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FIGURE 3 | Modified gravity roadmap summarizing the possible extensions of GR described in section 2. The main gravitational wave (GW) test of each theory is

highlighted. For details in the different tests see the discussion in section 5 (GW speed and dispersion), section 6 (GW damping), and section 7 (GW oscillations).

Theories constrained by the GW speed and GW oscillations can also be tested with GW damping and GW dispersion, respectively. Note in addition that many

theories fall under different categories of this classification (see text in section 2.1).

where G is Newton’s constant and Sm denotes the action of
matter, universally and minimally coupled to the metric gµν .
Variation of the action (1) with respect to the metric leads to
Einstein’s field equations

Gµν ≡ Rµν −
1
2
Rgµν = 8πGTµν , (2)

where Rµν is the Ricci tensor, R ≡ gµνRµν the Ricci scalar
and Tµν = −2√−g

δSm
δgµν is the matter energy-momentum tensor.

Einstein’s equations can be used to obtain solutions for the
space-time (gµν) given the matter content (Tµν) in any physical
situation, including cosmological solutions relevant to study dark
energy.

The structure of gravitational theories is severely restricted
and several results can be used to prove the uniqueness of General
Relativity under quite broad assumptions. Weinberg’s theorems
restrict possible infrared (low energy) interactions of massless,
Lorentz invariant particles, which for spin-2 lead unavoidably to
the equivalence principle (Weinberg, 1964) and the derivation

of Einstein’s equations (Weinberg, 1965)1. At the classical level,
the results of Lovelock imply that the Einstein-Hilbert action is
unique in 4D (Lovelock, 1971, 1972).

According to the above results, alternative theories of gravity
can be classified into those that

• Break the fundamental assumptions.
• Include additional fields.
• Make the graviton massive.

Note that those descriptions are not exclusive, and many theories
fall within several categories. For instance: bimetric gravity has
an additional field (tensor) and contains a massive graviton,
Einstein-Aether is both Lorentz-violating and includes a vector
field, TeVeS has a scalar in addition to a vector, and many extra-
dimensional models can be described in terms of additional fields
in certain limits. Also, when referring to massive gravitons, we
will be considering only classical spin-2 fields.

1In addition to GR, there is another theory for massless, spin-2 fields in 4D,
Unimodular Gravity, which is invariant under diffeomorphisms preserving the 4D
volume element (van der Bij et al., 1982).
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• A scalar field  is the simplest field by which gravity can be extended. 
• Theories containing a coupling between  and gravity are called “scalar-tensor theories of gravity.” 
• In 1974, Horndeski derived the action of the most general scalar-tensor theories with the  order EoM.  

ϕ
ϕ

2nd



L2 = G2(ϕ, X)
L3 = G3(ϕ, X) □ ϕ

L4 = G4(ϕ, X)R+G4,X [( □ ϕ)2 − (∇μ ∇νϕ) (∇μ ∇νϕ)]
L5 = G5(ϕ, X)Gμν (∇μ ∇νϕ) −

1
6

G5,X [(□ϕ)3 − 3 □ ϕ (∇μ ∇νϕ) (∇μ ∇νϕ) + 2 (∇μ ∇αϕ) (∇α ∇βϕ) (∇β ∇μϕ)]

where X = − ∇μϕ∇μϕ/2

Generalized Galileon Theory: S = ∫ d4x −g (L2 + L3 + L4 + L5)
[G. Horndeski, “Second order scalar-tensor field equations in a 4D spacetime”]; 

C. Deffayet, X. Gao, D. A. Steer and G. Zahariade, PRD 84, 064039 (2011); 
T. Kobayashi, M. Yamaguchi and J. Yokoyama, PTP 126, 511 (2011); 

X. Gao, T. Kobayashi, M. Shiraishi, M. Yamaguchi, J. Yokoyama and S. Yokoyama, PTEP 2013, 053E03 (2013);

by choosing a certain combinations of  functions, one can construct  
a broad spectrum of cosmological models describing cosmic inflation (and dark energy).

Gi(ϕ, X)
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As an extended theory of gravity, Horndeski theory includes: 

• Quitessence   [Caldwell, Dave, and Steinhardt (1998)] 

,                                                                   

• K-essence   [Chiba, Okabe, and Yamaguchi (2000)] 

   where    ,                    

• Kinetic Gravity Braiding   [Deffayet, Pujolas, Sawicki, Vikman (2010)] 

                   

• Brans-Dicke theory   [Jordan (1959), Brans and Dicke (1961)] 

                                                

•  Gravity   [Buchdahi (1970)] etc., 

,  

          , 

S = ∫ d4 −g [ 1
2κ2

R −
1
2

∇μϕ∇μϕ − V(ϕ)]

S = ∫ d4x −g [ 1
2κ2

R + K(ϕ, X)] X = −
1
2

∇μϕ∇μϕ

S = ∫ d4x −g [ 1
2κ2

R + K(ϕ, X) + G(ϕ, X) □ ϕ] ,

S =
1

2κ2 ∫ d4x −g [ϕR −
ωBD

ϕ
∇μϕ∇μϕ] ,

F(R)
S =

1
2κ2 ∫ d4x −gF(R) ⇔

Equivalent
S =

1
2κ2 ∫ d4x −g [ϕR − V(ϕ)]
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THE CASES IN WHICH ALL  FUNCTIONS ARE  
PRESENT IN THE ACTION AND EQUALLY IMPORTANT  

DURING INFLATION HAVE NOT BEEN EXPLORED MUCH (SO FAR)…

Gi(ϕ, X)

As an extended theory of gravity, Horndeski theory includes: 
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As an extended theory of gravity, Horndeski theory includes: 

ONE SHOULD ATTEMPT A TASK TO CONSTRUCT  
COSMOLOGICAL MODELS  

IN WHICH ALL  ARE “PRESENT & EQUALLY IMPORTANT.”Gi(ϕ, X)
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  G- inflation or inflation with the derivative self interaction of the scalar field. 

A: When G2(ϕ, X) ≠ 0 , G3(ϕ, X) ≠ 0 , G4(ϕ, X) =
M2

p

2
, and G5(ϕ, X) = 0 :
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2
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B: When G2(ϕ, X) ≠ 0 , G3(ϕ, X) = 0 , G4 =
M2

p

2
, and G5(ϕ, X) ≠ 0 :

   Inflation with the non-minimal derivative coupling between gravity and the scalar field.

