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Muon g − 2µ anomaly
Muon g − 2 collaboration

J. Mott, Fermilab
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W boson mass

MCDFII
w = 80.4335 GeV ± 8.4 MeV

CDF collaboration

−→ 7σ discrepancy with SM estimate MSM
w = 80.357 GeV ± 6 MeV



Introduction: g − 2µ and mw The model RG analysis

Content of the model
New ingredients H.M. Lee, K. Yamashita

• U(1)′ gauge group
• Enlarged scalar sector
• Vector-like lepton

L =− 1
4W a

µνW a µν − 1
4BµνBµν − 1

4F ′µνF ′µν − sin ξ
2 F ′µνBµν

+ |Dµφ|2 + |DµH ′|2 + |DµH|2 − V (φ,H ′,H) + Lfermions

with

Lfermions =
∑

i=SM,E
iψ̄iγ

µDµψi − yd q̄LdRH − yuq̄LuRH̃ − yl l̄LeRH

−ME ĒE − λEφĒLeR − yE l̄LERH ′ + h.c.
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Potential

V (φ,H,H ′) = µ2
1H†H + µ2

2H ′†H ′ − (µ3φH†H ′ + h.c.)
+λ1(H†H)2 + λ2(H ′†H ′)2 + λ3(H†H)(H ′†H ′)
+µ2

φφ
∗φ+ λφ(φ∗φ)2 + λHφH†Hφ∗φ+ λH′φH ′†H ′φ∗φ

+λ4(H†H′)(H′†H): no changes for analysis

Rich vacuum structure: “normal”, CP-breaking, charge breaking minima
In 2HDM:
• At tree-level, minima of a different nature cannot simultaneously

coexist
• stability of a 2HDM vacuum against tunneling to another vacuum of

a different nature P.M. Ferreira, R. Santos, A. Barroso / I.P. Ivanov

”Panic vacuum”: τ determines exclusion V. Branchina, F. Contino, P.M. Ferreira



Introduction: g − 2µ and mw The model RG analysis

Stability conditions
Stability: Copositive definite quartic coupling matrix Mλ

Mλ =


λ1

λ3
2

λHφ
2

λ3
2 λ2

λH′φ
2

λHφ
2

λH′φ
2 λφ


{
λ1 ≥ 0, λ2 ≥ 0, λφ ≥ 0
λ3 + 2

√
λ1λ2 ≥ 0, λHφ + 2

√
λ1λφ ≥ 0, λH′φ + 2

√
λ2λφ ≥ 0

and √
λ1λ2λφ + λ3

2
√
λφ + λHφ

2
√
λ2 + λH′φ

2
√
λ1

+ 1
2

√
(λ3 + 2

√
λ1λ2)(λHφ + 2

√
λ1λφ)(λH′φ + 2

√
λ2λφ) ≥ 0.

We will restrict in the analysis to background configurations with only a
CP-even, neutral background
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Before going to the RG analysis, let’s see how the model addresses
g − 2µ and mw
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Lepton seesaw
In a CP-even, neutral vacuum (v1 = v cos β, v2 = v sinβ, vφ)

Lm = −ME ĒE −m0ēe −
(
mR ĒLeR + mLēLER + h. c.

)
m0 = 1√

2 ylv1, mR = 1√
2λE vφ, mL = 1√

2 yE v2

Squared mass matrix

M†LML =
(

m2
0 + m2

R m0mL + mRME
m0mL + mRME m2

L + M2
E

)
Assuming ME � m0,mR ,mL, eigenvalues reduce to:

m1 ∼ ME , m2 ∼ m0 −
mRmL

ME

Bi-unitary diagonalization
• sin(2θR) ∼ 2mR

ME
sin(2θL) ∼ 2mL

ME
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g − 2µ
Dominant new physics contribution

Depends, among others, on ME/mZ ′ . Easily readable limits:

∆aµ '


g2

Z′ME mµ
16π2m2

Z′
(c2

V − c2
A), ME � mZ ′(� mµ),

g2
Z′ME mµ
4π2m2

Z′
(c2

V − c2
A), mµ � ME � mZ ′ .

cV = 1
2 (sin 2θR + sin 2θL) > cA = 1

2 (sin 2θR − sin 2θL)
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g − 2µ
In the ME � m0,mR ,mL limit

c2
V − c2

A ∼ 4 mµ

ME

Whatever the ME −mZ ′ hierarchy, ∆aµ is (∼) ME independent!
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W boson
New physics contribution

∆MW '
1
2MW

s2
W

c2
W − s2

W

(
1− cos θL − (∆r)new

)
,

related to corrections to ρ parameter

(∆r)new = −c2
W

s2
W

(∆ρL
Loop

+ ∆ρH
Tree

).
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W boson

For ME & MZ

∆ρL '
αM2

E
16πs2

W c2
W M2

Z
sin4 θL

From Z − Z ′ mass mixing

∆ρH '


16s2

W g2
Z′

g2
Y

M2
Z

m2
Z′

sin4 β, mZ ′ � MZ ,

− 16s2
W g2

Z′
g2

Y
sin4 β, mZ ′ � MZ .

