iQ 1+ =p0⇤ /Bz2`b 7`QK I
BM 1[X U8V #v i?2 `2bB/m2 �i i?2 TQH2b p0 = 1p �M/ �1p

r?2M =p0 < =1p �M/ =p0 > �=1p- `2bT2+iBp2Hv,

I(p) = I⇤(p) +
e
� &+

2

⇣
!&(p)�1p�i �T

&+

⌘2

21p
✓

✓
�T

&+
+ =1p

◆

+
e
� &+

2

⇣
!&(p)+1p�i �T

&+

⌘2

21p
✓

✓
=1p �

�T

&+

◆
, UdV

r?2`2 �M/ ✓ Bb i?2 >2�pBbB/2 bi2T 7mM+iBQMX 1[X UdV
Bb QM2 Q7 Qm` K�BM `2bmHibX q?2M ✏ Bb bK�HH- r2 ?�p2
=1p ' �

✏
2Ep

- �M/ i?2 b2+QM/ �M/ i?B`/ i2`Kb �`2 MQM@
x2`Q r?2M �T > ✏&+

2Ep
�M/ �T < �

✏&+
2Ep

- `2bT2+iBp2Hvc 2�+?
Q7 i?2K +Q``2bTQM/b iQ � +QM};m`�iBQM Q7 r�p2 T�+F2ib
i?�i ;Bp2b 7Q`r�`/ �M/ #�+Fr�`/ T`QT�;�iBQM Q7 � BM
iBK2- `2bT2+iBp2Hvc b22 6B;X R BM _27X (R9)X LQi2 i?�i-
/`QTTQBM; i?2 >2�pBbB/2 7mM+iBQM- i?2 `�iBQ Q7 i?2 b2+QM/
i2`K iQ i?2 i?B`/ Bb exp

�
�2&+Epp0⇤

�
- �M/ ?2M+2 i?2 i?B`/

i2`K Bb 2tTQM2MiB�HHv bK�HH r?2M &+Ep!&(p) Bb H�`;2X
h?2 b2+QM/ i2`K BM 1[X UdV Bb i?2 M2r +QMi`B#miBQM

BM �//BiBQM iQ i?2 Q`/BM�`v I⇤(p)X h?Bb i2`K b?�`2
i?2 b�K2 T`QT2`iv rBi? i?2 BM@iBK2@#QmM/�`v 2z2+i 7Q`

(original contour)

×

×

×

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)

<latexit sha1_base64="WbWvZ2R77/16suk4iIVwIEvknRU=">AAACDnicbVDLSsNAFJ3UV62vVJdugkWom5KoqMuiG5cV7AOaGCbTaTt0kgwzN0oJ+Qd/wK3+gTtx6y/4A36H0zYL23rgwuGcezmXEwjOFNj2t1FYWV1b3yhulra2d3b3zPJ+S8WJJLRJYh7LToAV5SyiTWDAaUdIisOA03Ywupn47UcqFYujexgL6oV4ELE+Ixi05Jtl8WD7LlZQdUUYpCI78c2KXbOnsJaJk5MKytHwzR+3F5MkpBEQjpXqOrYAL8USGOE0K7mJogKTER7QrqYRDqny0unrmXWslZ7Vj6WeCKyp+vcixaFS4zDQmyGGoVr0JuJ/XjeB/pWXskgkQCMyC+on3ILYmvRg9ZikBPhYE0wk079aZIglJqDbmksJJB5RyEq6GGexhmXSOq05F7Wzu/NK/TqvqIgO0RGqIgddojq6RQ3URAQ9oRf0it6MZ+Pd+DA+Z6sFI785QHMwvn4BVUmcGg==</latexit>

p0⇤(ppp)
<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤

<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤

<latexit sha1_base64="Qoagy82TnUnQpwEQyOEimSCr2po=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgKeyqqMegF48RTAwkS5idTJIhs7PLTK8Qlhz8Aa/6B97Eq5/iD/gdziZ7MIkFDUVVN91dQSyFQdf9dgorq2vrG8XN0tb2zu5eef+gaaJEM95gkYx0K6CGS6F4AwVK3oo1p2Eg+WMwus38xyeujYjUA45j7od0oERfMIqZ1KEGu+WKW3WnIMvEy0kFctS75Z9OL2JJyBUySY1pe26Mfko1Cib5pNRJDI8pG9EBb1uqaMiNn05vnZATq/RIP9K2FJKp+ncipaEx4zCwnSHFoVn0MvE/r51g/9pPhYoT5IrNFvUTSTAi2eOkJzRnKMeWUKaFvZWwIdWUoY1nbkug6YjjpGSD8RZjWCbNs6p3WT2/v6jUbvKIinAEx3AKHlxBDe6gDg1gMIQXeIU359l5dz6cz1lrwclnDmEOztcvTyaWtg==</latexit>⇤
pole

pole

(deformed contour)

<latexit sha1_base64="Grc1NScTYCdQtpCcDWGRPWXI25w="></latexit> Z +1(=Tout)

�1(=Tin)
dt

Z
d3xxx

!2`` ’’

or

or

“2→2” S-matrix structure 7/9

<latexit sha1_base64="q8M9zFzt07gY624n/Qa5dM+sKjc="></latexit>

p0⇤(ppp) = !&(ppp)� i
�T

&+

[quadratic for p0, (p0)* is a saddle point]

<latexit sha1_base64="NeuxwYfzFzfXTOa2Qg1H/efZM6k="></latexit>⇣
Eppp = E(ppp) =

p
ppp2 +M2

⌘



(Inter.) “Bulk” & “Boundary” in “2→2”

<latexit sha1_base64="qs2bda+RfwFr1WoyBllDYXo/seQ="></latexit>

+
1p
2⇡&+

�i

�
⇣
!&(ppp)� i �T&+

⌘2
+ E2(ppp)� i✏

<latexit sha1_base64="YJvzC8ucF4t56mhlPkY6/dN7E0w=">AAACGXicbVC7TsNAEDzzDOFloITiRIQETWQDAsoIGuiCRAJSHEXnywZOubPN3RoRWW74DX6AFv6ADtFS8QN8B5dHQYCRVhrN7Gp3J0ykMOh5n87E5NT0zGxhrji/sLi07K6s1k2cag41HstYX4XMgBQR1FCghKtEA1OhhMuwe9L3L+9AGxFHF9hLoKnYdSQ6gjO0UsvdOGsFCPeYYYz5dpCoMEvyHRoYoeC25Za8sjcA/Uv8ESmREaot9ytoxzxVECGXzJiG7yXYzJhGwSXkxSA1kDDeZdfQsDRiCkwzG3yR0y2rtGkn1rYipAP150TGlDE9FdpOxfDG/Pb64n9eI8XOUTMTUZIiRHy4qJNKijHtR0LbQgNH2bOEcS3srZTfMM042uDGtoSadQHzog3G/x3DX1LfLfsH5b3z/VLleBRRgayTTbJNfHJIKuSUVEmNcPJAnsgzeXEenVfnzXkftk44o5k1Mgbn4xvQDaE6</latexit>

Itot(ppp) ' 

<latexit sha1_base64="t5UA45NYMyzdGWLFULdvi6ZvWyE="></latexit>

+
e�

&+
2

⇣
!&(ppp)�

p
E2(ppp)� i✏� i �T&+

⌘2

2
p
E2(ppp)� i✏

✓

✓
�T

&+
+ =

p
E2(ppp)� i✏

◆

<latexit sha1_base64="Gg3WoVdfymCAZ7VD4lqcvuY8NLE="></latexit>

+
e�

&+
2

⇣
!&(ppp) +

p
E2(ppp)� i✏� i �T&+

⌘2

2
p
E2(ppp)� i✏

✓

✓
=
p

E2(ppp)� i✏� �T

&+

◆

saddle-point 

approximated

exact

8/9



<latexit sha1_base64="qs2bda+RfwFr1WoyBllDYXo/seQ="></latexit>

+
1p
2⇡&+

�i

�
⇣
!&(ppp)� i �T&+

⌘2
+ E2(ppp)� i✏

<latexit sha1_base64="YJvzC8ucF4t56mhlPkY6/dN7E0w=">AAACGXicbVC7TsNAEDzzDOFloITiRIQETWQDAsoIGuiCRAJSHEXnywZOubPN3RoRWW74DX6AFv6ADtFS8QN8B5dHQYCRVhrN7Gp3J0ykMOh5n87E5NT0zGxhrji/sLi07K6s1k2cag41HstYX4XMgBQR1FCghKtEA1OhhMuwe9L3L+9AGxFHF9hLoKnYdSQ6gjO0UsvdOGsFCPeYYYz5dpCoMEvyHRoYoeC25Za8sjcA/Uv8ESmREaot9ytoxzxVECGXzJiG7yXYzJhGwSXkxSA1kDDeZdfQsDRiCkwzG3yR0y2rtGkn1rYipAP150TGlDE9FdpOxfDG/Pb64n9eI8XOUTMTUZIiRHy4qJNKijHtR0LbQgNH2bOEcS3srZTfMM042uDGtoSadQHzog3G/x3DX1LfLfsH5b3z/VLleBRRgayTTbJNfHJIKuSUVEmNcPJAnsgzeXEenVfnzXkftk44o5k1Mgbn4xvQDaE6</latexit>