L2 = G2(ϕ, X)
L3 = G3(ϕ, X) □ ϕ

L4 = G4(ϕ, X)R+G4,X [( □ ϕ)2 − (∇μ ∇νϕ) (∇μ ∇νϕ)]
L5 = G5(ϕ, X)Gμν (∇μ ∇νϕ) −

1
6

G5,X [(□ϕ)3 − 3 □ ϕ (∇μ ∇νϕ) (∇μ ∇νϕ) + 2 (∇μ ∇αϕ) (∇α ∇βϕ) (∇β ∇μϕ)]

where X = − ∇μϕ∇μϕ/2



A toy model: A+B  

G2(ϕ, X) = X − V(ϕ) , G3(ϕ, X) =
α

M3
ξ(ϕ)X , G4 =

M2
pl

2
, G5(ϕ) =

β
2M2

ϕ

G. T,  Eur.Phys.J.C 79 (2019) 11, 920



Inflationary model:

S = ∫ d4x −g (L2 + L3 + L4 + L5)

 

where  

,      

,                  “Derivative self-interaction of the scalar field” or “ term” 

, 

, 

 “Kinetic coupling between gravity and the scalar field” or “ term” 

S = ∫ d4x −g (L2 + L3 + L4 + L5)

L2 = G2(ϕ, X) X = −
1
2

∇μϕ∇μϕ

L3 = G3(ϕ, X) □ ϕ ⟹ α−
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1
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   S = ∫ d4x −g [
M2

pl

2
R −

1
2 (gμν −

α
M3

ξ(ϕ)gμν∂ρ∂ρϕ +
β

M2
Gμν) ∂μϕ∂νϕ−V(ϕ)]
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2
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ϕ

G. T,  Eur.Phys.J.C 79 (2019) 11, 920



In a flat FRW universe with  : 

, 

the background dynamical equations are obtained as 
 

  

 

where  

 

 

In the context of slow-roll inflation: 

ds2 = − dt2 + a(t)2δijdxidxj

S = ∫ d4x −g [
M2

pl

2
R −

1
2 (gμν −

α
M3

ξ(ϕ)gμν∂ρ∂ρϕ +
β

M2
Gμν) ∂μϕ∂νϕ−V(ϕ)]

3M2
plH

2 = ρϕ

M2
pl (2 ·H + 3H2) = − pϕ ,

··ϕ + 3H ·ϕ + V,ϕ −
α

2M3
·ϕ [ ··ξ ·ϕ + 3 ·ξ ··ϕ − 6ξ ·ϕ ( ·H + 3H2 + 2H

··ϕ
·ϕ )] −

3β
M2

H ·ϕ (2 ·H + 3H2 + H
··ϕ
·ϕ ) = 0 ,

ρϕ =
1
2

·ϕ2 + V +
3α
M3

Hξ ·ϕ3 (1 −
·ξ

6Hξ ) −
9β

2M2
·ϕ2H2 ,

pϕ =
1
2

·ϕ2 − V −
α

M3
ξ ·ϕ3 (

··ϕ
·ϕ

+
·ξ

2ξ ) +
β ·ϕ2

2M2 (2 ·H + 3H2 + 4H
··ϕ
·ϕ ) .

ϵ1 ≡ −
·H

H2
, ϵ2 ≡ −

··ϕ
H ·ϕ

, ϵ3 ≡
ξ,ϕ

·ϕ
ξH

, ϵ4 ≡
ξ,ϕϕ

·ϕ4

V,ϕ
, ϵ5 ≡

·
ϕ2

M2
plH2

,

G. T,  Eur.Phys.J.C 79 (2019) 11, 920
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G. T,  Eur.Phys.J.C 79 (2019) 11, 920



• In the slow-roll inflation scenario (  and ), the background EoM, 

 ,          

 

can be approximated as  

 

    where     

• Our interest:  and terms contribute “equally” during inflation.   

• Thus, it is useful to introduce a new parameter:        such that      . 

•  const.  allows us:  
• to control the contributions of these terms 

• to determine the form of  for the given potential   

·ϕ2 ≪ V ··ϕ ≪ 3H ·ϕ
3M2

plH
2 = ρϕ M2

pl (2 ·H + 3H2) = − pϕ ,

··ϕ + 3H ·ϕ + V,ϕ +
α

2M3
·ϕ [ ··ξ ·ϕ + 3 ·ξ ··ϕ − 6ξ ·ϕ ( ·H + 3H2 + 2H

··ϕ
·ϕ )] −

3β
M2

H ·ϕ (2 ·H + 3H2 + H
··ϕ
·ϕ ) = 0 ,

3H2 ≃
V(ϕ)
M2

pl
,

3H ·ϕ (1 + 𝒜) + V,ϕ ≃ 0 𝒜 ≡
3α
M3

ξH ·ϕ −
3β
M2

H2

α− β−

γ ≡
αξH ·ϕ
βMH2

∼ 𝒪(1) , 𝒜 =
3H2

M2
β (γ − 1)

γ ∼ 𝒪(1)

ξ(ϕ) V(ϕ)

: GR limit 
 : a deviation from GR

|𝒜 | ≪ 1
|𝒜 | ≳ 1

 when  dominates 
   when  dominates 

γ → ∞ α − term
γ → 0 β − term
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and the number of e-folding as,

• We compute the observable quantities through the linear perturbation theory

T. Kobayashi, M. Yamaguchi and J. Yokoyama, PTP 126, 511 (2011) 

 

• Power spectra for scalar mode and its spectral tilt: 


   and   


• Power spectra for tensor mode and its spectral tilt: 


   and   


• The tensor-to-scalar ratio: 

 ,  the suppression of  due to  and terms


• In the  limit, we obtain: 

 , and . 