=⇒ To have a positive correction: mZ ′ � MZ
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Results for W boson
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UV-fate of the model



Introduction: g − 2µ and mw The model RG analysis

Set-up: Wilsonian RG

CP-even neutral background configuration

Perturbative setting ... a few manipulations

Using a hard cutoff Λ
• Operating with Λ d

dΛ we connect to Wilsonian RGEs in UV regime
k2 � m2

k of the flow

Ex: 4D scalar theory in LPA Sk [φ] =
∫

d4x 1
2 (∂φ)2 + Uk(φ)

• Wegner-Houghton equation F.J. Wegner, A. Houghton

k ∂

∂k Uk(φ) = − k4

16π2 log
(

k2 + U ′′k (φ)
k2 + U ′′k (0)

)
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φ4

φ4 truncation: Uk(φ) = 1
2 m2

kφ
2 + λk

4! φ
4k ∂

∂k
m2

k = − k4

16π2
λk

k2+m2
k

k ∂
∂k
λk = 3k4

16π2
λ2

k
(k2+m2

k )2

UV-regime k2 � m2
k{

k ∂
∂k

m2
k = − λk

16π2 k2 + λk
16π2 m2

k

k ∂
∂k
λk = 3λ2

k
16π2

Other regimes:
• IR stable regime m2

k > 0, m2
k � k2 → Running ∼ frozen

• IR unstable regime m2
k < 0, when m2

k + k2 → 0+ instability, system
enters a spinodal region J. Alexandre, V. Branchina, J. Polonyi
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Quadratic running and physical tuning
Callan-Symanzik → renormalized running
• Obtained forcing system close to critical surface of Gaussian FP

Full running: approximate solution (freezing λ = λΛ ) C.B., V. Branchina, F. Contino

Excellent approximation (see numerical): λk runs very slowly

m2
µ =

(µ
Λ

) λ

16π2
(

m2
Λ

+ λΛ2

32π2 − λ

)
︸ ︷︷ ︸

“Physical” Fine-tuning

− λµ2

32π2 − λ︸ ︷︷ ︸
Quadratic running

1. Quadratic until
(

m2
Λ

+ λΛ2

32π2−λ

)
∼ λk2

32π2−λ → (∼) frozen
2. Fine-tuning in the Wilsonian framework:

determines when & at which value the running freezes
To get m2

µF
∼ 125 GeV ←→ m2

Λ
+ λΛ2

32π2−λ ∼ O(100) GeV
3. Shows progressive dynamical dressing of the mass from quantum

fluctuations: it connects m2
µF

and m2
Λ
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Subtraction: explicit example

m2
µ =

(µ
Λ

) λ

16π2
(

m2
Λ

+ λΛ2

32π2 − λ

)
− λµ2

32π2 − λ

Define m̃2
µ = m2

µ + λµ2

32π2−λ ⇒ m̃2
µ =

(
µ
Λ
) λ

16π2 m̃2
Λ

γ ≡ λ/16π2 1l mass anomalous dimension

µ
d

dµ m̃2
µ = γm̃2

µ

• Renormalized mass m2
r = deviation from criticality!

• m2
r multiplicative renormalization ↔ universality of d.f.c.
↔ d.f.c. protected: runs slowly, ∼ the same at all scales

Quasi FP-behaviour m2
k

k2 = − λ
32π2−λ

NH problem: How is critical region reached?
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Standard Model and Higgs mass

µ
d

dµm2
H = α(µ)

16π2µ
2 + γ(µ)m2

H

16π2α(µ) = 12yt − 12λ − 3
2 g2

1 −
9
2 g2

2 , 16π2γ(µ) = 6yt + 12λ − 3
2 g2

1 −
9
2 g2

2

Excellent analytic approximate solution

m2
µ =

(µ
Λ

)γ (
m2

H(µ)− αΛ2

2− γ

)
︸ ︷︷ ︸

“Physical” Fine-tuning

+ αµ2

2− γ︸ ︷︷ ︸
Quadratic running

Critical mass: m2
H, cr(µ) = αµ2

2−γ , Subtracted mass: m̃2
H(µ) = m2

H(µ)− αµ2

2−γ

µ
d

dµ
m̃2

H(µ) = γm̃2
H(µ)
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Numerical solution and analytical approximation
additive → multiplicative renormalization
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104
107
1010
1013
1016

