Day 1 Recap

e Introduction: ML and QML

—ML: Universal approximation theorem

— QML.: parametrize the cost function with quantum algorithms
and use classical optimizers

» Single qubit
— Bloch sphere
— Separable vs entangled states
— Computational basis/Hadamard basis

— Quantum circuits are expressed by unitary transformations
and measurement

— Measurement: inner product / projection

— Single qubit gates: X, Y, Z, Hadamard, etc
* A system of two or more qubits

— Tensor products



Day 2 Plan

Two qubit gates

— CNOT, SWAP

No cloning

Superdense coding

Three qubit gates

— Controlled CNOT, Controlled SWAP

Teleportation

A simple QA with two qubits: Deutsch Algorithm
Deutsch-Jozsa algorithm

Bernstein-Vazirani Algorithm and Simon’s algorithm
Quantum Fourier Transformation



Two Qubit Gates: CNOT and CU gates

CNOT gate = Controlled Not =Controlled X
NOT operation is performed on 2nd qubit, when the 1st
qubit is in state |1). Otherwise 2nd qubit is unchanged.
( A (
00) = 100) 00)) (1 0 0 o)[!00) <’ O>=exp <i£(1—Zl)(I—Xz)>
10y — |11) 10| o 0o 0 1{]]10)
11) - |10) 1y ) A0 01011y, |ij) > ii®j) (mod 2)
Generally, controlled U-gate

00) — |00) i

01) —» |01) — U
10y — 1)@ U|0)=]1)® (Uyy|0) + Uy | 1)) |
1) - DU =|1)® (Ujg|0)+ Uy, | 1)) U: any arbltrgry
unitary matrix.
I 0 1 - Uy Uy U=X,Y, Zleads to
CU = <O U) = exp <15(1—21)H2> for U =e""2 = <U10 U11) CX, CY, CZ gates.

e = cos@+iA sinf for A2=1



Two Qubit Gates: SWAP and CPhase gates

« SWAP gate: |ab) — |ba) I 00) — |00)
, \ 01) - |10)
(1) 8 (1) 8 | 10) — |01)
swap=|0 0 0 =5[1®I+X®X+Y®Y+Z®Z] 1y — |11)
0 0 0 1
 CPhase gate = Controlled phase shift: I
shift phase by ¢ only if it acts on |1)
|laby — |ab)e? fora=b=1
|ab) otherwise
(1 00 0
010 0 1 0 ;
CPhase(@)=|o o | o [Z10OI®T+][1)1]® Py, P¢=<0 ei¢>=|0><0|+|1><1|e¢
0 0 0 e
(1 00 0
o1 0 o]_~r_
CPhase(n) = 001 ol= CZ = Controlled Z
0 0 0 =1




Two Qubit Gates: Bell state

« Example: how to obtain Bell state.

0) y |w>=CNOT<Hf91>[|o>®|o>]
4 = CNOT |—(|0) + | 1 0
10) == N Tl\/lz(l )+ | >)®_ )]
— CNOT [$< 100) +10))
|
= (|00 + |11
\/§<| )+ [11))
(1)
__1]o
V2 |0
\1)

H|x>=%(|0>+<—1>m>)

| | H[0)=[+)  H|+)=]0)
I 1Y\
H:$<1 _1>-$(|0><0|+|o><1|+|1><0|—|1><1|) HID=1-)  HI-)=|1)



No-cloning theorem

 Unknown quantum states can not be copied or cloned.

_Suppose U is a unitary transformation that clones U( |a) |0)) = |a)|a)

for all quantum state |a)
—Let |a) and |b) be two orthogonal quantum states.

1
o(1010) = larla) == U(1e)10)) = 7[U|a>|0>+U|b>IO>]
|
u(16)10)) = 15) 1) 7[|a>|a>+|b>|b>]

|c>=%(|a>+|b>)

= U|c>|0>=|c>|c>=%(|a>+|b>)%(|a>+|b>)

=%(|a)|a)+|a>|b>+|b>|“>+|b>|b>>



No-cloning theorem

No unitary operation that can clone all quantum states.

However it is possible to construct a quantum state from a known
quantum state.

It is possible to obtain n particles in an entangled state
a|00---0) + b|11---1) from unknown state a|0) + b|1).

It is not possible to create n particle state
<a|0) + b | 1)) R (alO) + b 1)) from an unknown state
al0)+b]|1).

Profound implication in quantum information and error correction.



Superdense Coding
a — /|>\A

Encoder % Decoder
b—— — b

\Clﬁ |612>/'
H10)=—(10)+ 1))
Entangled States
H1) = —(10)- 1)
NG

a

-

 How to create two entangled states 1 .
Hlx) =—=(10)+ (= D*|1))
V2

0),
CNOT |ab) = |aa ® b)

0 1)

| >2 \ | /

1
CNOT <H®1><|o>1 ® |o>2) - CNOT—<|0>1 + 1 1>1> ® |0),

V2

— CNOTL<|00> + | 10)) =i(|oo> + 11))

V2 2



Superdense Coding

* |nitial state of qubits A
and B is the entangled
Bell state.

1
o) =$[|00> £ ]11)

(1) a,b € {0,1} are classical bits.

ifa=1,|1) — —
0) — +
ifa=0,|0) — +

1) — +

a

b

A

1)
0)
0)

Ly

. a

L] |

* IHI—l%Iia

oA
(1) (2 3) (4) ()

Controlled phase gate = CZ (¢ = n)

1
|w1>=$[|00> + (=1 [11)



Superdense Coding

a .

[|oo>+ |11>]

b
[|oo>+(—1)a|11>] A —e é

W) =

lyy) =

S-Sl -

(2)  If b=0, the first qubit stays unchanged.

CNOT : |00) — |00)

If b=1, the first qubit changes bit. 01) — |01)

| 10) — |11)
|w2>=$[|b0>+(—1)“|151>] 1) — |10)



Superdense Coding

|l//o>=%[|00>+|11>] Z I Z
1
|l//1>=—[|00>+(—1)“|11)] A ® $
2
'y | - THA- -
) =—=| 160) + (=1)°[B1)
- B oA

Alice gives her qubit to Bob. CNOT | b0) = | bb)

(3) Bob performs CNOT.  |w3) = CNOT |yy) CNOT|b1) = | bb)

— CNOTL[|190> + (=) 151)]
NG

=%[|bb>+<—1>a|6b>]



Superdense Coding

1 d L 4 a
|w0>=$[|00> + 11| b $ b

1
|w1>=$[|00>+<—1> ] 4 —e |

1 ; o+ H [HA— «
|w2>=$[|b0> + (=151 |

1 i D ‘Z’i b
"”3>:$['bb>+(_”a'bb>] M @ ©B @ 6

(4) Bob applies Hadamard.