• The slow-roll parameters                 


  where  

𝒫S =
k3

2π2

vk

zS

2

≃
κ2H2

8π2c3
SϵV

(1 + 𝒜) nS − 1 ≡
ln 𝒫S

ln k
cSk=aH

≃
1

1 + 𝒜 [2ηV − 2ϵV (4 −
1

1 + 𝒜 )] ,

𝒫T =
k3

π2 ∑
λ=+ ,x

uλ ,k

zT

2

≃
κ2H2

2π2c3
T

nT ≡
ln 𝒫T

ln k
cTk=aH

≃ −
2ϵV

1 + 𝒜
,

r ≡
𝒫T

𝒫S
≃

16ϵV

1 + 𝒜
⟹ r α− β−

|𝒜 | ≪ 1
nS − 1 = 2ηV − 6ϵV nT = − 2ϵV , r = 16ϵV

ϵ1 =
ϵV

1 + 𝒜
, ϵ2 ≃

ηV − 3ϵV

1 + 𝒜
+

2ϵV

(1 + 𝒜)2 , ϵ3 ≃
ηV − 4ϵV

1 + 𝒜
+

2ϵV

(1 + 𝒜)2 , ϵV ≡
1

2κ2 (
V,ϕ

V )
2

, ηV ≡
V,ϕϕ

κ2V

c1 = −
1

M2
, c3 = − 1
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Natural inflation: V(ϕ) = Λ4 [1 − cos ( ϕ
f )] .
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f2Λ4

M2M4
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N = Δ cos ( ϕ
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The number of e-folds:
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1
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p ∫

ϕ

ϕe

V
V,ϕ

(1 + 𝒜)dϕ′ ,
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8

The spectral index of the scalar perturbation at the time of horizon crossing cT k = aH becomes

nS � 1 =
lnPS

ln k

����
cT k=aH

= 3� 2µS '
2⌘V � 6✏V
1 +A

. (56)

The tensor-to-scalar ratio is

r =
PT

PS

'
16

1 +A
✏V , (57)

It is worth noting that observable quantities nS , nT , and r are suppressed by a factor of 1 + A. The similar

suppression were discussed in Refs. [28–31]. However, what is new in our case is that these quantities are

suppressed by an addition factor of (1 + 1/�) in the A � 1 limit because we have A ⌘ �3c1(1 + 1/�)H2.

The suppression is, therefore, mainly due to the presence of the derivative self-interaction and the non-minimal

derivative coupling to gravity.

IV. OBSERVATIONAL CONSTRAINTS ON THE EXPLICIT MODEL

In this section, using Eqs. (38), (56), and (57), we present our results for the observational constraint on

natural inflation [38]. To be consistent with other related works [28–31, 33, 36, 37], we set c1 = �1/M2 and

c3 = �1 throughout this section. In order for both the derivative self-interaction and the non-minimal derivative

couplings to have appreciable e↵ects, we only consider |A| � 1 case, i.e., the high-friction limit H2
� M

2.

The scalar-field potential for natural inflation is given by [38]

V (�) = ⇤4


1 + cos

✓
�

f

◆�
, (58)

where ⇤ and f are constants having dimension of mass. Since the potential form is given, the shape of the

coupling function ⇠(�) is determined with a help of Eqs. (16) and (17). In Fig. 1, we plot inflaton potential

V (�) and the coupling functions ⇠(�) for di↵erent values of the �, where the values increases from right to left

and, in plotting ⇠(�), we set M = f⇤.

�(�)

V(�)
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-1

0

1
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�

FIG. 1: Numerical illustration of the inflaton potential V (�) (black) with f = ⇡/ and ⇤ = 1/ and the coupling

function ⇠(�) (blue) for di↵erent values of �; namely, � = 0.1, 0.5, 1 and 10 for solid, dashed, dot-dashed and

dotted lines, respectively.

The slow-roll parameters obtained from Eq. (19) as

✏1 =
sin2(�/f)

2↵ [1 + cos(�/f)]3
, ✏2 = �

1

2↵ [1 + cos(�/f)]
, ✏3 = �

1

↵ [1 + cos(�/f)]2
, (59)

ϕ
γ ≡

αξH ·ϕ
βMH2

∼ 𝒪(1) ,
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oReheating is a transition era, during which the energy stored in the inflaton is transferred to a 
plasma of relativistic particles.


oAlthough there are NO direct cosmological observables traceable this period, indirect bounds can 
be derived. One possibility is to consider cosmological evolution for observable CMB scales from 
the time of Hubble crossing to present time. 


o“Depending on the model”, the duration, temperature, and equation-of-state ( , , ), are 
directly linked to inflationary observables if we approximate reheating by a constant EoS. 


oThus, reheating can help to break degeneracies between inflation models that otherwise overlap in 
their predictions of  and .

Nre Tre ωre

nS r

inflation occurred and was followed by canonical reheat-
ing, then ns ¼ 0.96 (its central value) implies a reheat
temperature just above the electroweak scale. If the reheat
temperature was considerably higher, as may be required to
accommodate models that explain the baryon asymmetry,
then m2ϕ2 inflation (with a high reheat temperature)
predicts a value ns ≃ 0.965, at the high end of the currently
allowed 1σ range, and a prediction that may be testable with
future cosmic microwave background (CMB) data and
galaxy surveys. As we will see below, these conclusions are
robust to the current order-unity uncertainty in r.
We start by sketching the cosmic expansion history in

Fig. 1. At early times, the inflaton field ϕ drives the quasi–de
Sitter phase for Nk e-folds of expansion. The comoving
horizon scale decreases as ∼a−1. The reheating phase begins
once the accelerated expansion comes to an end and the
comoving horizon starts to increase. After another Nre
e-folds of expansion, the energy in the inflaton field has
been completely dissipated into a hot plasmawith a reheating
temperature Tre. Beyond that point, the Universe expands
under radiation domination for anotherNRD e-folds, before it
finally makes a transition to matter domination.
It is clear from Fig. 1 that the number of e-folds between

the time that the current comoving horizon scale exited the
horizon during inflation and the end of inflation must be
related to the number of e-folds between the end of inflation
and today if the dependence of ðaHÞ−1 on a during reheating
is known. The expansion history also allows us to trace the
dilution of the energy density in the Universe. To match the
energy density during inflation, as fixed by r, to the energy
density today, a second relation must be satisfied. These two
matching conditions, for scale and for energy density,
respectively, underly the arguments that follow.
Quantitative analysis.—We consider power-law

potentials

VðϕÞ ¼ 1

2
m4−αϕα; ð1Þ

for the inflaton, with power-law index α and mass param-
eter m. From the attractor evolution of the inflaton field
3H _ϕþ V;ϕ ≃ 0, one can determine the number

N ¼
Z

ϕend

ϕ

Hdϕ
_ϕ

≃ ϕ2 − ϕ2
end

2αM2
pl

≃ ϕ2

2αM2
pl

ð2Þ

of e-folds from the time that the field value is ϕ until the
end of inflation. Note that the field value at the end of
inflation ϕend is small compared to that during slow roll.
The conventional slow-roll parameters are then given by