Itot(ppp) ' 

j

/2+�v BM 1[X U83V BM _27X (Rj)X PM i?2 Qi?2` ?�M/- &BM
/Q2b MQi ?�p2 �Mv +Q``2bTQM/2Mi BM _27X (Rj)X

q2 bi`2bb i?�i i?2 `2bmHi UkV Bb Q#i�BM2/ 7Q` � }MBi2
rB/i?@b[m�`2/ � �i i?2 H2�/BM; Q`/2` BM i?2 b�//H2@TQBMi
�TT`QtBK�iBQMX h?2`27Q`2- r2 K�v b�72Hv i�F2 i?2 bK�HH
rB/i? HBKBi ✏ ⌧ M2 BM &+=1� = �

&+✏
2E�

+ O
�
✏3
�
! 0-

`2bmHiBM; BM �T ! �T+ i&Qmi (EQmi � E�)X
6Q` �BM � �Qmi- i?2 H�bi 7Qm` HBM2b BM 1[X UkV `2T`Q@

/m+2b i?2 ǳr�p2 HBKBiǴ (R3) Q7 1[X U83V BM _27X (Rj)X AM
T�`iB+mH�`- i?2 }`bi �M/ b2+QM/ i2`Kb BM i?2 H�bi HBM2 ;Bp2
i?2 #mHF �M/ BM@iBK2@#QmM/�`v 2z2+ib- `2bT2+iBp2Hv- QM
i?2 � ! �� /2+�vX 6Q` i?2 }`bi iBK2- r2 ?�p2 T`Qp2M
i?�i i?2 BM@#QmM/�`v 2z2+i 7Q` i?2 T�`iB+H2 /2+�v 2K2`;2b
2p2M B7 r2 /Q MQi i�F2 BMiQ �++QmMi �Mv iBK2@#QmM/�`v
2z2+i 7Q` i?2 �� ! �� b+�ii2`BM;X

q2 �HbQ MQi2 i?�i B7 r2 7m`i?2` i�F2 i?2 HBKBi
�BM ! 1- r2 Q#i�BM � ! �Qmi- P � !

P BM- �M/
p
2⇡&BMe�

&BM
2 (E��EBM)

2

! 2⇡�(E� � EBM)- Q`
[
p
2⇡&BMe�

&BM
2 (E��EBM)

2

]2 !
p
4⇡3&BM�(E� � EBM) BM |S|

2X

�L�GuaAa P6 q�o1@S�*E1h 61uLJ�L
S_PS�:�hP_

LQr r2 im`M i?2 i?2 Q`/2` kX q2 T2`7Q`K x0 �M/ y0

BMi2;`�Hb 2t�+iHv BM 1[X URNV,

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3

BM�
3
Qmi&BM&Qmi

⇥

Z /4p

(2⇡)4
�i

p2 +M2 � i✏
eF

�
p0;p

�
, UjV

�M/ i?2 2tTQM2Mi #2+QK2b [m�/`�iB+ BM p0,

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, U9V

BM r?B+? &+ := &BM + &Qmi- p0⇤(p) = !&(p)� i �T&+ - �M/ F⇤(p)

+�M #2 `2�/ Qz 7`QK 1[X URydV BM _27X (R9) UBib 2tTHB+Bi
7Q`K Bb KQbiHv B``2H2p�Mi 7Q` i?2 7QHHQrBM; /Bb+mbbBQMVc
b22 _27bX (Rj- R9) 7Q` 7m`i?2` MQi�iBQMc r2 ?�p2 �HbQ T`2@
T�`2/ amTTH2K2Mi�H J�i2`B�HX S?vbB+�HHv- !&(p) Bb i?2
Qz@b?2HH 2M2`;v Q7 �- �M/ �T Bb i?2 iBK2 T�bb2/ 7`QK i?2
BM@BMi2`�+iBQM iQ i?2 Qmi@BMi2`�+iBQMc b22 2�+? 6B;X R BM
_27bX (Rj- R9)X "Qi? Q7 i?2K p�`v �++Q`/BM; iQ i?2 r�p2
T�+F2i +QM};m`�iBQMb (�a, Xa,P a)X

h?2 b2+QM/ HBM2 BM 1[X UjV- � ǳr�p2@T�+F2i 62vMK�M
T`QT�;�iQ`Ǵ- K�v #2 r`Bii2M �b

R /3p
(2⇡)3

eF⇤(p)I(p)- r?2`2

I(p) :=

Z 1

�1

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2
. U8V

a�//H2 TQBMi

h?2 2tTQM2MiB�H 7�+iQ` ?�b � b�//H2 TQBMi �i p0 =
p0⇤(p) rBi? i?2 bi22T2bi /2b+2Mi �M/ �b+2Mi T�i?b #2BM;

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

6A:X RX a?�/2/ `2;BQM `2T`2b2Mib +QMp2`;2Mi /B`2+iBQMb
<F ! �1 7Q`

��p0
�� ! 1X h?2 TQBMib ±1p /2MQi2 i?2 TQH2b

Q7 i?2 T`QT�;�iQ` Q7 �X h?2 Q`�M;2- Tm`TH2- �M/ #Hm2 HBM2b
`2T`2b2Mi i?2 BMi2;`�H T�i? Q7 I⇤ BM 1[X UeV 7Q` =p0 > =(�1p)-
=1p < =p0 < =(�1p)- �M/ =p0 < =1p- `2bT2+iBp2HvX

=
�
p0 � p0⇤(p)

�
= 0 �M/ <

�
p0 � p0⇤(p)

�
= 0- r?2`2 < �M/

= /2MQi2 i?2 `2�H �M/ BK�;BM�`v T�`ib- `2bT2+iBp2HvX h?2
b�//H2@TQBMi +QMi`B#miBQM Bb

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

/p0
2⇡

�i

� (p0)2 + 12
p

e�
&+
2

�
p0�p0

⇤(p)
�2

⇡
1

p
2⇡&+

�i

�(!&(p)� i �T&+ )2 + 12
p

, UeV

r?B+? H2�/b iQ 1[X URRyV BM _27X (R9)X h?2 bi�M/�`/ TH�M2@
r�p2 `2bmHi ?�b #22M Q#i�BM2/ #v i�FBM; BMiQ �++QmMi i?Bb
+QMi`B#miBQM QMHv- �M/ MQ BM@#QmM/�`v 2z2+i 7Q` � ! ��
?�b #22M 7QmM/ BM i?2 HBKBi �T ! 0 (R9)X

h?2 F2v Q#b2`p�iBQM BM i?Bb G2ii2` Bb i?�i- �b b?QrM
BM 6B;X R- i?2 b�//H2@TQBMi BMi2;`�H I⇤ Qp2` i?2 bi22T2bi
/2b+2Mi T�i? 7`QK �1+ =p0⇤ iQ 1+ =p0⇤ /Bz2`b 7`QK I
BM 1[X U8V #v i?2 `2bB/m2 �i i?2 TQH2b p0 = 1p �M/ �1p

r?2M =p0 < =1p �M/ =p0 > �=1p- `2bT2+iBp2Hv,

I(p) = I⇤(p) +
e
� &+

2

⇣
!&(p)�1p�i �T

&+

⌘2

21p
✓

✓
�T

&+
+ =1p

◆

+
e
� &+

2

⇣
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considered as 

“inter. bulk”

• The causal structure is the same with 
that of the (plane-wave) Feynman Propagator. 

• We can check that the energy-momentum 
conservation is recovered in the limit 
(ε → 0, σin → ∞ & σout → ∞). 
[σin/σout = spacial-averaged sizes of in-/out-wave packets] 

• Note: naively Lorentzian ⇒ Gaussian resonance, 

further deformations comes in ∫d3p.
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forward propagation 
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backward propagation 

(“negative energy”)
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Preliminary

(Inter.) “Bulk” & “Boundary” in “2→2”

This is because…

8/9



<latexit sha1_base64="qs2bda+RfwFr1WoyBllDYXo/seQ="></latexit>

+
1p
2⇡&+

�i

�
⇣
!&(ppp)� i �T&+

⌘2
+ E2(ppp)� i✏

<latexit sha1_base64="YJvzC8ucF4t56mhlPkY6/dN7E0w=">AAACGXicbVC7TsNAEDzzDOFloITiRIQETWQDAsoIGuiCRAJSHEXnywZOubPN3RoRWW74DX6AFv6ADtFS8QN8B5dHQYCRVhrN7Gp3J0ykMOh5n87E5NT0zGxhrji/sLi07K6s1k2cag41HstYX4XMgBQR1FCghKtEA1OhhMuwe9L3L+9AGxFHF9hLoKnYdSQ6gjO0UsvdOGsFCPeYYYz5dpCoMEvyHRoYoeC25Za8sjcA/Uv8ESmREaot9ytoxzxVECGXzJiG7yXYzJhGwSXkxSA1kDDeZdfQsDRiCkwzG3yR0y2rtGkn1rYipAP150TGlDE9FdpOxfDG/Pb64n9eI8XOUTMTUZIiRHy4qJNKijHtR0LbQgNH2bOEcS3srZTfMM042uDGtoSadQHzog3G/x3DX1LfLfsH5b3z/VLleBRRgayTTbJNfHJIKuSUVEmNcPJAnsgzeXEenVfnzXkftk44o5k1Mgbn4xvQDaE6</latexit>

Itot(ppp) ' 