) = <H®I> ) = (H@I)%[lbb)+(—l)“|l§b)]

_ L1 [|0b>+(—1)b|1b>+(—1)a<|0b>+(—1)’5|1b>)]

V22

1 +b
= | (14 =19 100) + (=1 + (= 1)) | 18)| Hlv = —=(10)+ 19
V2




Superdense Coding

1 d L 4 a
|w0>=$[|00> + 11| b $ b

1
|w1>=$[|00>+<—1> ] 4 —e |

1 ; +— H HA—
|w2>=$[|b0> + (=151 |

1 i D ‘Z’i b
"”3>:$['bb>+(_”a'bb>] M @ ©B @) 6

(4) Bob applies Hadamard.

1y =5 [(1+ 0910+ (1P + 09) )] @ 1)

=1+ 0910+ - ) ] @ 16

(5) Bob performs measurements.



Superdense Coding

a b b a+b [A) B)
0 0 1 1 0) 0)
0 1 0 0 0) 1)
1 0 1 0=2 1) 0)
1 1 0 1 —| 1) 1)

v = 14)® 1B =3[ (1 +=19)10) + (1P + 1) 1] @18

ws) = (=D ab) = (=1)*|a) ® | b)

 Measurement of two qubits yield two classical bits a and b with 100% probability.

« By initially sharing some entanglement, one can send two bits of information by
sending a single qubit.
« Shared entanglement — powerful resource for quantum cryptography



Superdense Coding

Transformation 1
a b (Alice) New state ) =$(|OO> +111) )
0 0 I1® Iy —=(100)+111))
0 V2
0 1 X®I|l//0> %(|10)+|01>)
1
—( 100y = |11) » Bob measures two
0 Z& 1) \/§< ) qubits in the standard
1 basis to obtain two-bit
1 Y® Iy %( - [10) + |01>> binary encoding of the
number that Alice
wishes to send.
> CNOT (Bob)
Ali '
ner qubit t %WO”'1O>>=%('0>+“>>®'0> > 10)®]0)
HQI
Bob. 1 1
— (1 + 101 )=—=(11) + 10y )@ 1) 10)® 1)
7 V2
%(mm—|10>)=%<|0>-|1))®|0) 1) ® | 0)
1 _ 1 - 1) ®|1)
$< - 111) + |01>)—$( ~11) +10))® 1)



Three Qubit Gates

« Toffoli gate=Controlled CNOT=CCNOT=CCX=T
— If 1st qubitis | 1), perform CNOT on the second and third qubits.

000)

001)

010)

111)

110) — [111)

1110)

(1 00000 0 0
01000000
00100000 |
~_10.0.0.1.000 0f_ <10 _______
00001000 0 CNOT
00000T1O00QO
0000000O0 1
0 000001 0,

= exp|ic(l = Z)I = Z)(I = Xy



Three Qubit Gates

Fredkin gate=Controlled SWAP=CSWAP gate

— If 1st qubitis | 1), swap the second and third qubits.

000)

001)

010)

100)
110)

101)
111)

SO O =

oSO O O

oSO = O

o O O O

o - O O

o O O O

—_— o O O

o O O O

o O O O

SO O =

oS O O O

oS = O O

oS O O O

oS O = O

s

o O O O

................................................................

— O O O

.........................



Two Qubit Gates: Bell state

« Example: how to obtain Bell state.

0) . |w>=CN0T(Hf§>I)[|0>®IO>]
W = CNOT |—(10) + 1)) ® | 0)
10) T [\/15 - ]1
= CNOT [—(100) + [10)) | = —(100) + |11
[\/§<| ) +110)) ﬁ(' )+ [11))
1
=—(100) + |11
ﬁ“ )+ 11))

(1)
Lo
\/50

1




An example: GHZ state

|000) + [111)
ly) =

1% V2

Greenberger-Horne-Zeilinger (GHZ) state, 1989

lw) = (I, ® CNOTy) (CNOT,; ® L) (H® L, ® ;) |0) ® | 0) ® | 0)
1
= (I, ® CNOTy,) $<|oo> + 11)) ® |0)

1
= (I, ® CNOT ;) 7( |000) + | 110))

2
: 000) + | 111
=—(10)® CNOT|00) + | 1) ® CNOT | 10) ) = [000) + I 111)
\/E \/E
®N ®N
For N-qubit system:  |GHZ) = O+ 1D 00--0) + [11--1)

V2 V2
» IBMQ \.

Maximally entangled quantum state



https://quantum-computing.ibm.com/composer/files/new?initial=N4IgdghgtgpiBcIDMBaAjgVwEYEsAuKA4gBIBaIANCGhAM5QIgDyACgKIByAigIIDKAWQAEAJgB0ABgDcAHTA4wAYwA2GACYwhM6jGU4sARjELF22WDQAnGAHMhaANpIAuubkALew4mu5igB5ePhReBr5KgY5hIY4i4QD08UIAAooA9qpQYLRC3hQGFHGUIBq0ipY4AA54OGlgjCAAvkA

Operator

Matrix

Pauli-X (X)
Pauli-Y (Y)
Pauli-Z (Z)
Hadamard (H)
Phase (S, P)

7 /8 (T)

Controlled Not
(CNOT, CX)

Controlled Z (CZ)

SWAP

Toffoli
(CCNOT,
CCX, TOFF)

I
=
!

|
N
I

I
a
I

|
7
I

|
=
|

1

I
N
!

anlie

=t

COO0COCO0O -

COoO0COCO~OC

— 1
C OO -

- 1
coo - OO

OCOO0OO0OOC=OO

CoHC cor~o

O~ OO

COoO0CO=OCQOO

como o= OO0

COoOO=OOOO

COOOCOOO

~O0O0OO0C0OOO0

O=OO0OOCOCOOC




Teleportation

* Use two classical bits and one Bell pair to move a state from
qubit 1 to qubit 3.