ϵ ¼ α=ð4NÞ and η ¼ ðα − 1Þ=ð2NÞ: ð3Þ

For power-law potentials, the scalar spectral tilt ns − 1 and
the tensor-to-scalar ratio r are inversely proportional to the
number of e-folds,

ns − 1 ¼ −ð2þ αÞ=ð2NÞ; r ¼ 4α=N: ð4Þ

Simultaneous measurements of ns − 1 and r with high
precision, in principle, pin down both N and α. However,
given the current uncertainty in r, we treat α as a model
input and use ns − 1 to infer both N and r. As we shall see,
the precise value of r does not affect our results.
In cosmology we observe perturbation modes on

scales that are comparable to that of the horizon. For
example, the pivot scale at which Planck determines ns lies
at k ¼ 0.05 Mpc−1. The comoving Hubble scale akHk ¼ k
when this mode exited the horizon can be related to that of
the present time:

k
a0H0

¼ ak
aend

aend
are

are
aeq

aeqHeq

a0H0

Hk

Heq
: ð5Þ

Here quantities with subscript k are evaluated at the time of
horizon exit. Similar subscripts refer to other epochs, includ-
ing the end of inflation (end), reheating (re), radiaton-matter
equality (eq), and the present time (0). Using eNk ¼ aend=ak,
eNre ¼ are=aend, and eN RD ¼ aeq=are, we obtain a constraint
on the total amount of expansion [24]:

ln
k

a0H0

¼ −Nk − Nre − NRD þ ln
aeqHeq

a0H0

þ ln
Hk

Heq
: ð6Þ

The Hubble parameter during inflation is given by
Hk ¼ πMplðrAsÞ1=2=

ffiffiffi
2

p
, with the primordial scalar ampli-

tude lnð1010AsÞ ¼ 3.089þ0.024
−0.027 from Planck [9]. For a given

power-law index α,Nk and r are determined from ns − 1, and
hence lnHk is known.
In addition to Eq. (6), a second relation between the

various e-folds of expansion can be derived by tracking
the postinflationary evolution of the energy density and
temperature. The inflaton field at the end of inflation
has a value ϕend ¼ ðα2M2

pl=2ϵ0Þ1=2 under the estimate that

FIG. 1. The evolution of the comoving Hubble scale 1=aH. The
reheating phase connects the inflationary phase and the radiation
era. Compared to instantaneous reheating (thick dotted curve), a
reheating equation-of-state parameter w re < 1=3 implies more
postinflationary e-folds of expansion. Fewer postinflationary
e-folds requires wre > 1=3 (thin dotted curve).
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Inverse case in which the second term in Eq. (18) dominates over the first one can also be
possible

Q =
V�

V
+

4

3

4
⇠�V ) Q =

4

3

4
⇠�V , (24)

such that

⇠�|�=�end
� 3

44
V�

V 2

����
�=�end

. (25)

However, we consider the first case in this work.
By using Eq. (3), we can rewrite Eq. (6) as

⇢̇e↵

⇢e↵
= 2H

 
a
2
Ḣ �K

a2H2 +K

!
. (26)

Now, we can combine Eqs. (6) and (26) as follows by assuming the definition of an e↵ective
equation of state, pe↵ = !e↵⇢e↵,

!e↵ = �1� 2

3

 
a
2
Ḣ �K

a2H2 +K

!
. (27)

When K = 0, the last equation becomes !e↵ = 2✏/3� 1 where ✏ ⌘ �Ḣ/H
2.

3 Calculating Nth and Tth in terms of !th.

Although the physics of reheating is highly uncertain and unconstrained, this phase can
in principle be characterised by an e↵ective equation of state(EoS) parameter !th which is
defined by the e↵ective pressure-to-energy-density ratio, the number of e-folding Nth which is
considered as time frame from the end of inflation until the start of radiation dominance, and a
thermalisation temperature Tth.

The EoS parameter should be in the range of [�1/3, 1/3] because the inflation comes to an
end when the EoS parameter equals to �1/3 and the radiation domination begins when the EoS
parameter equals to 1/3. However, it is possible to achieve EoS parameter equals to �1 and
1 when potential and kinetic energy dominates, respectively. Hence one can consider broader
range of EoS parameter, [�1, 1].

The comoving Hubble scale akHk = k at the horizon crossing time can be related to that of
the present time as

k

a0H0
=

ak

aend

aend

ath

ath

aeq

aeqHeq

a0H0

Hk

Heq
, (28)

where a0, ak, aend, ath, and aeq denote the scale factor at present, horizon crossing, end of
inflation, end of reheating, and matter and radiation equality. By taking logarithm from both
sides, we can rewrite Eq. (28) as

ln
k

a0H0
= �Nk �Nth �NRD + ln

aeqHeq

a0H0
+ ln

Hk

Heq
. (29)

where Nk ⌘ aend/ak, Nth ⌘ ath/aend, and NRD ⌘ aeq/ath. If the EoS parameter is constant,
the change in scale factor during reheating is easily related to the change in the energy density.
Hence, using ⇢ ⇠ a

�3(1+!), the reheating epoch is described by

⇢end

⇢th
=

✓
aend

ath

◆�3(1+!th)

. (30)

4

k
a0H0

=
ak

aend

aend

are

are

aeq

aeqHeq

a0H0

Hk

Heq

ln
k

a0H0
= − Nk − Nre − NRD + ln

aeqHeq

a0H0
+ ln

Hk

Heq
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Calculating  and  :Nre Tre
If , the  at the end of inflation is related to that of reheating  :ωre ≈ const. ρend ρre

Tre = ( 30(1 + ϵ/3)
π2gre

Vend)
1
4

e− 3
4 (1+ωre)Nre .