<latexit sha1_base64="t5UA45NYMyzdGWLFULdvi6ZvWyE="></latexit>

+
e�

&+
2

⇣
!&(ppp)�

p
E2(ppp)� i✏� i �T&+

⌘2

2
p
E2(ppp)� i✏

✓

✓
�T

&+
+ =

p
E2(ppp)� i✏

◆

<latexit sha1_base64="Gg3WoVdfymCAZ7VD4lqcvuY8NLE="></latexit>

+
e�

&+
2

⇣
!&(ppp) +

p
E2(ppp)� i✏� i �T&+

⌘2

2
p
E2(ppp)� i✏

✓

✓
=
p

E2(ppp)� i✏� �T

&+

◆

• Compared with the “bulk”,  

(1) absent of the energy-suppression factor: 

(2) absent of the “δƬ”-enhancement factor: 

• Full energy conservation is NOT recovered even in the limit 

(ε → 0, σin → ∞ & σout → ∞), due to
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considered as 

“inter. boundary”

Preliminary

(Inter.) “Bulk” & “Boundary” in “2→2”

This is because…
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• δƬ can be small e.g., 

in the configuration of 

the in- & out-states:
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Preliminary

(Inter.) “Bulk” & “Boundary” in “2→2”

This is because…

considered as 

“inter. boundary”
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Summary & Discussion
1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. (Classical) trajectories of in-/out-states play significant roles. 
  ➜ Characterising S-matrix, in particular “bulk” and “boundary”. 

3. The “bulk”-“boundary” structure is also found in the intermediate 
  (off-shell) state of `2→2’. ➜ Appropriate time-ordering in bulk, also.

[discussion/what I would like to do in future]

• more details on geometric structure of ‘2→2’ 

• concrete general form of the ‘2→2’ S-matrix 

• implications on ‘1→2’ as the latter part of ‘2→2’ 

• generic features of the probabilities of ‘2→2’ 

• various theoretical points of the wave-packet formalism 

• applications for various phenomena 
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1. The S-matrix in Gaussian wave packet contains full information of 

  the quantum particles. ➜ More informative & regularised. 

2. (Classical) trajectories of in-/out-states play significant roles. 
  ➜ Characterising S-matrix, in particular “bulk” and “boundary”. 

3. The “bulk”-“boundary” structure is also found in the intermediate 
  (off-shell) state of `2→2’. ➜ Appropriate time-ordering in bulk, also.

[discussion/what I would like to do in future]

• more details on geometric structure of ‘2→2’ 

• concrete general form of the ‘2→2’ S-matrix 

• implications on ‘1→2’ as the latter part of ‘2→2’ 

• generic features of the probabilities of ‘2→2’ 

• various theoretical points of the wave-packet formalism 

• applications for various phenomena Thank you!
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Intro: S-matrix in plane-wave basis
 The standard tool for describing quantum processes of particles:

 Basis (@ Schrödinger Pic.): 
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S = (2⇡)4�4(Pout � Pin) (iM)

easy to be constructed 
by Feynman rules

Energy-momentum conservation 
is manifest (due to translational Inv.)

 established formalism, very very widely used in Physics

 On the other hand…,

 |S|2 is ill-defined due to |𝛿4(Pout-Pin)|2 = 𝛿4(Pout-Pin) × 𝛿4(0). 
 ⇒ Only the averaged (per V and T) frequencies of events is calculable. 

 Tin (= Tinitial) = -∞, and Tout (= Tfinal) = +∞ 
 This is because the plane wave is a non-normalisable mode.

[(Volume)(Time) → ∞] 

decay widths & cross sections

[QFT textbooks]



Details on S(Φ ➔ ϕϕ)

3.2 Spacetime integral over position of interaction point

One can exactly perform the Gaussian integrals over the interaction point x = (t,x) in
Eq. (27) to get
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where we have defined the window function:
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in which

erf(z) :=
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dx (60)

is the Gauss error function. In the small and large |z| limits, its (asymptotic) expansion reads,
respectively,

erf(z) =
2zp
⇡
+O

�
z3
�
, (61)

erf(z) = sgn(z) + e�z
2

✓
� 1p

⇡z
+O

�
z�3
�◆

, (62)

where we have defined a sign function for a complex variable:

sgn(z) :=

8
><

>:

1 for <z > 0 or (<z = 0 and =z > 0),

�1 for <z < 0 or (<z = 0 and =z < 0),

0 for z = 0.

(63)

From Eq. (58), we see that the S-matrix is exponentially suppressed unless the momentum
is nearly conserved, �P ⇠ 0. This is also the case for the energy conservation �! ⇠ 0 except in
the boundary regions, at which the translational invariance is explicitly broken; see Sec. 3.4
below. As said above, the overlap exponent R gives another suppression when the wave
packets do not overlap.

3.3 Separation of bulk and boundary e↵ects

It is convenient to separate the window function (59) into the bulk part and the in- and
out-boundary ones:

G(T) = Gbulk(T) +Gin-bdry(T) +Gout-bdry(T) , (64)
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Figure 1: Schematic figure for a configuration with fixed ⇧A = (PA, XA) with A = 0, 1, 2.
(�A are kept fixed throughout this paper.) Each wave packet is defined at time TA as a free
Gaussian wave packet centered at XA. Within our leading saddle-point approximation, the
widths of the wave packets do not change in time, see Eq. (18), and therefore it does not
really matter at which time each wave packet is set to be the free Gaussian wave packet. The
wave packets intersect at the time T, around which the interactions occur most. XA is the
location of the center of each wave packet at the (arbitrarily chosen) reference time t = 0. At
time t, the location of the center moves to ⌅A(t) = XA + V At.

3.1 Saddle-point approximation in plane-wave limit

With the leading saddle-point approximation (18) in the large width expansion for all the in
and out wave packets, we obtain the S-matrix for a given configuration (⇧0,⇧1,⇧2):11
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where the symbols indicate the following:

• EA are the on-shell energies:

EA :=
q
m2

A
+ P 2

A
(A = 0, 1, 2), (28)

with m0 := m� and ma := m� (a = 1, 2) being their masses. (This is mere a rephrasing
of Eq. (3).)

• V A are the corresponding group velocities:

V A :=
PA

EA

. (29)

11Recall that we abbreviate (�0,⇧0;�1,⇧1;�2,⇧2) to (⇧0,⇧1,⇧2).
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Figure 1: Schematic figure for a configuration with fixed ⇧A = (PA, XA) with A = 0, 1, 2.
(�A are kept fixed throughout this paper.) Each wave packet is defined at time TA as a free
Gaussian wave packet centered at XA. Within our leading saddle-point approximation, the
widths of the wave packets do not change in time, see Eq. (18), and therefore it does not
really matter at which time each wave packet is set to be the free Gaussian wave packet. The
wave packets intersect at the time T, around which the interactions occur most. XA is the
location of the center of each wave packet at the (arbitrarily chosen) reference time t = 0. At
time t, the location of the center moves to ⌅A(t) = XA + V At.

3.1 Saddle-point approximation in plane-wave limit

With the leading saddle-point approximation (18) in the large width expansion for all the in
and out wave packets, we obtain the S-matrix for a given configuration (⇧0,⇧1,⇧2):11
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where the symbols indicate the following:

• EA are the on-shell energies:

EA :=
q

m2

A
+ P 2

A
(A = 0, 1, 2), (28)

with m0 := m� and ma := m� (a = 1, 2) being their masses. (This is mere a rephrasing
of Eq. (3).)

• V A are the corresponding group velocities:

V A :=
PA

EA

. (29)

11Recall that we abbreviate (�0,⇧0;�1,⇧1;�2,⇧2) to (⇧0,⇧1,⇧2).
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We may freely choose either variable PA or V A, which are in one-to-one correspondence.

• p
�s is the spatial size of the interaction region:

�s :=

 
2X

A=0

1

�A

!�1

. (30)

Hereafter, we abbreviate e.g.
P

2

A=0
to
P

A
. (We also let the lower-case letters a, b, . . .

run for the final states 1 and 2 such that
P

a
:=
P

2

a=1
, etc.)

• The overline denotes the following weighted sum (and not the complex conjugate): For
arbitrary scalar and three-vector quantities CA and QA, respectively, we define

C := �s
X

A

CA

�A
, Q := �s

X

A

QA

�A
. (31)

We further define, for any QA,

�Q2 := Q2 �Q
2
, (32)

where Q2 = �s
P

A

Q2

A

�A

and Q
2
= Q · Q = �2

s

P
AB

Q
A
·Q

B

�A�B

, which follow from the
definition (31).

• p
�t is the time-like size of the interaction region:

�t :=
�s

�V 2
. (33)

• T is what we call the intersection time, around which the interaction occurs:

T := �t
V ·X� V ·X

�s
=

V ·X� V ·X
�V 2

, (34)

where XA = ⌅A(0) is the location of the center of each wave packet at our reference
time t = 0:

XA := XA � V ATA. (35)

• R is what we will call the overlap exponent that gives the suppression factor accounting
for the non-overlap of the wave packets at the intersection point:

R :=
�X2

�s
� T2

�t
. (36)

• We define the mometum and energy shifts, etc:

�P := P 1 + P 2 � P 0, �E := E1 + E2 � E0, �! := �E � V · �P . (37)

• “i [· · · ]” denotes the irrelevant pure imaginary terms that are independent of x. We will
neglect them hereafter as they disappear when we take the absolute square of S.
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Note that each quantity defined in the above list is a fixed real number for a given configuration
of the wave packets (⇧0,⇧1,⇧2). Later we will treat Xa (a = 1, 2) as variables of six degrees
of freedom; others T, Xa, and R are dependent ones. (If we vary the final state momenta,
then P a (a = 1, 2) also become variables; others V a, �t, �P , �E, and �! become dependent
ones accordingly.)