Two classical bits

entangleN /entangled
qubit qubit

) /L H :. -
10) P—D 7°

CX |
0) — H [—» X Z 1%




Teleportation

« Use two classical bits and one Bell pair to move a state from
qubit 1 to qubit 3.

Qubit 1 |w) ® M ® CZ

Qubit2 |0) P—PD A

CX

Qubit3 |0) —E o X 7 %
(1)

2)  (3) (4) (5)
initial state = |yg) = |y); ® |0), ® | 0);

1
lv1) = H3|ly); ®10), ® |0); = |y); ® |0>2®$<|0>+|1>)

1
|y,) = CNOT; | w), ® |0), ®$( [0) + | 1>> conditioned on g3

=1 8—=(10810)+11)® 1)

V2




Teleportation

Qubit 1 |w) ® M ® CZ

Qubit2 |0) B—E A
CX
Qubit 3 |0) —‘ HI ® X Z | w)
1 @ @ @ (5)
1
|w2>=|w>1®$(|0>®|0>+|1>®|1>)
1
|l/f3>=CN0T1|w>1®$<l0>®lo>+ll>®ll>> for [y) = al0) +411)
1
= CNOT, (a|0>+ﬂ|1>)®$(|0>®|0>+|1>®|1>)
1
:CNOTIﬁ(al()()O)+a|011)+ﬂ|100)+ﬂ|111)>

=%(a|000)+a|011)+,B|110)+,B|101)>



Teleportation

e CZ

“HA

Qubit 1 |y) ®
Qubit2 |0) PS—P
Qubit3 |0) —‘ H I ®

1 @ O)

(4) (9)

) =i<a|ooo> +a|011) + B]110) + f| 101))

2

Initial state:

ly) = a|0) + 5] 1)

ly) = H, |ys) =%[a(|000) +1100)) + a(|011) + |111)) 4+ B(|010) — |110)) + B(|001) — | 101>)]

qubit1 qubit2 qubit3
0 0 al0) +/]1)
0 1 f10)+ all)
1 0 al0) —f|1)
1 1 —f10) +a|1)

correction step
I
X
Z
ZX

R/ KR K R

final state

0)+p
0)+p
0)+p
0)+p

y
y
y
1)




Quantum Algorithms and Data Embedding

Classical Algorithm Quantum Algorithm
Dataset D Dataset D
Input X Input X
@ @ Quantum System
Input encoding State preparation
Processing Unitary evolution
Read out Measurement

Output y Output y



Quantum Algorithms and Data Embedding

Basis
Encoding

Amplitude
Encoding

Time-evolution :

Encoding

Hamiltonian
Encoding

Classical data

-------------------------------------------------------
“““““
* .

X € {0,1}®"

X € R¥

(xl,X2, "',xn) S {091}

Requirement

-----------------------------------------------
“““““
o4 .

Quantum state

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
o ‘e

B L Lk T k- - B L L T L T

-
* o
""""
------------------------------------------------------

*
......
-----------------------------------------------

. o
., PR
------------------------------------------------------------



Quantum versions of classical algorithms

Any quantum computation is reversible prior to measurement. In contrast,
classical computations are NOT in general reversible.

— (ex) classical NOT operation is reversible while AND, OR NAND are not

— Every classical computation does have a classical reversible analog
(which takes slightly more computational resources)

— The construction of efficient classical reversible versions of arbitrary

Boolean circuits easily generalizes to construction of quantum circuits
(that implement general classical circuits)

* Any classical reversible computation with n-input and n-ouput simply
permutes N = 2" bit strings

Classical computation: m: Ly — Ly

N—-1 N-1
Quantum computation: U, : 2 a|x) — Z a.|x(x))
x=0 x=0



Quantum versions of classical algorithms

_—
1) =101)
2) =|10)
3) = |11)
* Any classical computation n-inputs and m-outputs defines
ooy — Zy N=2" M=2"
x — fx)
— can be extended to a reversible function 7, acting on n+m bits
7Z'f2 ZL —> ZL L:2n+m
x,y) — xydfx) @ = bitwise exclusive OR
x = n-bit string y = m-bit string L = n+m-bit string f(x) = m-bit string

* Fory=0, = actslikef: (x,00 — (x,
() (. f0) Up( 10 ®15)) =10 ® |y & fx)
7, Isreversible, there is a
corresponding unitary transformation X) — U, — [x)
y) — — |y & f(x))




Quantum versions of simple classical gates

Let b,, b, € {0,1} (binary variables)

NOT

XOR

AND

already reversible

b, b, b; XOR b,
0

—_ a2 O O

0
1 1
0 0
1 1

b, b, b, AND b,

—_ a2 O O
- O - O
- O O

X =10)(1]+[1)0]

| by) by)
|b1> 4é7 b, @ bo)

00) — |0 0@ 0)=|00)
01) — [0 1&®0)=]01)
10) — [11@0)=][11)
1y — [11@1)=]10)

Impossible to perform a reversible AND
operation with two bits.



Quantum versions of simple classical gates
« Toffoligate =T =CCX = CCNOT = Controlled-controlled NOT gate

000) —— | 000)

001)

010)

110) — |111)
111) | 110)

« Toffoli gate T can be used to construct a
complete set of Boolean connectives
(NOT, AND, XOR, NAND)

T

T
T
T

11x) =
xy0) =
lxy) =
xyl) =

11 ~ x)
XYXAY)
lxx®y)
Xy ~(xXAY))

SO O =

o O O O

-~

F
F
F

A = classical AND

x01) =

xyl)=
x0y) =

\

oSO O O

o - O O

N

~ = NOT

« Alternative: Fredkin gate
F=controlled SWAP

XX ~X)
x(yVx)yVv(~x))
x(YAX)YA(~ X))



A simple QA with two qubits  x

Consider a simple function, f(x): {0,1} —

For possible functions one-bit domain

— ldentity: fO)=0and f(1) =1
— Bit-flip function: fO=1andf(1)=0
— Constant function: fx)=0 or fx)=1

10,1}

Reconstruct a unitary transformation U, such that

(x,y) — (x,y @ f(x)), which corresponds to
Uy

Ui (10 ®17)) =10 ® |y @ f)

@ ismode 2 addition: 0 0=0=16p1and0p1=1=08 1.

x —> f(x) is not suitable because f(x) is not unitary in general.