Nre =
4

1 − 3ωre [−Nk − ln
k

a0T0
−

1
4

ln
30

π2gre
−

1
3

ln
11gs,re

43
−

1
4

ln(1 +
ϵ
3

) −
1
4

ln Vend +
1
2

ln
π2M2

prAs

2 ] .

inflation occurred and was followed by canonical reheat-
ing, then ns ¼ 0.96 (its central value) implies a reheat
temperature just above the electroweak scale. If the reheat
temperature was considerably higher, as may be required to
accommodate models that explain the baryon asymmetry,
then m2ϕ2 inflation (with a high reheat temperature)
predicts a value ns ≃ 0.965, at the high end of the currently
allowed 1σ range, and a prediction that may be testable with
future cosmic microwave background (CMB) data and
galaxy surveys. As we will see below, these conclusions are
robust to the current order-unity uncertainty in r.
We start by sketching the cosmic expansion history in

Fig. 1. At early times, the inflaton field ϕ drives the quasi–de
Sitter phase for Nk e-folds of expansion. The comoving
horizon scale decreases as ∼a−1. The reheating phase begins
once the accelerated expansion comes to an end and the
comoving horizon starts to increase. After another Nre
e-folds of expansion, the energy in the inflaton field has
been completely dissipated into a hot plasmawith a reheating
temperature Tre. Beyond that point, the Universe expands
under radiation domination for anotherNRD e-folds, before it
finally makes a transition to matter domination.
It is clear from Fig. 1 that the number of e-folds between

the time that the current comoving horizon scale exited the
horizon during inflation and the end of inflation must be
related to the number of e-folds between the end of inflation
and today if the dependence of ðaHÞ−1 on a during reheating
is known. The expansion history also allows us to trace the
dilution of the energy density in the Universe. To match the
energy density during inflation, as fixed by r, to the energy
density today, a second relation must be satisfied. These two
matching conditions, for scale and for energy density,
respectively, underly the arguments that follow.
Quantitative analysis.—We consider power-law

potentials

VðϕÞ ¼ 1

2
m4−αϕα; ð1Þ

for the inflaton, with power-law index α and mass param-
eter m. From the attractor evolution of the inflaton field
3H _ϕþ V;ϕ ≃ 0, one can determine the number

N ¼
Z

ϕend

ϕ

Hdϕ
_ϕ

≃ ϕ2 − ϕ2
end

2αM2
pl

≃ ϕ2

2αM2
pl

ð2Þ

of e-folds from the time that the field value is ϕ until the
end of inflation. Note that the field value at the end of
inflation ϕend is small compared to that during slow roll.
The conventional slow-roll parameters are then given by

ϵ ¼ α=ð4NÞ and η ¼ ðα − 1Þ=ð2NÞ: ð3Þ

For power-law potentials, the scalar spectral tilt ns − 1 and
the tensor-to-scalar ratio r are inversely proportional to the
number of e-folds,

ns − 1 ¼ −ð2þ αÞ=ð2NÞ; r ¼ 4α=N: ð4Þ

Simultaneous measurements of ns − 1 and r with high
precision, in principle, pin down both N and α. However,
given the current uncertainty in r, we treat α as a model
input and use ns − 1 to infer both N and r. As we shall see,
the precise value of r does not affect our results.
In cosmology we observe perturbation modes on

scales that are comparable to that of the horizon. For
example, the pivot scale at which Planck determines ns lies
at k ¼ 0.05 Mpc−1. The comoving Hubble scale akHk ¼ k
when this mode exited the horizon can be related to that of
the present time:

k
a0H0

¼ ak
aend

aend
are

are
aeq

aeqHeq

a0H0

Hk

Heq
: ð5Þ

Here quantities with subscript k are evaluated at the time of
horizon exit. Similar subscripts refer to other epochs, includ-
ing the end of inflation (end), reheating (re), radiaton-matter
equality (eq), and the present time (0). Using eNk ¼ aend=ak,
eNre ¼ are=aend, and eN RD ¼ aeq=are, we obtain a constraint
on the total amount of expansion [24]:

ln
k

a0H0

¼ −Nk − Nre − NRD þ ln
aeqHeq

a0H0

þ ln
Hk

Heq
: ð6Þ

The Hubble parameter during inflation is given by
Hk ¼ πMplðrAsÞ1=2=

ffiffiffi
2

p
, with the primordial scalar ampli-

tude lnð1010AsÞ ¼ 3.089þ0.024
−0.027 from Planck [9]. For a given

power-law index α,Nk and r are determined from ns − 1, and
hence lnHk is known.
In addition to Eq. (6), a second relation between the

various e-folds of expansion can be derived by tracking
the postinflationary evolution of the energy density and
temperature. The inflaton field at the end of inflation
has a value ϕend ¼ ðα2M2

pl=2ϵ0Þ1=2 under the estimate that

FIG. 1. The evolution of the comoving Hubble scale 1=aH. The
reheating phase connects the inflationary phase and the radiation
era. Compared to instantaneous reheating (thick dotted curve), a
reheating equation-of-state parameter w re < 1=3 implies more
postinflationary e-folds of expansion. Fewer postinflationary
e-folds requires wre > 1=3 (thin dotted curve).
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Calculating  and  :Nre Tre
If , the  at the end of inflation is related to that of reheating  :ωre ≈ const. ρend ρre
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inflation occurred and was followed by canonical reheat-
ing, then ns ¼ 0.96 (its central value) implies a reheat
temperature just above the electroweak scale. If the reheat
temperature was considerably higher, as may be required to
accommodate models that explain the baryon asymmetry,
then m2ϕ2 inflation (with a high reheat temperature)
predicts a value ns ≃ 0.965, at the high end of the currently
allowed 1σ range, and a prediction that may be testable with
future cosmic microwave background (CMB) data and
galaxy surveys. As we will see below, these conclusions are
robust to the current order-unity uncertainty in r.
We start by sketching the cosmic expansion history in

Fig. 1. At early times, the inflaton field ϕ drives the quasi–de
Sitter phase for Nk e-folds of expansion. The comoving
horizon scale decreases as ∼a−1. The reheating phase begins
once the accelerated expansion comes to an end and the
comoving horizon starts to increase. After another Nre
e-folds of expansion, the energy in the inflaton field has
been completely dissipated into a hot plasmawith a reheating
temperature Tre. Beyond that point, the Universe expands
under radiation domination for anotherNRD e-folds, before it
finally makes a transition to matter domination.
It is clear from Fig. 1 that the number of e-folds between

the time that the current comoving horizon scale exited the
horizon during inflation and the end of inflation must be
related to the number of e-folds between the end of inflation
and today if the dependence of ðaHÞ−1 on a during reheating
is known. The expansion history also allows us to trace the
dilution of the energy density in the Universe. To match the
energy density during inflation, as fixed by r, to the energy
density today, a second relation must be satisfied. These two
matching conditions, for scale and for energy density,
respectively, underly the arguments that follow.
Quantitative analysis.—We consider power-law

potentials

VðϕÞ ¼ 1

2
m4−αϕα; ð1Þ

for the inflaton, with power-law index α and mass param-
eter m. From the attractor evolution of the inflaton field
3H _ϕþ V;ϕ ≃ 0, one can determine the number
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of e-folds from the time that the field value is ϕ until the
end of inflation. Note that the field value at the end of
inflation ϕend is small compared to that during slow roll.
The conventional slow-roll parameters are then given by