For any pair of three-vectors QA and Q0
A
(A = 0, 1, 2), we get

Q ·Q0 �Q ·Q0 = �2

s


�Q1 · �Q0

1

�0�1
+

�Q2 · �Q0
2

�0�2
+

(�Q1 � �Q2) · (�Q0
1 � �Q0

2)

�1�2

�
, (38)

where we define, for any QA,
12

�Qa := Qa �Q0. (39)

Note that we always have �Q1 � �Q2 = Q1 �Q2. Especially,

�Q2 = �2

s

"
(�Q1)

2

�0�1
+

(�Q2)
2

�0�2
+

(�Q1 � �Q2)
2

�1�2

#

= �2

s

"
(Q1 �Q0)

2

�0�1
+

(Q2 �Q0)
2

�0�2
+

(Q1 �Q2)
2

�1�2

#
, (40)

or more concretely,

�X2 = �2

s

"
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

#
, (41)

�V 2 = �2

s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#
. (42)

Then we get

�t =
1

�s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#�1

, (43)

T = ��s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
, (44)

R = �s

(
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

� �s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
2
)
. (45)

Note that for a parent particle at rest, P 0 = 0, we may simply replace �V a ! V a. Expressions
in various limits are shown in Appendix C.

Let us prove the non-negativity of R. In general, the weighted average for any real
vector Q satisfies

�Q2 = Q2 �Q
2
=

�
Q�Q

�2 � 0. (46)

12The abuse of notation for � in Eq. (37) should be understood.
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#
, (40)

or more concretely,

�X2 = �2

s

"
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

#
, (41)

�V 2 = �2

s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#
. (42)

Then we get

�t =
1

�s

"
(�V 1)

2

�0�1
+

(�V 2)
2

�0�2
+

(�V 1 � �V 2)
2

�1�2

#�1

, (43)

T = ��s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
, (44)

R = �s

(
(�X1)

2

�0�1
+

(�X2)
2

�0�2
+

(�X1 � �X2)
2

�1�2

� �s�t


�X1 · �V 1

�0�1
+

�X2 · �V 2

�0�2
+

(�X1 � �X2) · (�V 1 � �V 2)

�1�2

�
2
)
. (45)

Note that for a parent particle at rest, P 0 = 0, we may simply replace �V a ! V a. Expressions
in various limits are shown in Appendix C.

Let us prove the non-negativity of R. In general, the weighted average for any real
vector Q satisfies

�Q2 = Q2 �Q
2
=

�
Q�Q

�2 � 0. (46)

12The abuse of notation for � in Eq. (37) should be understood.
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Backup: Explicit exponent

6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)

7

where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out
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(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2
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 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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2
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are the wave-averaged in and out velocities.
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F⇤(p) =

✓
�Rin

2
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�Rout
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� �out
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(p� P out)

2 + i⌅out · (p� P out)

◆
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✓
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(�!(p))2 , (30)

where & := &in&out
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is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
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⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
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2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
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· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
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· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
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�1 + �2

✓
V 1

�1
+

V 2
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◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4
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V 3

�4
+

V 3
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 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

We may freely choose either variable PA or V A, which are in one-to-one correspondence.

• p
�s is the spatial size of the interaction region:

�s :=

 
2X

A=0

1

�A

!�1

. (30)

Hereafter, we abbreviate e.g.
P

2

A=0
to
P

A
. (We also let the lower-case letters a, b, . . .

run for the final states 1 and 2 such that
P

a
:=
P

2

a=1
, etc.)

• The overline denotes the following weighted sum (and not the complex conjugate): For
arbitrary scalar and three-vector quantities CA and QA, respectively, we define

C := �s
X

A

CA

�A
, Q := �s

X

A

QA

�A
. (31)

We further define, for any QA,

�Q2 := Q2 �Q
2
, (32)

where Q2 = �s
P

A

Q2

A

�A

and Q
2
= Q · Q = �2

s

P
AB

Q
A
·Q

B

�A�B

, which follow from the
definition (31).

• p
�t is the time-like size of the interaction region:

�t :=
�s

�V 2
. (33)

• T is what we call the intersection time, around which the interaction occurs:

T := �t
V ·X� V ·X

�s
=

V ·X� V ·X
�V 2

, (34)

where XA = ⌅A(0) is the location of the center of each wave packet at our reference
time t = 0:

XA := XA � V ATA. (35)

• R is what we will call the overlap exponent that gives the suppression factor accounting
for the non-overlap of the wave packets at the intersection point:

R :=
�X2

�s
� T2

�t
. (36)

• We define the mometum and energy shifts, etc:

�P := P 1 + P 2 � P 0, �E := E1 + E2 � E0, �! := �E � V · �P . (37)

• “i [· · · ]” denotes the irrelevant pure imaginary terms that are independent of x. We will
neglect them hereafter as they disappear when we take the absolute square of S.
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)
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2 + 1
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2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

[

•
<latexit sha1_base64="+7rq/mwgV5S2x0MaD+NhHufA1RQ="></latexit>

!&(ppp) :=
&in!in(ppp) + &out!out(ppp)

&in + &out
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2
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are the wave-averaged in and out velocities.
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2
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◆
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✓
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2
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is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
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⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
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where we have dropped a phase factor that cancels out in the square |S|2 and have defined
the following:

• Energies and momanta for in and out states:

Ein := E1 + E2, P in := P 1 + P 2, (48)
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We can show the non-negativity of Rin and Rout as in Sec. 3.1 in Ref. [2]; our case
corresponds to the �0 ! 1 limit in its Appendix C.1.

We see from Eq. (47) that a configuration that has large Rin or Rout of initial and final-state
phase space (⇧1, . . . ,⇧4) and of the internal momentum p gives an exponentially suppressed
wave-function overlap and the corresponding amplitude is also suppressed exponentially.
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Backup: Explicit exponent

6

SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]
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�ip·x
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�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:
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Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form
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We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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SUPPLEMENTAL MATERIAL

Here we provide more detailed expressions that are omitted in the main text. These are not necessary to follow it
but may be useful.

S-MATRIX IN GAUSSIAN FORMALISM

We write the plane-wave propagator of �:

�i

p2 +M2 � i✏
=

�i

� (p0)2 + p2 +M2 � i✏
=

�i

� (p0)2 + E2
p � i✏

=
�i

� (p0)2 + E2
p

, (15)

where Ep :=
p

M2 + p2 and Ep :=
q
E2

p � i✏.

For given Gaussian wave packets, f�a;Xa,P a , the tree-level s-channel S-matrix reads [14]

S = (�i)2
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏

Z
d4x f�1;X1,P 1(x) f�2;X2,P 2(x) e

�ip·x
Z

d4y f⇤
�3;X3,P 3

(y) f⇤
�4;X4,P 4

(y) eip·y, (16)

where the exponential factors come from the plane-wave expansion of �, and we integrate for the spacetime position
of “in-interaction” x and that of “out-interaction” y. The result does not di↵er if we expand � by the Gaussian waves
instead of the plane waves [14].

In principle, there can be a “time-boundary e↵ect” of � for each a at the time X0
a . As said in the main text, we

neglect them. In order to get the bulk e↵ect, we could have introduced time boundaries for the two-to-two scattering,

Tin and Tout, at which interactions are negligible; have cut o↵ the interaction-time integrals
R Tout

Tin
dx0 and

R Tout

Tin
dy0;

have focused on the “bulk terms”; and have taken Tin ! �1 and Tout ! 1.
We work at the leading order in the plane-wave expansion for large �a [11, 13, 14]:

f�a;Xa,P a(z) '
eiPa·(z�Xa)

(⇡�)3/4
p
2Ea

e�
1

2�a
[z�Xa�(z0�X0

a)V a]2 . (17)

Then all the exponents in S become quadratic in x and y, and we may perform the eight-dimensional Gaussian
integral to get the form

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (18)

where �in := �1�2
�1+�2

and �out :=
�3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2 and &out =

�3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-squared

for the in and out interaction regions, respectively; see Refs. [13, 14] for further details.
We also show expressions for �1 = �2 = �3 = �4 (=: s) after “ ” as an illustration: �in  s

2 , �out  s
2 ,

&in  2s
(V 1�V 2)

2 , &out  2s
(V 3�V 4)

2 , and

S  (�i)2 ⇡sp
E1E2 |V 1 � V 2|

p
E3E4 |V 3 � V 4|

Z
d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p). (19)

Note that a head-on collision in the center-of-mass frame corresponds to V 1 + V 2 = 0 and, further in the massless
limit m ! 0, to |V 1 � V 2| ! 2.