U U
x,y) — (xy®dfx) — y®fx) ®fx) = (xy)

Ur( 10 ®15)) = 10 ® |y @ ()

one-bit range

X

X) —

y) —

y @ f(x))



A simple QA with two qubits

» Take advantage of "quantum parallelism” (a qubit can have
both |0) and |1))

x) — ) 0) — —10)
Uy Uy
y) — — |y ® f(x)) 0) — — |0 & £(0))

* Apply Hadamard gate to the first qubit and then apply U.

0) — H |— — L
” [ Iw H|0>—ﬁ(|0>+|1>)

) = U;(H10)®10)) =%Uf(|0>+|1>)®|0>=%Uf(|0>®|0>+|1>®|0>)

1 1
lw) =—=U;( |0)R /(0 + 1) [f(1)) )= ) —|x) ®[f(X)
\/5 f< > xzz(),l\/5



A simple QA with two qubits

|w) contains information on both f(0) and (1)
— Superposition of f(0) and (1)
— Need to perform measurement to access the info

— However, measurement returns only one value of x and f(x)

0y — 1 |- —
0) Uy _ll//>

1

— [x) ® | f(2))
x=0,1 \/5

1
) =$Uf(|0> ® If0) +11) @ (1)) =



BREAKTHROUGH COMMITTEE PRIZES LAUREATES RULES ——
PRI MANIFESTO

LAUREATES

Breakthrough Prize  Special Breakthrough Prize  New Horizons Prize  Physics Frontiers Prize

2023 2022 2021 2020 2019 2018 2017 201 2015 2014 2013

N
—
N

Charles H. Bennett

Gilles Brassard David Deutsch

Peter W. Shor




Deutsch Algorithm

« Deutsch algorithm exploits QA to obtain information about global
property of f(x).

« Afunction of a single qubit can be either constant f(0) = (1) or
balanced £(0) # (1)

10y — H |— — H = A

M
Uy

)—{ H |—

(1) (2) (3)
| o) HﬁH | w1) ﬁ) | ys) H;X))I | y3)
lvo) =10) ® 1) =01)

) Iy =H@HI0D) =—=(10)+11)) @ —=(10)~ 1))

V2 V2
=%(|oo>— |o1>+|1o>—|11>) =%(Z|x>)® (|0>—|1>)



Deutsch Algorithm

=10)®|1) = |01
|0) — H |— | H _m | ¥o) |1> 1) =101)
ur : ) ==( Y 1x)) @ (10) -1
11— H [— V) 2<Zx‘,| >> (I ) — | >)
Hm @ e U (10 @13)) = 1) @ |y f0)

(2) |W2>=Uf|W1>
For f(x) = 0: Uf[|x>®(|o>—|1>)] =Uf<|x>®|0>)—Uf<|x>®|1)>

= X ® |0+£()) — %) ® | 1 +f(x))
=108 (10)-11) = ™1 e (10)- 1))
Forfo=1: U 10® (10)-11))| =10 @ (1) -10)) = D@0 & (10) - 1))

|w2>=Uf|w1>—%[Z< 1>f<x>|x>]®$(|0>—|1>)



[0) —

Deutsch Algorithm

1) —

Uy

=10)®|1) =101
I vy B lwo) =10) ® [ 1) =01)

= (Zw) e (10 -11)

X

(2) (3) Uf<|x>® |y>> =x) & |y ®f(x)

3 lw)=(H&1)y) = (H®1) W[Z',( 1) | & %(|O>—|1>)

H%[ 2]

2

H | (=1DM010) + (=)W 1)

&\*— §\~

[0) +]1) 10) —11)
1)/ 1))
[( ) V2 FeD V2 ]

=~ [ (DO + D)0y + (DO = (=) 1|

l\.)lr—*



Deutsch Algorithm

« Deutsch algorithm exploits QA to obtain information about global
property of f(x).

« Afunction of a single qubit can be either constant f(0) = (1) or
balanced £(0) # (1)

10y — H |— — H = A

Uy - | y3)

1) —{ H |—

H®H Y
[wo) LS [yr) =7 [yp) HBT |ys)

1y =5 [ (DO + 1) 10)+ (1O = 1) 1)

* |f measurement gives |0), f(0) = f(1) — f(x) = constant.

 If measurement gives |1), f(0) # f(1) — f(x) = balanced.

« Can be generalized to function with multiple input values, Deutsch-
Josza algorithm



Basic operations with bit strings

x and y are two n-bit strings: X) = X1 Xymp oo X1 X))
-xiayi E {091}

y) = Yn-1Yn—2 Y1YO>

Hamming distance = d,(x, y) = the number of bits in which the
two strings differ. Xy = 10101 )

di(x,y) =17
)= 11100y Y

Hamming weight = d,(x) = dy,(x,0) = the number of 1-bit in x =
the Hamming distance between x and 0.

x -y = the number of common 1-bit in x and y = d,(x, y)

x @ y = the bitwise exclusive OR = bitwise addition under mod 2

x Ay = the bitwise AND

~x=x@ 111---1 = the bit string that flips 0 and 1



Useful Identities

X’yde(X,y)

1
x-y:5<1 —(—1)’@) mod 2
X y+x-z=x:-(y®z) mod 2

dy(x @ y) = dy(x) + dy(y) mod 2

2]
Z (=1)""=0 b/c successive 2i and 2i + 1 terms cancel
x=0

2"—1 -

2" fy=0
2'(_1)35')/:{ ! y
x=0

0 , otherwise



Walsh-Hadamard Transformation

W=HRQHR - H= H®" apply H to each qubit in an n-qubit system
1 & |7) = |F,_(Fy_p =+ 1T
W|O>=_Z|X> N=27’l > 1 ’ 1 O> l’l-,SiE{O,l}
N =0 [$) = [S—1 82 = $15)
» How does W acton |r)? W|r) = Z | s)

Wlr) = (H®H®---®H> |7, 7 - rlr())

[|0>+< e 1)@ @ [ 10) + =1y 1) ]

v V
= D DT ) = ) (=) s)

s,_1=0 $o=0
1 Nl -1 ’
= - X DT, ) @ B (1) 5) @ (— 1))
s=0
1 2=l 1
W(|r>):— (— l)S.r|7’> Wrs:WSI’: no\
o V2



Deutsch-Jozsa Algorithm

* Given a function r: z,, — Zz, that is known to be either constant
or balanced, and U;: |x) @ [y) — [x) ® |x @ f(x)), determine
whether the function f is constant or balanced.