ϵ ¼ α=ð4NÞ and η ¼ ðα − 1Þ=ð2NÞ: ð3Þ

For power-law potentials, the scalar spectral tilt ns − 1 and
the tensor-to-scalar ratio r are inversely proportional to the
number of e-folds,

ns − 1 ¼ −ð2þ αÞ=ð2NÞ; r ¼ 4α=N: ð4Þ

Simultaneous measurements of ns − 1 and r with high
precision, in principle, pin down both N and α. However,
given the current uncertainty in r, we treat α as a model
input and use ns − 1 to infer both N and r. As we shall see,
the precise value of r does not affect our results.
In cosmology we observe perturbation modes on

scales that are comparable to that of the horizon. For
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the present time:
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PBHs are formed when “sufficiently large” primordial density fluctuations, generated during inflation on some small 
scale , re-enters the Hubble radius, i.e., , during RD era. 

At the formation, the PBH mass is related to the horizon mass, i.e., the mass within a region of size of the Hubble 

horizon:  

The Hubble scale in the RD epoch is :  

The solar mass PBHs are formed at  when a mode with  enters the horizon.  

 can also related to the , before the end of inflation by  

 

This indicates that a large density fluctuation mode corresponding to solar mass PBHs must exit the Hubble radius 
about the 17e-fold after the exit of the . 
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• After their formation, the PBH density redshifts just like the pressureless matter until the present 
epoch (ignoring the merger events and accretion). 


• Thus, PBHs behaves like “Dark Matter” for a substantial part of cosmic history.


• The mass fraction of PBHs at formation is 


   


• The mass function of fractional abundance of PBHs is: 





• The total PBH abundance at the present epoch is defined as 





•  can be calculated from primordial power spectrum  in the “Press-Schechter” 
formalism

β(MPBH) ≡
ρPBH

ρtot
⟹ β(MPBH) = ΩDM,0 fPBH(MPBH)(1 + z)3( H0

H )
2

fPBH(MPBH) ≡
ΩPBH,0(MPBH)

ΩDM,0
= 1.68 × 108 ( γ

0.2 )
1
2
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106.75 )
− 1

4

( MPBH

M⊙ )
−2

β(MPBH)

f tot
PBH ≡ ∫ fPBH(MPBH)dMPBH

β(MPBH) 𝒫R



 by a suitable window function

• In the Press-Schechter formalism, the mass fraction of PBH at the formation  for a given 
mass is defined as 


                                     


• The variance of the density contrast is given by


  where ,


• The power spectrum for the density contrast is then related to the primordial power spectrum


. 


• The inflationary power spectrum for our case is: 


β(MPBH)

β(MPBH) = γ∫
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δth

P(δ)dδ ≃ γ
σMPBH

2πδth

exp [−
δ2
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2σ2
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] .
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1
2
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and the number of e-folding as,
c1 = −

1
M2

, c3 = − 1

• Power spectra for scalar mode: 


   and 𝒫S =
k3

2π2

vk

zS

2

≃
κ2H2

8π2c3
SϵV

(1 + 𝒜)

the small scale features of the inflaton potential. In other words, starting from the power
spectrum with a local smooth peak, we will reconstruct the inflaton potential and provide
qualitative analyses on its small scale features.

The primordial curvature power spectrum with a local smooth peak is characterized by

PS(k) = PS(k⇤)

✓
k

k⇤

◆
nS�1 

1 +
ASp
2⇡�2

e
� 1

2�2 ln
⇣

k
kPBH

⌘2�
, (3.1)

where PS(k⇤) is the amplitude of the CMB spectrum at the pivot scale k⇤. The spectral tilt
nS is given in Eq. (2.34). The AS and � are parameters determining the height and width of
the Gaussian peak, respectively. The PS(k) is enhanced by a factor of about 107 with respect
to its value at the CMB scale (k = k⇤) at the PBH scale (k = kPBH), which is mainly due to
the amplitude AS/

p
2⇡�2. In Fig. 1, we plot the scale dependence of the Eq. (3.1) in light

of the several observational constraints and limits adopted from Ref. [24]. As is seen in the
figure, the peak materializes on scales k = kPBH � k⇤. The power spectrum that peaks at
k ⇠ O(106)Mpc�1 and at k ⇠ O(1012)Mpc�1 not only forms the PBHs but also generate
the stochastic background of GWs in the frequency band targeted by the pulsar timing array
experiments and the space-based interferometers, respectively [24].
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AS=5×106
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Figure 1: The scale dependence of the primordial power spectrum PS(k) given in Eq. (3.1),
where PS(k⇤) = 2.1 ⇥ 10�9 at the pivot scale k⇤ = 0.05Mpc�1 (the red dot), nS = 0.9655,
and � = 0.2. The spectrum of PBHs formed at kPBH = 2 ⇥ 106 Mpc�1 (solid black). The
orange line shows the approximate amplitude, PS(k) ⇠ 10�2, required to form PBHs [56].
The dashed blue lines indicate the CMB constraints on the PS(k) [11], where the shaded
regions are excluded, and GW limits from SKA and LISA, adopted from Ref. [24].

When the curvature perturbations that left the Hubble horizon during inflation reenter
the horizon during RD era, over-dense regions are generated. The over-density would grow
as the universe expands and eventually exceeds a critical value when the comoving size of
the such a region becomes of the order of the horizon size. Consequently, all the fluctuations
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2πσ
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σ2 (ln

k
kPBH )

2

]} .

inside the Hubble volume would immediately collapse to form PBHs. The mass of the formed
PBHs is, therefore, assumed to be proportional to mass inside the Hubble volume, i.e., the
horizon mass, at that time [58]

MPBH = �Mhorizon = 2.43⇥ 1012
⇣

�

0.2

⌘⇣
g⇤

106.75

⌘� 1
6

✓
k

Mpc�1

◆�2

M� , (3.2)

where the PBH mass is in solar mass, M�, unit and � denotes the efficiency of gravitational
collapse. Although the value of � depends on the details of gravitational collapse, it has a
typical value of � = 0.2 [59], which we adopt in this study.