Originally, the exponents in Eq. (16) are linear in p0. After the Gaussian integral over x and y, the exponents in
Eq. (18) become quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (20)

where &+ := &in + &out. The location of saddle point p0⇤(p) in the complex p0 plane becomes

p0⇤(p) = ⌦(p)� i
�T

&+
, (21)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

Details on S(ϕϕ ➔ Φ ➔ ϕϕ)
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2
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(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
�1�2

�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
the in and out interactions, �T,

⌦(p) :=
&in!in(p) + &out!out(p)

&in + &out
 

!in(p)
(V 1�V 2)

2 + !out(p)
(V 3�V 4)

2

1
(V 1�V 2)

2 + 1
(V 3�V 4)

2

, (22)

�T := Tout-int � Tin-int, (23)

in which we use the following notations:

• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are

!in(p) := Ein + V in · (p� P in)  Ein +
V 1 + V 2

2
· (p� P in) , (24)

!out(p) := Eout + V out · (p� P out)  Eout +
V 3 + V 4

2
· (p� P out) , (25)

where Ein := E1 + E2 and Eout := E3 + E4 (P in := P 1 + P 2 and P out := P 3 + P 4) are the incoming and
outgoing energies (momenta), respectively, and

V in :=
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�1 + �2

✓
V 1

�1
+

V 2

�2

◆
 V 1 + V 2

2
, (26)

V out :=
�3�4

�3 + �4

✓
V 3

�4
+

V 3

�4

◆
 V 3 + V 4

2
(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)

(V 3 � V 4)
2 . (29)

The initial �� wave packets intersect each other at Tin-int, and the final �� at Tout-int.

The exponent at saddle point F⇤(p) is

F⇤(p) =

✓
�Rin

2
� �in

2
(p� P in)

2 � i⌅in · (p� P in)

◆
+

✓
�Rout

2
� �out

2
(p� P out)

2 + i⌅out · (p� P out)

◆

� (�T)2

2&+
+ i&

✓
Tin

&in
+

Tout

&out

◆
�!(p)� &

2
(�!(p))2 , (30)

where & := &in&out
&in+&out

is a wave-average of the time-like width-squared; �!(p) := !out(p)�!in(p) is the di↵erence of the
wave-packet kinetic energies; the wave-averaged position for the initial �� (at the reference time t = 0) and that for
the final �� are

⌅in =
�1�2

�1 + �2

✓
⌅1

�1
+

⌅2

�2

◆
 ⌅1 +⌅2

2
, (31)

⌅out =
�3�4

�3 + �4

✓
⌅3

�3
+

⌅4

�4

◆
 ⌅3 +⌅4

2
; (32)

and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .

We may freely choose either variable PA or V A, which are in one-to-one correspondence.

• p
�s is the spatial size of the interaction region:

�s :=

 
2X

A=0

1

�A

!�1

. (30)

Hereafter, we abbreviate e.g.
P

2

A=0
to
P

A
. (We also let the lower-case letters a, b, . . .

run for the final states 1 and 2 such that
P

a
:=
P

2

a=1
, etc.)

• The overline denotes the following weighted sum (and not the complex conjugate): For
arbitrary scalar and three-vector quantities CA and QA, respectively, we define

C := �s
X

A

CA

�A
, Q := �s

X

A

QA

�A
. (31)

We further define, for any QA,

�Q2 := Q2 �Q
2
, (32)

where Q2 = �s
P

A

Q2

A

�A

and Q
2
= Q · Q = �2

s

P
AB

Q
A
·Q

B

�A�B

, which follow from the
definition (31).

• p
�t is the time-like size of the interaction region:

�t :=
�s

�V 2
. (33)

• T is what we call the intersection time, around which the interaction occurs:

T := �t
V ·X� V ·X

�s
=

V ·X� V ·X
�V 2

, (34)

where XA = ⌅A(0) is the location of the center of each wave packet at our reference
time t = 0:

XA := XA � V ATA. (35)

• R is what we will call the overlap exponent that gives the suppression factor accounting
for the non-overlap of the wave packets at the intersection point:

R :=
�X2

�s
� T2

�t
. (36)

• We define the mometum and energy shifts, etc:

�P := P 1 + P 2 � P 0, �E := E1 + E2 � E0, �! := �E � V · �P . (37)

• “i [· · · ]” denotes the irrelevant pure imaginary terms that are independent of x. We will
neglect them hereafter as they disappear when we take the absolute square of S.
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where we define a wave-average of (what-we-call) “wave-packet kinetic energies”, ⌦(p), and the time di↵erence between
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• ⌅a := Xa �V aX0
a denotes the spatial center of each wave packet a at a reference time t = 0. (In Refs. [13, 14],

⌅a has been written as Xa.)

• The wave-packet kinetic energies are
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2
, (26)
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(27)

are the wave-averaged in and out velocities.

• The in- and out-interaction times are given by

Tin-int = � (V 1 � V 2) · (⌅1 �⌅2)

(V 1 � V 2)
2 , (28)

Tout-int = � (V 3 � V 4) · (⌅3 �⌅4)
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and the “overlap exponents” for the initial �� wave packets and for the final �� are, respectively,

Rin =
(⌅1 �⌅2)

2 +
h
bV 12 · (⌅1 �⌅2)

i2

�1 + �2
, (33)

Rout =
(⌅3 �⌅4)

2 +
h
bV 34 · (⌅3 �⌅4)

i2

�3 + �4
, (34)

in which bV 12 := V 1�V 2
|V 1�V 2| and

bV 34 := V 3�V 4
|V 3�V 4| .
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resonance pole of �. Input parameters for each wave
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a ,Xa

�
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1/2. We may
trade P a for V a := P a/Ea as independent parameters.
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o↵-shell momentum p =
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�
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�3+�4

(&in = �1+�2

(V 1�V 2)
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(V 3�V 4)
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SADDLE POINT
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FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
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=
�
p0 � p0⇤(p)
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�
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◆
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where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
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2Ep

, respectively; each of them cor-
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The second term in Eq. (5) is the new contribution
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•
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the same property with the in-time-boundary e↵ect for

� ! �� [14]: An exponential suppression exp[� (�T)2

2&+
]

that comes from F⇤(p) is cancelled by exp[ (�T)2

2&+
] from

Eq. (5) for large �T, unlike the ordinary I⇤(p). Namely,
the propagation of � in time is not exponentially sup-
pressed by the passed time �T, which is a characteristic of
the time-boundary e↵ect: If it comes from the boundary,
it does not matter how large is the bulk. Also, we newly
find the extra suppression factor exp[� &+

2 (⌦(p)� Ep)
2]

in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
1; see Sec. 4.3 in Ref. [13].

STOKES PHENOMENON

Here we show that the result (5) can be understood as
a Stokes phenomenon. We first rewrite the integral (3)

into an exponential form: I(p) =
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dp0
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F(p0;p), where
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. (6)

Here and hereafter, we drop the p-dependence and write
F
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p0
�
etc. for simplicity.

By solving @F
@p0 = 0, we obtain the following three sad-
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◆
&+ + · · · , (12)

where we have included up to the sub-leading terms (as
well as the order-ln &+ term) for large &+ [18].

For each saddle point (i) with i = ⇤ and ±, the steep-
est decent and ascent paths are obtained from the con-
dition =

�
F
�
p0
�
� F(i)

�
= 0. The steepest descent path

J(i) (ascent path K(i)) from the saddle point (i) is called
the Lefschetz thimble or the Stokes line (the anti-thimble
or the anti-Stokes line). Along J(i), we may evaluate

the approximate Gaussian integral I(i) =
R
J(i)

dp0

2⇡i e
F(p0)

without the oscillation of integrand:
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(13)

The integral I can be decomposed into those on the Lef-
schetz thimbles:

I =
X

i=⇤,±

⌦
K(i),R

↵
I(i), (14)

where
⌦
K(i),R

↵
is the intersection number between the

anti-thimble K(i) and the original integration path R; see
e.g. Ref. [19] for a review. We see that the result (5) is
reproduced under the saddle-point approximation up to
the extra factor ep

2⇡
' 1.08.

In Fig. 2, we plot e<F in the first panel, while in others,
we show contours for =F (mod 2⇡) on a density plot of
<F ; see the caption for more details.
In each panel for =F , through the saddle point p0(⇤),

the horizontal and vertical contours (red-solid) are the
thimble J(⇤) and the anti-thimble K(⇤), respectively. On
the other hand, through the saddle point p0(+), the yellow-

dashed contour that connects Ep and a
��=p0

�� ! 1 region
is the anti-thimble K(+), while its perpendicular contour
is the thimble J(+). Similarly, through p0(�), the green-

dotted contour connecting �Ep and a
��=p0

�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
els in Fig. 2. When =p0(⇤) . =Ep, we see in the sec-

ond panel (as magnified in Fig. 3) that the anti-thimbles
K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).
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K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).

(three saddle points)

3

the same property with the in-time-boundary e↵ect for

� ! �� [14]: An exponential suppression exp[� (�T)2

2&+
]

that comes from F⇤(p) is cancelled by exp[ (�T)2

2&+
] from

Eq. (5) for large �T, unlike the ordinary I⇤(p). Namely,
the propagation of � in time is not exponentially sup-
pressed by the passed time �T, which is a characteristic of
the time-boundary e↵ect: If it comes from the boundary,
it does not matter how large is the bulk. Also, we newly
find the extra suppression factor exp[� &+

2 (⌦(p)� Ep)
2]

in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
1; see Sec. 4.3 in Ref. [13].