* Phase change for a subset of basis vectors

Consider a superposition : |y) = Z a|i)
. i 1, ifxeXcC2z,
Boolean function : f: Z,, — Z, where f(x) = {O

otherwise
N-1
S;?: Z a.lx)y — Z axei¢|x) + 2 a.|x) where X = {x|f(x) = 0}
x=0 xeX xé&X
For¢ == Uf(ll//)®|—>) =Uf<z axei¢|x)®|—>)+Uf<z axlx)®|—))
xeX x&X

=~ (Zalwel))+(Talmel-)

/ xeX x&X
(=1 2. VY] -)



Deutsch-Jozsa Algorithm

| O>®n _ ) n = number of qubits
Uy N = 2" = dim of Hilbert space
1) — 1) | n
o) = W[0) =— ) |x)
N x=0
0)®" W [
0" —{ W . v ) = 2 (=1 yp)
/ X
1) | ‘ H | | 1> ——  Can reuse the ancilla qubit
NEI
ly)=—= ) (1Y)
VN 5
1 Ni 0 1 Ni 0 Ni 1 y
D) =Wly)=—= ) 1DYW|[i)=—= ) D" ) —(=1D"]j)
\/N i=1 \/N i=1 J=0 N

For constant f, (—1)/® = (=1)/© is a global phase.

1 N
H=CVOT Y (2 (=) 1) = =1/ 0)
\==,=  only nonzero when j =0

211 :
2", ify=0
1) = {
¢ );) =D 0, otherwise



Deutsch-Jozsa Algorithm
|§) = Wly) =ﬁ]§<—1>ﬂi)wm =ﬁ§(—1>ﬂ”]§%<—1w|j>
For balanced f, |¢) = Z (Z( 1) — Z( 1)”> |7 where X = {x|f(x) = 0}

ieX 17,4

For j =0, amplitude is zero.

D (=D =Y (1) =0 forj=0

ieX X

— | ) does not contain |0).

> « Measurement of state |¢) (in the standard basis) will return |0) with probability 1, if f
is constant, and will return a non-zero | ;) with probability 1, if fis balanced.

» Classical algorithm must evaluate f at least 2! + 1 times to solve the problem with
certainty, while quantum algorithm solves with a single evaluation of U, .

* There is an exponential separation between the query complexity of the QA and
query complexity of any classical algorithm.

« There are classical algorithms that solve the problem in fewer evaluations but only
with high probability of success (not 100% probability).



Deutsch-Jozsa Algorithm

&
0) ”— y —M—/Mﬁ— 1% |+>—%(|0>+|1>)
/
[ 1) —| H .I | 1) |—>—7(|0>—|1>)
H=i(1 1>=i Yo DY) HY =1
V2 bl \/zx,ye{o,l}
C o
W=H®"=|— (=D | y){x]
\\/5 x,ye%,l}
( \ (
_ _Z( 1Yo | yo) (x| | ® -+ ® —Z( 1)1y, ), |
\\/_ Xo:Yo ) \\/_ X0:Y0 |
1
:\/5” Z (_l)x-y|y><x| XYy =XYoo+ X1y + o+ X, 1YVt
x,y€{0,1}®"

H®"|0) =




Bernstein-Vazirani Algorithm

* A n-bit function £: {0,1}®" — {0,1}, which outputs a singlet bit, is guaranteed
to be of the form £,(x) = x - s, where s is an unknown n-bit string and

n—1
X8 =XxpSg+ -+ xS, | = insl- (mod 2). Find the unknown string s = (sys;-++s,_ ).
i=0
« Best classical algorithm uses O(n) calls to f,(x) = x - s mod 2. Each query gives
one bit of information of s (because f outputs one bit).

 How do we find s with less than n queries? — Use superposition (over all possible input bit strings)






| 17 19 21 23 25 27 24 31 |
133 35 37 39 41 43 45 47 |

|49 51 53 55 57 59 61 63 |




12 36 7100 14 15|
| 1819 22 23 26 27 30 31 |
|34 35 38 39 42 43 46 47 |

150 51 S4 55 58 59 62 63 |




4 s 6 7 121314 15|
|20 21 22 23 28 24 30 31 |
136 37 38 39 44 45 46 47 |

152 53 54 55 60 61 62 63 |

-----------------------------------------



18 a 10 11121314 15|
| 24 25 26 27 28 24 30 31 |
|40 41 42 43 Y4 45 46 47 |

|56 57 58 59 60 61 62 63 |




116 17 18 19 20 21 22 23|
| 24 25 26 27 28 24 30 31 |
| 48 44 50 SI 52 53 S4 S5 |

|56 57 58 59 60 61 62 63 |

-----------------------------------------



|32 33 34 35 36 37 38 34 |
|40 41 42 43 44 45 Y6 47 |
|48 44 50 S| 52 53 S4 S5 |

156 57 58 59 60 61 62 63 |




| 35 7 4 11 1BIS[|2 3 6 7 10 I 4 IS[{4% S 6 7 1213 4 1IS|
| 17 19 21 23 25 27 24 31| | 18 19 22 23 26 27 30 31| {20 21 22 23 28 24 30 31|
133 35 37 39 41 43 45 47| |34 35 38 39 42 43 46 47 || {36 37 38 39 44 4S5 46 47 |

|49 51 53 55 57 59 61 63| |50 SI 54 S5 58 59 62 63 || |52 53 S4 S5 60 61 62 63 |

|8 a 10 1 1213 4 15[ {16 17 18 19 20 21 22 23| |32 33 34 35 36 37 38 39 |
| 24 25 26 27 28 24 30 31| |24 25 26 27 28 24 30 31 | {40 Y1 42 43 Y4 4S5 46 47 |

(40 41 42 43 44 45 46 475 {48 49 S0 SI 52 53 S4 S5 | |48 49 S0 SI 52 53 S4 55}

|56 57 58 59 60 61 62 63| |56 57 58 59 60 61 62 63 | |56 57 58 59 60 61 62 63 |

___________________________________________________________________________________________________________________________



Bernstein-Vazirani Algorithm

* A n-bit function £: {0,1}®" — {0,1}, which outputs a singlet bit, is guaranteed
to be of the form £,(x) = x - s, where s is an unknown n-bit string and

n—1
X8 =XpSg+ o+ X,_15,_1 = insl- (mod 2). Find the unknown string s = (sys;-++s,_ ).
i=0

« Best classical algorithm uses O(n) calls to f,(x) = x - s mod 2. Each query gives
one bit of information of s (because f outputs one bit).