The standard treatment of PBH formation is based on the Press-Schechter model of
gravitational collapse [41]. The energy density fraction in PBHs of mass M , denoted by
�(MPBH) ⌘ ⇢PBH/⇢, at the formation is given by the probability that the fractional over
density � ⌘ �⇢/⇢ is above a certain threshold �c value. The conventional values range in
�c ⇠ 0.3� 0.5 [42–44]. The distribution function of the density perturbation is assumed to be
governed by the Gaussian statistics. Thus, one can write the production rate of PBHs with
mass M(k) as follows [58]

�(M) =

Z

�c

d�p
2⇡�2(M)

e
� �2

2�2(M) =

s
2�2(M)

⇡�2c
e
� �2c

2�2(M) , (3.3)

where the variance �
2(M) represents the coarse-grained density contrast with the smoothing

scale k and is defined as [57, 58]

�
2(M) =

Z
dq

q
W

2(qk�1)P�(q) =
16

81

Z
d ln qW 2(qk�1)

�
qk

�1
�4 PS(q) , (3.4)

where PS(k) and P�(k) denote the dimensionless power spectra of the primordial comoving
curvature perturbations and density perturbations, respectively. For the window function
W (x), we adopt the Gaussian function W (x) = e

�x
2
/2.

The current fraction of PBH abundance in total DM today can be determined by [58]

fPBH (M) ⌘ ⌦PBH

⌦DM

=

Z
dM

M
fPBH (MPBH) , (3.5)

where ⌦DM is the current density parameter of DM and

fPBH (MPBH) =
1

⌦DM

d⌦PBH

d lnMPBH
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where the effective number of relativistic degree of freedom is g⇤ = 106.75 deep inside the RD
phase and ⌦DMh

2 ' 0.12 from Planck results [11].
In solid and dashed black lines in Fig. 2, we have plotted the quantaty fPBH(M) for

two different values of kPBH. We have also included the presently available constraints on
fPBH(M) from different datasets over various mass ranges as summarized in Ref. [56]. The
enhancements in the scalar power spectrum on small scales lead to a peak in fPBH(M) over the
corresponding mass scale. For the fixed values of the peak amplitude AS and the wavenumber
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2 ' 0.12 from Planck results [11].
In solid and dashed black lines in Fig. 2, we have plotted the quantaty fPBH(M) for

two different values of kPBH. We have also included the presently available constraints on
fPBH(M) from different datasets over various mass ranges as summarized in Ref. [56]. The
enhancements in the scalar power spectrum on small scales lead to a peak in fPBH(M) over the
corresponding mass scale. For the fixed values of the peak amplitude AS and the wavenumber
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kPBH of the scalar power spectrum, we find in our model that the critical density contrast �c
must be constrained to be in the interval 0.225 . �c . 0.233 in order for the total abundance
of the PBHs to be the same order as the observed DM density today, fPBH ⇠ O(0.1� 1). In
other words, when AS and kPBH is fixed, the height of peaks gets smaller the bigger the �c

gets. In plotting Fig. 2, we used the same parameter values for the power spectrum in Fig. 1.
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Figure 2: The fraction of PBH abundance fPBH in total DM density as a function of PBH
mass plotted from Eq. (3.6), where {kPBH, �c} = {2.45 ⇥ 1012 Mpc�1

, 0.145} (solid) and
{kPBH, �c} = {4.3⇥106 Mpc�1

, 0.145} (dashed), respectively. The shaded regions are excluded
by the observational constraints on the fraction of DM in the form of PBHs coming from PBH
evaporation (blue), microlensing (orange), gravitational waves (green), PBH accretion (red),
and dynamical constraints (purple) and are adapted from Ref. [56].

4 Scalar-induced secondary GWs

In addition to the formation of PBHs on small scales in the radiation dominated era, the
sufficiently large density fluctuations generated during inflation can simultaneously produce
a substantial amount of GWs [18, 19]. To investigate the GWs background evolving during
the radiation era, one can assume negligible effects of inflaton field on cosmic evolution after
reheating [23]. Thus, the equations of motion for the GW amplitude hk(⌧) in Fourier space
can be written as [18, 19]

h
00
k + 2Hh

0
k + k

2
hk = 4Sk , (4.1)

where H = a
0
/a is the conformal Hubble parameter and the prime denotes the derivative

with respect to conformal time ⌧ . The scale factor as a function of ⌧ is given by a(⌧) =
a0(⌧/⌧0)2/(1+3!) with the equation-of-state parameter ! ⌘ p/⇢. The source term Sk(⌧),
which is a convolution of two first-order scalar perturbations at different wave numbers, is
given by [18, 19]

Sk =

Z
d
3
k̃

(2⇡)3/2
✏
ij(k)k̃ik̃j

"
2�k̃�k�k̃ +

4

3(1 + !)

 
�0
k̃

H + �k̃

! 
�0
k�k̃

H + �k�k̃

!#
, (4.2)
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kPBH = 2.45 × 1012Mpc−1kPBH = 4.3 × 106Mpc−1

δth ≳ 0.145

∼ 5 %

PBHs can be DM!



Besides PBHs, the sufficiently large density fluctuations generated during inflation can simultaneously produce a 
substantial amount of GWs when they reenter the horizon in the RD era 

The equation of motion for the GW:  

 

The source term , which is a convolution of two first-order scalar perturbations at different wave numbers, is given 
by 

 

where the scalar part of the metric perturbation  satisfies , which admits a solution   

  

The fractional energy density per logarithmic wavenumber interval is 

   

where          

h′ ′ k + 2ℋh′ k + k2hk = 4Sk ,
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where u = |k� k̃|/k, v = k̃/k, and PS(k) is evaluated upon the horizon exit during inflation.
After substituting Eq. (4.9) into Eq. (4.8), the fractional energy density of the GWs in the
radiation dominated era becomes [21, 23, 52]
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where the full expression of IRD is given by [21–23, 52]
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The observed energy densities of GWs today are related to their values after the horizon
reentry in the radiation era as [24]

⌦GW,0(k)h
2 = 0.38⌦RD,0h

2
⇣

g⇤
106.75

⌘� 1
3
⌦GW (k, ⌧c) , (4.12)

where ⌦RD,0h
2 ' 4.2⇥ 10�5 with h = H0/100 km s�1

/Mpc is the fractional energy density of
radiation today and ⌦GW (k) is the GW energy density at the time of horizon reentry of the
relevant mode. The current frequency f of the scalar induced GWs is related to the comoving
wave number k through

f = 1.546⇥ 10�15

✓
k

Mpc�1

◆
Hz . (4.13)