STOKES PHENOMENON

Here we show that the result (5) can be understood as
a Stokes phenomenon. We first rewrite the integral (3)

into an exponential form: I(p) =
R1
�1

dp0

2⇡i e
F(p0;p), where

F
�
p0
�
= � &+

2

�
p0 � p0⇤

�2 � ln
⇣
�
�
p0
�2

+ E2
p

⌘
. (6)

Here and hereafter, we drop the p-dependence and write
F
�
p0
�
etc. for simplicity.

By solving @F
@p0 = 0, we obtain the following three sad-

dle points:

p0(⇤) = p0⇤ +
1

&+

2p0⇤
� (p0⇤)

2 + E2
p

+ · · · , (7)

p0(±) = ±Ep +
1

&+

1

p0⇤ ⌥ Ep
+ · · · , (8)

with

F(⇤) = ln
1

� (p0⇤)
2 + E2

p

+
1

&+

2
�
p0⇤
�2

⇣
(p0⇤)

2 � E2
p

⌘2 + · · · , (9)

F(±) = � &+
2

�
p0⇤ ⌥ Ep

�2
+ ln

✓
&+
2

✓
1⌥ p0⇤

Ep

◆◆
+ 1 + · · · ,

(10)

and

@2F(⇤)

@p02
= �&+ +

1

(p0⇤ + Ep)
2 +

1

(p0⇤ � Ep)
2 + · · · , (11)

@2F(±)

@p02
= &2+

�
p0⇤ ⌥ Ep

�2 �
✓
2± p0⇤

Ep

◆
&+ + · · · , (12)

where we have included up to the sub-leading terms (as
well as the order-ln &+ term) for large &+ [18].

For each saddle point (i) with i = ⇤ and ±, the steep-
est decent and ascent paths are obtained from the con-
dition =

�
F
�
p0
�
� F(i)

�
= 0. The steepest descent path

J(i) (ascent path K(i)) from the saddle point (i) is called
the Lefschetz thimble or the Stokes line (the anti-thimble
or the anti-Stokes line). Along J(i), we may evaluate

the approximate Gaussian integral I(i) =
R
J(i)

dp0

2⇡i e
F(p0)

without the oscillation of integrand:

I(⇤) '
1p
2⇡&+

�i

� (p0⇤)
2 + E2

p

, I(±) '
ep
2⇡

e�
&+
2 (p0

⇤⌥Ep)2

2Ep
.

(13)

The integral I can be decomposed into those on the Lef-
schetz thimbles:

I =
X

i=⇤,±

⌦
K(i),R

↵
I(i), (14)

where
⌦
K(i),R

↵
is the intersection number between the

anti-thimble K(i) and the original integration path R; see
e.g. Ref. [19] for a review. We see that the result (5) is
reproduced under the saddle-point approximation up to
the extra factor ep

2⇡
' 1.08.

In Fig. 2, we plot e<F in the first panel, while in others,
we show contours for =F (mod 2⇡) on a density plot of
<F ; see the caption for more details.
In each panel for =F , through the saddle point p0(⇤),

the horizontal and vertical contours (red-solid) are the
thimble J(⇤) and the anti-thimble K(⇤), respectively. On
the other hand, through the saddle point p0(+), the yellow-

dashed contour that connects Ep and a
��=p0

�� ! 1 region
is the anti-thimble K(+), while its perpendicular contour
is the thimble J(+). Similarly, through p0(�), the green-

dotted contour connecting �Ep and a
��=p0

�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
els in Fig. 2. When =p0(⇤) . =Ep, we see in the sec-

ond panel (as magnified in Fig. 3) that the anti-thimbles
K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).

•

intersection number

3

the same property with the in-time-boundary e↵ect for

� ! �� [14]: An exponential suppression exp[� (�T)2

2&+
]

that comes from F⇤(p) is cancelled by exp[ (�T)2

2&+
] from

Eq. (5) for large �T, unlike the ordinary I⇤(p). Namely,
the propagation of � in time is not exponentially sup-
pressed by the passed time �T, which is a characteristic of
the time-boundary e↵ect: If it comes from the boundary,
it does not matter how large is the bulk. Also, we newly
find the extra suppression factor exp[� &+

2 (⌦(p)� Ep)
2]

in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
1; see Sec. 4.3 in Ref. [13].

STOKES PHENOMENON

Here we show that the result (5) can be understood as
a Stokes phenomenon. We first rewrite the integral (3)

into an exponential form: I(p) =
R1
�1

dp0

2⇡i e
F(p0;p), where

F
�
p0
�
= � &+

2

�
p0 � p0⇤

�2 � ln
⇣
�
�
p0
�2

+ E2
p

⌘
. (6)

Here and hereafter, we drop the p-dependence and write
F
�
p0
�
etc. for simplicity.

By solving @F
@p0 = 0, we obtain the following three sad-

dle points:

p0(⇤) = p0⇤ +
1

&+

2p0⇤
� (p0⇤)

2 + E2
p

+ · · · , (7)

p0(±) = ±Ep +
1

&+

1

p0⇤ ⌥ Ep
+ · · · , (8)

with

F(⇤) = ln
1

� (p0⇤)
2 + E2

p

+
1

&+

2
�
p0⇤
�2

⇣
(p0⇤)

2 � E2
p

⌘2 + · · · , (9)

F(±) = � &+
2

�
p0⇤ ⌥ Ep

�2
+ ln

✓
&+
2

✓
1⌥ p0⇤

Ep

◆◆
+ 1 + · · · ,

(10)

and

@2F(⇤)

@p02
= �&+ +

1

(p0⇤ + Ep)
2 +

1

(p0⇤ � Ep)
2 + · · · , (11)

@2F(±)

@p02
= &2+

�
p0⇤ ⌥ Ep

�2 �
✓
2± p0⇤

Ep

◆
&+ + · · · , (12)

where we have included up to the sub-leading terms (as
well as the order-ln &+ term) for large &+ [18].

For each saddle point (i) with i = ⇤ and ±, the steep-
est decent and ascent paths are obtained from the con-
dition =

�
F
�
p0
�
� F(i)

�
= 0. The steepest descent path

J(i) (ascent path K(i)) from the saddle point (i) is called
the Lefschetz thimble or the Stokes line (the anti-thimble
or the anti-Stokes line). Along J(i), we may evaluate

the approximate Gaussian integral I(i) =
R
J(i)

dp0

2⇡i e
F(p0)

without the oscillation of integrand:

I(⇤) '
1p
2⇡&+

�i

� (p0⇤)
2 + E2

p

, I(±) '
ep
2⇡

e�
&+
2 (p0

⇤⌥Ep)2

2Ep
.

(13)

The integral I can be decomposed into those on the Lef-
schetz thimbles:

I =
X

i=⇤,±

⌦
K(i),R

↵
I(i), (14)

where
⌦
K(i),R

↵
is the intersection number between the

anti-thimble K(i) and the original integration path R; see
e.g. Ref. [19] for a review. We see that the result (5) is
reproduced under the saddle-point approximation up to
the extra factor ep

2⇡
' 1.08.

In Fig. 2, we plot e<F in the first panel, while in others,
we show contours for =F (mod 2⇡) on a density plot of
<F ; see the caption for more details.
In each panel for =F , through the saddle point p0(⇤),

the horizontal and vertical contours (red-solid) are the
thimble J(⇤) and the anti-thimble K(⇤), respectively. On
the other hand, through the saddle point p0(+), the yellow-

dashed contour that connects Ep and a
��=p0

�� ! 1 region
is the anti-thimble K(+), while its perpendicular contour
is the thimble J(+). Similarly, through p0(�), the green-

dotted contour connecting �Ep and a
��=p0

�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
els in Fig. 2. When =p0(⇤) . =Ep, we see in the sec-

ond panel (as magnified in Fig. 3) that the anti-thimbles
K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).

3

the same property with the in-time-boundary e↵ect for

� ! �� [14]: An exponential suppression exp[� (�T)2

2&+
]

that comes from F⇤(p) is cancelled by exp[ (�T)2

2&+
] from

Eq. (5) for large �T, unlike the ordinary I⇤(p). Namely,
the propagation of � in time is not exponentially sup-
pressed by the passed time �T, which is a characteristic of
the time-boundary e↵ect: If it comes from the boundary,
it does not matter how large is the bulk. Also, we newly
find the extra suppression factor exp[� &+

2 (⌦(p)� Ep)
2]

in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
1; see Sec. 4.3 in Ref. [13].

STOKES PHENOMENON

Here we show that the result (5) can be understood as
a Stokes phenomenon. We first rewrite the integral (3)

into an exponential form: I(p) =
R1
�1

dp0

2⇡i e
F(p0;p), where

F
�
p0
�
= � &+

2

�
p0 � p0⇤

�2 � ln
⇣
�
�
p0
�2

+ E2
p

⌘
. (6)

Here and hereafter, we drop the p-dependence and write
F
�
p0
�
etc. for simplicity.