Uf<|x> ® |y>) — 0 ® |y ® () U= D 1x)x| ® |y ®f)y|

X oy
£(x) =x-s mod 2 U= Y Y [0 ®yds-x)yl

x€{0,1}%" ye{0,1}®"

« How do we find s with less than n queries? — Use superposition (over all possible input bit strings)

2, DWx) =

1 1
- - (=D | x)
R . POy M s T

U(1m®1-)) =X 0 el -) 1) )

lw,) =




Bernstein-Vazirani Algorithm

* |y, states are orthogonal! (w.|ly,) =0
1 1
welyy=—- 2, (D™l X0 (D™ y) =—0 3 (=" (x]y)
x€{0,1}%" ye{0,1}®" X,y
1 1 X 8§ = XpSo + ot Xn—15n-1
— Z (_ l)x-s+x-t _ Z (_ l)x-(SGBt)
2" (01" 2" (01" X-s+x-t=x-(s®1) (mod 2)
Z (_ l)x-k — Z (_ 1)x0k0+...+xn_1kn_1 — Z (_ l)xoko Z (_ l)xlkl... Z (_ l)xn_lkn_l
x€{0,1}®" x€{0,1}8" x,€{0,1} x,€{0,1} x,_,€{0,1}
< 2", ify=0
=20 20, 0*+r X 20 = 2" 1V = ’ Y
kg0 X 20k07 X 20,10 k0 Z =D { 0 otherwise

x=0
<l/jS | l//t> — 5s@t,0 — 5st
« Orthogonal set of vectors from a basis and we can “measure in this basis”.

« Equivalent to performing unitary transformation and measuring in the computational
basis, from which we should be able to extract the string s.

w=mt=— Y ChPei= Y Il

2 xyefo1}er ye(0,1}®"



Bernstein-Vazirani Algorithm

Apply H®" to |y,): H®" |y, = Z | V)w, ;) = |s)  in 100% probability

1) 1)

Simpler explanation:
Berstein-Vazirani algorithm
behaves as if it were a
circuit consisting only of
CNOT operations from
ancilla to the qubits
corresponding to 1-bit of s.

0)®"—{ w ]
1)

U

\)

AW HZ 19

)

Circuit for Berstein-Vazirani algorithm

-

_.—




0

1

1

0

1

ancilla

Bernstein-Vazirani Algorithm

« Berstein-Vazirani algorithm behaves as if it were a circuit consisting

only of CNOT operations from ancilla to the qubits corresponding to 1-
bit of s.

s = 01101

4

N

4

A\

.

\J

J

\J

J

L/

« For s=01101, the black box for U;

behaves as if it contained this circuit,
consisting of CNOT gates for each 1-

bit of s.

0) 0)
10) —P 1)
0) P 1)
0) 10)
0) D 1)
|11) —eo—e o—— |1)

« BV algorithm behaves as if it were
Implemented by this simple circuit,
consisting of a CNOT for each 1-bit of
S.



Simon’s Algorithm

« Given a 2-to-1 function f such that f(x) =f(x®a) for all x € 72,
find the hidden string « € Z%. (Simon’s algorithm shows structural
similarities to Shor’s algorithm)

Ut 10 @ 1y) — 12) @ |y ®f() %) = |3, )
1
Ui [W102" ® |0) =Ufﬁg|x>®|f<x>> Ge{01}) N=2

« Suppose we perform a measurement on 2nd qubit and f(x,) is the
measured value. Then the 1st qubit becomes %(m) + |f(x0)>).
2

0P —{ v | CH7H

[0), A




Simon’s Algorithm
* Apply Walsh-Hadamard:

1 1 1
W |— D — —1Y0Y 4 (=1)*Da)y
[ﬁ<|xo>+|xo @) ﬁ[ﬁ”zy:{( o+ (1)@ L)
_ 1
w(ir) =2i§,< 171 = \/zmZy',(—1>x0'y(1+(—1)“'Y)|y>
— = I — )" — 1 X0’
W= W= "5 y.azZMH) 1)

 Measurement on the 1st qubit results in a random y such that y - ¢ = 0 mod 2.
« Unknown g; must satisfy y,a, + y,a; + ---y,_1a,_; = 0 mod 2.

0P |- L HA-

[0), HA




Simon’s Algorithm

Repeat the same procedure until n linearly independent equations
have been found. Each time computation is repeated, at least 50% of
the time, the resulting equation can be independent.

Repeating 2n times, there is a 50% chance that n-linearly independent
equations can be found.

The equation can be solved to find the string a in 6(n?) steps.

With high likelihood, the hidden string « will be found with 6(n) calls to U,
, followed by 0(n?) steps to solve the resulting set of equations.

Classical algorithm needs 6(2"?) calls to f .



Simon’s Algorithm: probability of finding
n-linearly independent equations

Consider we have a string, x = (x;x,x5:--x,).
1st measurement: P, = 1

After 1st measurement, what is the probability that next measurement will be linearly
independent? P,=1-1/2"

Probability that next measurement will be linearly independent: P, =1 —2/2"
Probability that next string x,,. , is linearly independent: p, =1-2"/2"

Probability of n — 1 being linearly independent:

1 2 1 n (1-55) 1 1
P=<1——><1——)---<1— >>1— ——1- > — 4 —
on on n—2 - Dk 1_%

(l1-al-b)=1—-a—-b+ab>1—-a—-b forO<a,b<1



Discrete Fourier Transformation

Simon’s algorithm — Shor’s algorithm (factoring numbers) makes use of QFT.