In solid and dashed black lines in Fig. 3, we plot the energy spectrum of the scalar-
induced GWs from Eq. (4.12) for three different PBH formation scales; kPBH = 1.55 ⇥
1012 Mpc�1 (solid) and 2 ⇥ 106 Mpc�1 (dashed), respectively. The colors other than black
illustrate the sensitivity curves of various GW experiments and missions targeted at different
frequency ranges. If the total abundance of the PBHs to be equal or to be the same order as
the observed DM density today, as seen in the solid black line in Fig. 2, the scalar-induced sec-
ondary GW signals for our model can be tested in the mid-frequency range by the space-borne
GW detectors including LISA [53], Taiji [54], TianQin [55], etc. The peaks of ⌦GW(f)h20 are
considerably wider compared to that of the scalar power spectra due to the nature of the
integrals that determine PT (k, ⌧) in Eq. (4.8) [22]. On the other hand, the pulsar timing
array experiments probe the PBHs, whose abundance in the observed DM density is about
fPBH ⇠ O(10�2), see the dashed black lines in both Fig. 2 and 3.

5 Inflaton potential from the curvature power spectrum

The CMB spectrum is characterized mainly by the first term in Eq. (3.1) hence the form
of inflaton potential on the CMB scale should be construct with the use of it [35]. On the
other hand, one can utilize the second term to understand a local feature of the potential, on
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the small scale features of the inflaton potential. In other words, starting from the power
spectrum with a local smooth peak, we will reconstruct the inflaton potential and provide
qualitative analyses on its small scale features.

The primordial curvature power spectrum with a local smooth peak is characterized by

PS(k) = PS(k⇤)
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nS�1 

1 +
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2⇡�2

e
� 1
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⌘2�
, (3.1)

where PS(k⇤) is the amplitude of the CMB spectrum at the pivot scale k⇤. The spectral tilt
nS is given in Eq. (2.34). The AS and � are parameters determining the height and width of
the Gaussian peak, respectively. The PS(k) is enhanced by a factor of about 107 with respect
to its value at the CMB scale (k = k⇤) at the PBH scale (k = kPBH), which is mainly due to
the amplitude AS/

p
2⇡�2. In Fig. 1, we plot the scale dependence of the Eq. (3.1) in light

of the several observational constraints and limits adopted from Ref. [24]. As is seen in the
figure, the peak materializes on scales k = kPBH � k⇤. The power spectrum that peaks at
k ⇠ O(106)Mpc�1 and at k ⇠ O(1012)Mpc�1 not only forms the PBHs but also generate
the stochastic background of GWs in the frequency band targeted by the pulsar timing array
experiments and the space-based interferometers, respectively [24].
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Figure 1: The scale dependence of the primordial power spectrum PS(k) given in Eq. (3.1),
where PS(k⇤) = 2.1 ⇥ 10�9 at the pivot scale k⇤ = 0.05Mpc�1 (the red dot), nS = 0.9655,
and � = 0.2. The spectrum of PBHs formed at kPBH = 2 ⇥ 106 Mpc�1 (solid black). The
orange line shows the approximate amplitude, PS(k) ⇠ 10�2, required to form PBHs [56].
The dashed blue lines indicate the CMB constraints on the PS(k) [11], where the shaded
regions are excluded, and GW limits from SKA and LISA, adopted from Ref. [24].

When the curvature perturbations that left the Hubble horizon during inflation reenter
the horizon during RD era, over-dense regions are generated. The over-density would grow
as the universe expands and eventually exceeds a critical value when the comoving size of
the such a region becomes of the order of the horizon size. Consequently, all the fluctuations
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Figure 3: The predicted energy spectrum of the scalar-induced secondary GWs from
Eq. (4.12). The numerical inputs are the same as Fig. 2 and the colored lines illustrate
the sensitivity curves of the current and future GW projects.

scales responsible for the PBH formation. Following Refs. [35], we reconstruct the V (�) from
nS(N). First, we need to construct V (N) using Eq. (2.18). From Eq. (2.18), we obtain
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where V,N > 0 is required. Consequently, Eqs. (2.34)–(2.35) become
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From Eq. (2.18), one can obtain a relation between � and N as

Z
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Z s
V
,Ñ

V (1 +A)
dÑ , (5.3)

where �e and �⇤ are the values of the scalar field at the end of inflation and the horizon exit of
the CMB mode, respectively. Thus, Eqs. (5.2)–(5.3) are the key equations for reconstructing
V (�) from nS(N). We adopt from Refs. [35] the form of nS(N) that is in good agreement
with the CMB measurement [11] for N⇤ ' 60 as

nS � 1 = � 2

N
, (5.4)

where N � 1. Applying Eq. (5.4) to Eq. (5.2), we obtain

� 2
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, (5.5)
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where u = |k� k̃|/k, v = k̃/k, and PS(k) is evaluated upon the horizon exit during inflation.
After substituting Eq. (4.9) into Eq. (4.8), the fractional energy density of the GWs in the
radiation dominated era becomes [21, 23, 52]
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In solid and dashed black lines in Fig. 3, we plot the energy spectrum of the scalar-
induced GWs from Eq. (4.12) for three different PBH formation scales; kPBH = 1.55 ⇥
1012 Mpc�1 (solid) and 2 ⇥ 106 Mpc�1 (dashed), respectively. The colors other than black
illustrate the sensitivity curves of various GW experiments and missions targeted at different
frequency ranges. If the total abundance of the PBHs to be equal or to be the same order as
the observed DM density today, as seen in the solid black line in Fig. 2, the scalar-induced sec-
ondary GW signals for our model can be tested in the mid-frequency range by the space-borne
GW detectors including LISA [53], Taiji [54], TianQin [55], etc. The peaks of ⌦GW(f)h20 are
considerably wider compared to that of the scalar power spectra due to the nature of the
integrals that determine PT (k, ⌧) in Eq. (4.8) [22]. On the other hand, the pulsar timing
array experiments probe the PBHs, whose abundance in the observed DM density is about
fPBH ⇠ O(10�2), see the dashed black lines in both Fig. 2 and 3.

5 Inflaton potential from the curvature power spectrum

The CMB spectrum is characterized mainly by the first term in Eq. (3.1) hence the form
of inflaton potential on the CMB scale should be construct with the use of it [35]. On the
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• Inflation: natural inflation is saved!? 
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• the potential and the self-coupling functions are constructed! 
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