By solving @F
@p0 = 0, we obtain the following three sad-

dle points:

p0(⇤) = p0⇤ +
1

&+

2p0⇤
� (p0⇤)

2 + E2
p

+ · · · , (7)

p0(±) = ±Ep +
1

&+

1

p0⇤ ⌥ Ep
+ · · · , (8)

with

F(⇤) = ln
1

� (p0⇤)
2 + E2

p

+
1

&+

2
�
p0⇤
�2

⇣
(p0⇤)

2 � E2
p

⌘2 + · · · , (9)

F(±) = � &+
2

�
p0⇤ ⌥ Ep

�2
+ ln

✓
&+
2

✓
1⌥ p0⇤

Ep

◆◆
+ 1 + · · · ,

(10)

and

@2F(⇤)

@p02
= �&+ +

1

(p0⇤ + Ep)
2 +

1

(p0⇤ � Ep)
2 + · · · , (11)

@2F(±)

@p02
= &2+

�
p0⇤ ⌥ Ep

�2 �
✓
2± p0⇤

Ep

◆
&+ + · · · , (12)

where we have included up to the sub-leading terms (as
well as the order-ln &+ term) for large &+ [18].

For each saddle point (i) with i = ⇤ and ±, the steep-
est decent and ascent paths are obtained from the con-
dition =

�
F
�
p0
�
� F(i)

�
= 0. The steepest descent path

J(i) (ascent path K(i)) from the saddle point (i) is called
the Lefschetz thimble or the Stokes line (the anti-thimble
or the anti-Stokes line). Along J(i), we may evaluate

the approximate Gaussian integral I(i) =
R
J(i)

dp0

2⇡i e
F(p0)

without the oscillation of integrand:

I(⇤) '
1p
2⇡&+

�i

� (p0⇤)
2 + E2

p

, I(±) '
ep
2⇡

e�
&+
2 (p0

⇤⌥Ep)2

2Ep
.

(13)

The integral I can be decomposed into those on the Lef-
schetz thimbles:

I =
X

i=⇤,±

⌦
K(i),R

↵
I(i), (14)

where
⌦
K(i),R

↵
is the intersection number between the

anti-thimble K(i) and the original integration path R; see
e.g. Ref. [19] for a review. We see that the result (5) is
reproduced under the saddle-point approximation up to
the extra factor ep

2⇡
' 1.08.

In Fig. 2, we plot e<F in the first panel, while in others,
we show contours for =F (mod 2⇡) on a density plot of
<F ; see the caption for more details.
In each panel for =F , through the saddle point p0(⇤),

the horizontal and vertical contours (red-solid) are the
thimble J(⇤) and the anti-thimble K(⇤), respectively. On
the other hand, through the saddle point p0(+), the yellow-

dashed contour that connects Ep and a
��=p0

�� ! 1 region
is the anti-thimble K(+), while its perpendicular contour
is the thimble J(+). Similarly, through p0(�), the green-

dotted contour connecting �Ep and a
��=p0

�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
els in Fig. 2. When =p0(⇤) . =Ep, we see in the sec-

ond panel (as magnified in Fig. 3) that the anti-thimbles
K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).
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3

the same property with the in-time-boundary e↵ect for

� ! �� [14]: An exponential suppression exp[� (�T)2

2&+
]

that comes from F⇤(p) is cancelled by exp[ (�T)2

2&+
] from

Eq. (5) for large �T, unlike the ordinary I⇤(p). Namely,
the propagation of � in time is not exponentially sup-
pressed by the passed time �T, which is a characteristic of
the time-boundary e↵ect: If it comes from the boundary,
it does not matter how large is the bulk. Also, we newly
find the extra suppression factor exp[� &+

2 (⌦(p)� Ep)
2]

in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
1; see Sec. 4.3 in Ref. [13].

STOKES PHENOMENON

Here we show that the result (5) can be understood as
a Stokes phenomenon. We first rewrite the integral (3)

into an exponential form: I(p) =
R1
�1

dp0

2⇡i e
F(p0;p), where

F
�
p0
�
= � &+

2

�
p0 � p0⇤

�2 � ln
⇣
�
�
p0
�2

+ E2
p

⌘
. (6)

Here and hereafter, we drop the p-dependence and write
F
�
p0
�
etc. for simplicity.

By solving @F
@p0 = 0, we obtain the following three sad-

dle points:
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and
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where we have included up to the sub-leading terms (as
well as the order-ln &+ term) for large &+ [18].

For each saddle point (i) with i = ⇤ and ±, the steep-
est decent and ascent paths are obtained from the con-
dition =

�
F
�
p0
�
� F(i)

�
= 0. The steepest descent path

J(i) (ascent path K(i)) from the saddle point (i) is called
the Lefschetz thimble or the Stokes line (the anti-thimble
or the anti-Stokes line). Along J(i), we may evaluate

the approximate Gaussian integral I(i) =
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The integral I can be decomposed into those on the Lef-
schetz thimbles:

I =
X

i=⇤,±

⌦
K(i),R

↵
I(i), (14)

where
⌦
K(i),R

↵
is the intersection number between the

anti-thimble K(i) and the original integration path R; see
e.g. Ref. [19] for a review. We see that the result (5) is
reproduced under the saddle-point approximation up to
the extra factor ep

2⇡
' 1.08.

In Fig. 2, we plot e<F in the first panel, while in others,
we show contours for =F (mod 2⇡) on a density plot of
<F ; see the caption for more details.
In each panel for =F , through the saddle point p0(⇤),

the horizontal and vertical contours (red-solid) are the
thimble J(⇤) and the anti-thimble K(⇤), respectively. On
the other hand, through the saddle point p0(+), the yellow-

dashed contour that connects Ep and a
��=p0

�� ! 1 region
is the anti-thimble K(+), while its perpendicular contour
is the thimble J(+). Similarly, through p0(�), the green-

dotted contour connecting �Ep and a
��=p0

�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
els in Fig. 2. When =p0(⇤) . =Ep, we see in the sec-

ond panel (as magnified in Fig. 3) that the anti-thimbles
K(�) (green-dotted) terminate in �Ep, and hence do not
intersect with the real axis:

⌦
K(�),R

↵
= 0. Similarly

when =p0(⇤) & =(�Ep), in the fourth panel, K(+) (yellow-

dashed) terminate in Ep, and hence
⌦
K(+),R

↵
= 0. When

=Ep . =p0(⇤) . =(�Ep), in the third panels, both anti-

thimbles terminate in ±Ep, and hence
⌦
K(±),R

↵
= 0.

This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).
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in the second term in Eq. (5), which would cure the pre-
viously found possible ultraviolet divergence in the time-
boundary contribution, related to energy-non-conserving
configurations that are non-vanishing for |⌦(p)� Ep| !
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dashed contour that connects Ep and a
��=p0

�� ! 1 region
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�� ! 1 region
is K(�), and its perpendicular, J(�). All the other con-
tours that are disconnected from any of p0(i) are irrelevant
for the integral.
We comment on the branch cuts for the logarithmic

function in Eq. (6). In the case =p0(⇤) . =Ep in the
second panel, we may put a branch cut from �Ep to
�1+=(�Ep) and another from Ep along a, say, red-solid
or green-dotted contour. This way, we may continuously
deform R into the thimbles J(⇤) and J(+) without cross-
ing the cuts. It is obvious that we may do similarly for
other cases. In Fig. 3, we further explain artifact lines
due to the brach cuts in the numerical computation.
There are three cases depending on the relative posi-

tion of J(⇤) and ±Ep, represented by the last three pan-
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K(�) (green-dotted) terminate in �Ep, and hence do not
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= 0. When
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This is how the discrete change in the amplitude (5) is
understood as a Stokes phenomenon in Eq. (14).
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resonance pole of �. Input parameters for each wave
packet a (with a = 1, 2 for incoming and 3, 4 for out-
going) are its width-squared �a, spacetime position of
its center Xa =

�
X0

a ,Xa

�
, and its central momentum

Pa = (Ea,P a), where Ea := (m2 + P 2
a)

1/2. We may
trade P a for V a := P a/Ea as independent parameters.

We write the plane-wave propagator of � with an
o↵-shell momentum p =

�
p0,p

�
as �i

�(p0)2+E2
p
, where

Ep := (E2
p � i✏)1/2 with Ep := (M2 + p2)1/2 > ✏ > 0.

Loop corrections to the two-point function of � may be
approximated by taking ✏ = M�, with � being the decay
width of � [15]. In total, (,m,M, ✏) and (�a, Xa,P a)
are all the independent parameters in this Letter: The
former fixes the theory [16], while the latter parametrizes
each wave packet a.

For the given Gaussian wave packets, f�a;Xa,P a , the
tree-level s-channel S-matrix S is given as Eq. (42) in
Ref. [14] with the limit Tin ! �1 and Tout ! 1 [17].
We work at the leading order in the plane-wave expan-
sion for large �a [11, 13, 14]. Then the eight-dimensional
spacetime integral over the in- and out-interaction points
becomes Gaussian, and the result is

S = (2⇡)4 (�i)2
 

4Y

a=1

1
p
2Ea (⇡�a)

3/4

!q
�3
in�

3
out&in&out

⇥
Z

d4p

(2⇡)4
�i

p2 +M2 � i✏
eF(p

0;p), (1)

where �in := �1�2
�1+�2

and �out := �3�4
�3+�4

(&in = �1+�2

(V 1�V 2)
2

and &out = �3+�4

(V 3�V 4)
2 ) are the spatial (time-like) width-

squared for the in and out interaction regions, respec-
tively, and the exponent becomes quadratic in p0:

F
�
p0;p

�
= F⇤(p)�

&+
2

�
p0 � p0⇤(p)

�2
, (2)

in which &+ := &in + &out, p0⇤(p) = ⌦(p)� i �T&+ , and F⇤(p)

can be read o↵ from Eq. (107) in Ref. [14] (its explicit
form is mostly irrelevant for the following discussion);
see Refs. [13, 14] for further notation; we have also pre-
pared Supplemental Material. Physically, ⌦(p) is the
o↵-shell energy of �, and �T is the time passed from the
in-interaction to the out-interaction; see each Fig. 1 in
Refs. [13, 14]. Both of them vary according to the wave
packet configurations (�a, Xa,P a).