Discrete Fourier Transformation (DFT): signal processing, quantum theory
(position & momentum).

Assume a vector f of N complex numbers: f,,k=0,1,---,N—1
DFT is a mapping from N complex # to N complex #.

_ 21l
DFT : f; —>f°_—zwjkfk wzexp(—)
VN S N
1 Nod
Inverse DFT : f, — f = — Z w/k f, nonzero only
VN = / when ;=7
~ =
Z ik 7 RN RN Ck 1 NilN_l (j—&)k NEI
— YW= —= Yo (= Y ) = 2 X W = Y 6=,
VN & VN % VN 5 NS ¢
. il—exp(%(j—f)N) ~ -
1 N=l izwu—f)k_< N - 0 ifj#7¢
S Z W(]_f)k —) N k=0 —exp<7>
N 44 1 ifj=¢




Discrete Fourier Transformation

« Convolution (circular convolution, periodic convolution, cyclic convolution)

N-1
(f*g)= Z fig&_j»  where g_, = gy_, (periodic condition)
j=0
 DFT turns convolution into point wise vector multiplication.

DFT of f *g = & = f, &

1 N

1 ) 1 N—-1 . N—1
Ekzﬁ > w (f*g)j=ﬁ 2w <Zfi8j—i) Ok

k=0 k=0 i=0 5m k‘\
1 N-1 N-1 1 /\

. 1 o 1 o ~ L, .
— W—]k (_ Wlff )(_ W(J_l)m§m> — f gmw—]kwlf WMy —im — g
2 (R 2N 2 N -

N k=0 i=0

~ 1 .
DFT: fi, — fi=— w S
1 N—1 i \/N k=0
- T
N =0 N Inverse DFT : fi — fi=— wik .

VN {

0



Fast Fourier Transformation



Quantum Fourier Transformation

For classical discrete Fourier transformation

1 & 27
- Zwﬂ‘xj w=eXp< ;) N=2"
2 =
1 2"—1
. . . . . k .
QFT is defined similarly F:lj) — \/_n 2 wlx. = Flj)
2 k=
1 2"—1
For arbitrary quantum states, F: x)= 77 Y xli) — 1y = | )
2 S
1 2"—1 1 2"—1 1 2"—1 .
Flxy=—% Y 5Fj) = —; - ), w/k)
2 j=0 \/5 j=0 \/5 k=0
For a single quantum state, F|j) = w/k | k) F|j) = Kk
j=0 ]—O
(IFFLj) = LYY e - o Zw“‘“" O
k=0 k'=0

. Z wl—% = 5., F'F =1 and QFT is a unitary transformation.



For

Quantum Fourier Transformation

P — 7 2n—1 4+ 2n—2_|_ e -n20 — n-izn—i n_q
j = j> J ; j 1 S0t 2
= . n J
k=hk2"' + k22 4 4 £,20= ) k2" =0
=1

270j ~
Xp< Zkfzn f) 1K)

- exp(Zm’jz k270 ) | k)
V2 i =1
|2l
_ eXp(ijkIZ ) exp<2m'jk22 ) exp<2m]k 2 ) 1K)
V2 =0
| d 1
- Z 2 exp(Zm’jqu_l) exp(2m’jk22_2> --~exp(27zijkn2_”> |k ky -+ k)
\/5 k=0 k=0 \ J

=10) + exp<27zij2_”) | 1)



Quantum Fourier Transformation

2ri 27l 2rij
FLiy=—= (100 +exp( - D) 11) (10 +exp( ) 1))+ (109 +exp( 22 ) 1))
1 21ij
= n®<|0>+exp( 21 >>
V2 o Ji=0,1
« Binary fraction = expression in power of 1/2 1 <k<n
. _ .. . ]f ]f+1 Jm . n_
In decimal form:  0.j, j ., ---]m—5+7+ +2m—f+1 0<;j<2"-1
j I1s not necessarily an integer: é = 1o " Gkt Tkl e = Z j,2nvk
fn=8andk =3, J =127 +j,2° +j32° 4+ 2% + js2° + j2% + j21 + ji2°

2
23 =128+ 020 7327 4 a2t + 520 627 4 270 + g2

4 ——

J1J2J3J4Js - JeJJs binary fraction: 0. jg j; jg



Quantum Fourier Transformation

JER2T AR T A e a2 2 2 20 = ijzn—”

JoooR2 T 2 T e 4, 2 4 02 g 2 20 ]vzn v —
2k ok - Z - Z e
=j1j2"°jn—k°jn—k+1"°jn

v=1

exp<2ni§) — exp(ZﬂiO.jn_k_l jn)

(100 +ep(55) 1) (100 +ep( ) 10)-(10) +exn(FF) 1)

= \/17 §<|O)+exp<2m >| >> \/15 & <|O)+exp<2ﬂi0.jn_k_1 ]n) |1)>

- — <|O)+exp<2ﬂi0.jn)|1)> <|O)+exp<2ﬂi0.jn_1jn_2>|1)>
--(|0> +exp(2710. i3, ) |1>)

Flj) =




Quantum Circuit for QFT

: 1
|j,) transformsinto — |0>+6Xp<2ﬂ'i0.jf---jn>|1>]

2
- L [ |0) X0 w1 ] Controlled by the
| \/5 = N-m\— value of j th c)qlubit.
exp<2m’]§> = exp(m’jf> = (=1) 4/ (l:SG R, = ((1) ez’(’)i/zk> . {jk =0, R =1
k=1, R

1st qubit: | |0) + exp(Zm’O .jf---jn> | 1)

Start with  [7) = |j2) [jajz ")) 1>\/§<|O>+(_l)hll>>|J2]3"°.]n>

| s o
= —(10)+ €210 1)) s+~

V2
R, on q; with g, control

v (10) + 200 2R 1) ) | s,
2

1 o S
=$(|O>+627[10J1]2|1>)|J2J3...]n>



Quantum Circuit for QFT

R, on g, with control 1 o
O W 95 o 7(|O>+e2”10-fﬂzfs|1>)|jzj3---jn>
2
continue down 1 . .
> ( |0) + e Ol n| 1>> | J2J37 )

to q, ﬁ

The entire procedure is repeated for all other qubits, j,,j;, - j,

{n[|0>+e2m(’-h"'fn|1>][|0>+e2m“-fz'"fn|1>] o | 10) + €20 1)
2
_ , 1 A 27ij
Use SWAP gate or relabel to obtain: Flj) = ® 10) + exp(2—> | 1)

V2

7| 10) + €20 1) || 10) + €210 1) | oo | [0) + €200 1) |

V2



|J1)
[J2)

|J3)

A,

Quantum Circuit for QFT

10) + 200 1) |

V2

[10) + 200 1) |

2

How many gates are required?

q;:- H+ (n-1) controlled R gates

¢,: H+ (n-2) controlled R gates

.qn: H+0 contrélled R gates

—10) + (=1 1)
o[} I
:_[|O>+62ﬂ'10.]1|1>]

V2
— n

—> n-1 nin+1) Also need O(n/2) SWAP gates

1- 2 Overall scaling of QFT is 6(n?)
é

« Classical Fourier Transform scales as G(N?) = O((2")?)
« FFT: O(NIn(N)) for N =2"



Quantum Phase Estimation and
Finding Eigenvalues

Good example of phase kickback and use of QF T
Unitary operator U: Ulu) =e?|u)y, 0<¢<2n

-How to find eigenvalue? = How to measure the phase?
-How to find ¢ to a given level of precision?

Find the best n-bit estimate of the phase ¢

U |uy = ()" |u) = e | u)



Quantum Circuit for QPE

0) |—| —

n control
registers

QFT’

Ea]

ag‘ gg‘

m eigenstate -
registers { i) i U20—|?]_2_1| """" v U2_|5

QPE = H + controlled — U 2 4 QFT"




Quantum Circuit for QPE

n control
registers

m eigenstate
registers
—~—

(1)

lwo) = 10)%" @ |u)

QFT'

*

(A

M

(A

M

7
7

(2)

QPE = H + controlled — U 2 4 QFT

v = (110)” @1 =—(10+11)" @l

n—1 - 1
[yr) = CU”
e

n

V2

(10+11))

QRn

® |u)

(3)



n control
registers

m eigenstate
registers

Quantum Circuit for QPE

0) | H[H *—- A
0y < HH ® 7
| QFT' |
00 - H|] ® AL
O —{H i He S
I/t> §U20—@ ....... U U2:|§
n—1 j 1 n
[Tev—(10+11) " ®w
0 V2
2J
—(1o+1n) el 9,

2

2

%<|O)®|u)+U2j|1)®|u))

—(10y+e*?11)) @ L)



Quantum Circuit for QPE

1 e e . .
) = \/_n<|o> +e®7 1)) (10) + 27 1) ) (10) +e2 1)) (10) +¢11)) @ )
2
= _ ,
_ Z e |y) ® |u) Phase kick-back: phase factor ¢/#” has been
" propagated back from the second eigenstate
\/5 y:O\—V—i\____,//’///'
register to the first control register
e o g
QFT |a) = 7 e ™" | k) , 4 _ i > P = 27Z<— + 5)
V2 o 2" 2"
2 a4 =dy_ 14,24y
= IS the best n-bit binary approximation of ¢ .
21 |
QFT—l |y> — e—2mxy)/2” |x>

1
\/zn xX= O
—1 2"—
[ys) = QFT ! y) = Z Z 2rila=V2" 27i0Y | ) @ | u)

\» x=0 y=0
Operate only n control register.



Quantum Circuit for QPE

2"—1 2"-1

1 . . .
1) = QFT gy == 37 3 2o g2 |y 1)

\> x=0 y=0
Operate only n control register.

1 2"—1

Mifs=0, - eXp<
y=0

2ri(a — x)y 27a

2n

>=5ax — |l//3>:|a>®|l/t> _)§b=

2n

(2)If5£0 Measuring 1st register and getting the state |x) = |a) is the best n-bit
’ - : e , 4
estimate of ¢. The corresponding probability is P, = | C,|* > — % 0.405
T




Quantum Circuit for QPE

2'—1
) =— D, €™ |x) @ |u) o
\/5 x=0 1 IS 2rix(p—y/2")
- lvs) = QFT ! yp) = — 3 ) 0220 y) @ |u)
QFT—I |X> — 1 Z e—27rixy/2” |y> x=0 y=0
2 =0
" 2 12
" - — N 2mix(p—yl2") I 1= _ : Y
Probability of observing |y) = P(y) = | — e y = , T =exp [27:1(¢ — —)]
2n 4~ 22n | 1 —r 2n
Y
=2 ) =10 @lu)  PP=22=100%
2) If ¢ # % closest n — bit approximation to ¢ = O.vjvy--v, ==v p—v=0, 0|6 < 2n1+1

Length of minor arc =
0 = 2n62"

r = exp [27zi(¢ - %)] = exp(27id)

’ Length of a cord from 1 to r*'=

Po) = | L2 1 -]
= - —r
Y 22n | 1 —p |
2= [exp(Zﬂié)] — exp(2mis2") = ¢ 1
length of minor arc 262" half circumference R T o
= < < =— — |1 —=r|>462"

length of cord |1 —r2"| — diameter “ 2R 2



Quantum Circuit for QPE

[
»

ezm'a Length of minor arc = 0 = 2762"

Length of a cord from 1tor=|1—r|

2

|1 —r| < 270

length of minor arc 276 o1
» 1 ” length of cord |1 —r] ’
n |2 2
P(y) = 1 | 1=r? S L (%2 405
; Yoo = | T\ 2w ) T |

« We will get the correct answer with probability greater than a constant.

. Probability of getting incorrect outcome can be calculated using |5| >

on+l1
) length of minor arc 27d
3 11—-7r"| <2 =
length of cord |1 —r]
~N\d . ,
4 P(y) = 1 |1-77 < 1 2 B 1
Yo = | T2 \35) T 2225y
-1

N-bit estimate of phase ¢ is obtained with a high probability.

Need to repeat the calculation multiple times.

Increasing n will increase the probability of success (not obvious but true).
Increasing n (# of qubits) will improve the precision of the phase estimate.

|1 —r| > 476

C
If 6 = —,
2n

1
P(c) < —
()_402