SADDLE POINT

The second line in Eq. (1), a “wave-packet Feynman

propagator”, may be written as
R d3p

(2⇡)3
eF⇤(p)I(p), where

I(p) :=

Z 1

�1

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

. (3)

Ep

-Ep

Im p0<Im Ep

Im p0>ImH-EpL

Im Ep<Im p0<ImH-EpL
Re p 0

Im p 0

FIG. 1. Shaded region represents convergent directions
<F ! �1 for

��p0
�� ! 1. The points ±Ep denote the poles

of the propagator of �. The orange, purple, and blue lines
represent the integral path of I⇤ in Eq. (4) for =p0 > =(�Ep),
=Ep < =p0 < =(�Ep), and =p0 < =Ep, respectively.

The exponential factor has a saddle point at p0 =
p0⇤(p) with the steepest descent and ascent paths being
=
�
p0 � p0⇤(p)

�
= 0 and <

�
p0 � p0⇤(p)

�
= 0, where < and

= denote the real and imaginary parts, respectively. The
saddle-point contribution is

I⇤(p) =

Z 1+=p0
⇤

�1+=p0
⇤

dp0

2⇡

�i

� (p0)2 + E2
p

e�
&+
2 (p0�p0

⇤(p))
2

⇡ 1p
2⇡&+

�i

�(⌦(p)� i �T&+ )2 + E2
p

, (4)

which leads to Eq. (110) in Ref. [14]. The standard plane-
wave result has been obtained by taking into account this
contribution only, and no in-boundary e↵ect for � ! ��
has been found in the limit �T ! 0 [14].
The key observation in this Letter is that, as shown

in Fig. 1, the saddle-point integral I⇤ over the steepest
descent path from �1+ =p0⇤ to 1+ =p0⇤ di↵ers from I
in Eq. (3) by the residue at the poles p0 = Ep and �Ep

when =p0 < =Ep and =p0 > �=Ep, respectively:

I(p) = I⇤(p) +
e
� &+

2

⇣
⌦(p)�Ep�i �T

&+

⌘2

2Ep
✓

✓
�T

&+
+ =Ep

◆

+
e
� &+

2

⇣
⌦(p)+Ep�i �T

&+

⌘2

2Ep
✓

✓
=Ep � �T

&+

◆
, (5)

where ✓ is the Heaviside step function. Eq. (5) is one of
our main results. When ✏ is small, we have =Ep ' � ✏

2Ep
,

and the second and third terms are non-zero when �T >
✏&+
2Ep

and �T < � ✏&+
2Ep

, respectively; each of them cor-

responds to a configuration of wave packets that gives
forward and backward propagation of � in time, respec-
tively; see Fig. 1 in Ref. [14]. Note that, droppoing the
Heaviside function, the ratio of the second term to the
third is exp

�
�2&+Epp0⇤

�
, and hence the third term is ex-

ponentially small when &+Ep⌦(p) is large.
The second term in Eq. (5) is the new contribution

in addition to the ordinary I⇤(p). This term share
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FIG. 2. In the first panel, we plot e<F , whereas in the other
three, we show contours for =F (mod 2⇡), on a density plot of
<F in [�10, 20]. We have chosen sample parameters &+ = 10,
⌦ (=<p0⇤) = 5, and ✏ = 0.3 in the Ep = 1 units. Both the first
and second panels correspond to forward propagation of �
with �T

&+
(= �=p0⇤) = 0.5, while the third and fourth to equal-

time and backward with �T
&+

= 0 and �0.5, respectively. The

red-solid, yellow-dashed, and green-dotted contours are =F =
=F(⇤), =F(+), and =F(�) respectively. The white dots denote
the poles at p0 = ±Ep and the blue single circles nearby them
are correspondingly the saddle points p0(±). The blue double

circle denote the saddle point p0(⇤).

FIG. 3. Magnified plot for =F (mod 2⇡) of the second panel
in Fig. 2 near the saddle point p0(�) (blue circle) and the pole
�Ep (white dot). We see that three contours and an artifact
line terminate in �Ep: The three contours are =F = =F(⇤)
(red-solid), =F = =F(+) (yellow-dashed), and especially the
anti-thimble K(�) (green-dotted) from p0(�). The extra arti-
fact line, seemingly consisting of three degenerate contours,
is from a branch cut of logarithmic function in the numeri-
cal computation, along which contributions from all the other
Riemann surfaces appear. This way, in each pole in Fig. 2,
there always terminate three contours and an artifact line.

SUMMARY AND DISCUSSION

We have studied the wave-packet scattering �� ! � !
�� within the infinite time interval and hence without
any time-boundary e↵ect for �. We have obtained the
new contribution that shares the same property as the
in-time-boundary e↵ect for � ! ��. The appearance of
this e↵ect is consistently understood as the Stokes phe-
nomenon.

This e↵ect is intrinsically absent in the plane-wave S-
matrix. Note that the Wick rotation from J(⇤) to K(⇤)
makes the p0-integral exponentially divergent.

In this Letter, we have integrated over the times of
interaction before p0. Instead we may first integrate over
p0 before them, in which all the exponents are linear in
p0 and the Wick rotation is allowed, and confirm that
the time-boundary e↵ect emerges at the time-boundaries
Tin/out. This will be presented in detail in a separate
publication.

It would be interesting to pursue the deviation
e/
p
2⇡ ' 1.08 between the residue computation and the

saddle-point approximation. This factor does not depend
on any physical parameter, and there may be mathemat-
ical account for it. In the case, say, =p0(⇤) . =Ep, in the

plane-wave limit &+ ! 1, the saddle-point p0(+) becomes
closer and closer to the pole Ep, and hence the thimble
J(+) becomes more and more curved near the pole. This
might be a cause of the deviation of the approximate
Gaussian integral along the straight line that is tangent
to the curve.

Acknowledgement: We thank Osamu Jinnouchi for
useful discussion and Juntaro Wada for reading the

4

-10

-5

0

5

10

15

20

-6-4-20246

-10

-5

0

5

10

15

20

-6-4-20246

-10

-5

0

5

10

15

20

-6-4-20246

FIG. 2. In the first panel, we plot e<F , whereas in the other
three, we show contours for =F (mod 2⇡), on a density plot of
<F in [�10, 20]. We have chosen sample parameters &+ = 10,
⌦ (=<p0⇤) = 5, and ✏ = 0.3 in the Ep = 1 units. Both the first
and second panels correspond to forward propagation of �
with �T

&+
(= �=p0⇤) = 0.5, while the third and fourth to equal-

time and backward with �T
&+

= 0 and �0.5, respectively. The

red-solid, yellow-dashed, and green-dotted contours are =F =
=F(⇤), =F(+), and =F(�) respectively. The white dots denote
the poles at p0 = ±Ep and the blue single circles nearby them
are correspondingly the saddle points p0(±). The blue double

circle denote the saddle point p0(⇤).

FIG. 3. Magnified plot for =F (mod 2⇡) of the second panel
in Fig. 2 near the saddle point p0(�) (blue circle) and the pole
�Ep (white dot). We see that three contours and an artifact
line terminate in �Ep: The three contours are =F = =F(⇤)
(red-solid), =F = =F(+) (yellow-dashed), and especially the
anti-thimble K(�) (green-dotted) from p0(�). The extra arti-
fact line, seemingly consisting of three degenerate contours,
is from a branch cut of logarithmic function in the numeri-
cal computation, along which contributions from all the other
Riemann surfaces appear. This way, in each pole in Fig. 2,
there always terminate three contours and an artifact line.

SUMMARY AND DISCUSSION

We have studied the wave-packet scattering �� ! � !
�� within the infinite time interval and hence without
any time-boundary e↵ect for �. We have obtained the
new contribution that shares the same property as the
in-time-boundary e↵ect for � ! ��. The appearance of
this e↵ect is consistently understood as the Stokes phe-
nomenon.

This e↵ect is intrinsically absent in the plane-wave S-
matrix. Note that the Wick rotation from J(⇤) to K(⇤)
makes the p0-integral exponentially divergent.

In this Letter, we have integrated over the times of
interaction before p0. Instead we may first integrate over
p0 before them, in which all the exponents are linear in
p0 and the Wick rotation is allowed, and confirm that
the time-boundary e↵ect emerges at the time-boundaries
Tin/out. This will be presented in detail in a separate
publication.

It would be interesting to pursue the deviation
e/
p
2⇡ ' 1.08 between the residue computation and the

saddle-point approximation. This factor does not depend
on any physical parameter, and there may be mathemat-
ical account for it. In the case, say, =p0(⇤) . =Ep, in the

plane-wave limit &+ ! 1, the saddle-point p0(+) becomes
closer and closer to the pole Ep, and hence the thimble
J(+) becomes more and more curved near the pole. This
might be a cause of the deviation of the approximate
Gaussian integral along the straight line that is tangent
to the curve.
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