100 1000 104 105 106
100

1000

104
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100 1000 104 105 106
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1000
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105
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Back to the model
Two things we are going to use
• When running, check the whole “physical tuning”: verify

model-independence
• Threshold corrections: implement freezing for m2

k & k2

Further example: T.E. Clark, B. Haeri, S.T. Love / M. Maggiore

Sk =
∫

d4x 1
2 (∂φ)2 + ψ̄ /∂ψ + 1

2m2
kφ

2 + λk
4! φ

4 + Mk ψ̄ψ + gk ψ̄ψφ

k ∂

∂k m2
k = − k4

16π2
λk

k2 + m2
k

+ k4

2π2
g2

k
k2 + M2

k
− k4

π2
g2

k M2
k

k2 + M2
k

k ∂

∂k λk = 3k4

16π2
λ2

k
(k2 + m2

k)2 −
k4

π2
3g4

k (k4 − 6k2M2
k + M4

k )
(k2 + M2

k )4

k ∂

∂k Mk = k4

8π2
g2

k Mk

(k2 + m2
k)(k2 + M2

k )

k ∂

∂k gk = k4

8π2
g3

k (k2 −M2
k )

(k2 + m2
k)(k2 + M2

k )2
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First tentative flow
• Running using the previous results as IR boundary conditions

1. Decoupling φ scenario → λHφ and λH′φ fixed;
2. Aligned scenario: 2× 2 scalar M2 diagonalized with angle β

Argument: Symmetry enhancement A. Pilaftsis

In this scenario λ1 = λ2 = λ3
2 = λSM : only 2 free parameters

Peculiarity: t couples only to h1 → yt enhanced
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Results decoupled and aligned scenario
Surprise: Extremely low Landau pole!

vφ =
√

2× 150 GeV
λφ µ3 (GeV) Singularity (GeV) Perturbativity

(GeV)
0.1 19 3.09× 104 1.05× 104

0.6 19 2.96× 104 1.02× 104

1.1 19 2.73× 104 9.69× 103

1.6 19 2.40× 104 9.13× 103

0.6 50 2.83× 104 9.55× 103

1.1 50 2.60× 104 9.08× 103

1.6 50 2.28× 104 8.64× 103

2.1 50 1.90× 104 7.92× 103

0.6 99 2.61× 104 8.59× 103

1.1 99 2.37× 104 8.06× 103

1.6 99 2.07× 104 7.55× 103

2.1 99 1.73× 104 7.00× 103

2.6 99 1.40× 104 6.42× 103
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Results decoupled and aligned scenario 2
Same...

vφ =
√

2× 200 GeV
λφ µ3 (GeV) Singularity (GeV) Perturbativity

(GeV)
0.1 19 6.36× 105 2.23× 105

0.6 19 5.40× 105 1.94× 105

1.1 19 3.57× 105 1.54× 105

1.6 19 1.73× 105 8.72× 104

0.6 50 4.84× 105 1.72× 105

1.1 50 3.17× 105 1.35× 105

1.6 50 1.56× 105 7.91× 104

2.1 50 6.16× 104 3.09× 104

0.6 100 3.89× 105 1.36× 105

1.1 100 2.51× 105 1.05× 105

1.6 100 1.28× 105 6.53× 104

2.1 100 5.41× 104 2.73× 104

2.6 100 2.60× 104 1.31× 104
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Landau pole
TeV scale Landau pole is unacceptable

Problem: too many and too large bosonic contributions
• Small yE , λE necessary to seesaw limit (Also constrained by Z decay

widths; values taken are close to upper bound)
• mZ′ = 500 GeV → gZ ′ ∼ 1.15 (vφ = 150 GeV), gZ ′ ∼ 0.87 (vφ = 200

GeV)
+ a bunch of other bosonic contributions...

µ
d

dµgZ′ (µ) = 28
48π2 g3

Z′
(µ)→ gZ′ (µ) = 1√

1
g2

Z′ (mZ′
) −

7
6π2 log

(
µ

m
Z′

)
and solving for gZ′ (mZ′ ) = 1.15 we find a Landau pole at

µL = mZ′ e
6π2

7g
Z′

(m
Z′

) = 2.99× 105 GeV

(For gZ′ (mZ′ ) = 0.87→ 3.57× 107 GeV)
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Lowering mZ ′

vφ =
√

2× 200 GeV, λφ = 0.1, µ3 = 19 GeV
mZ′ (GeV)→ gZ′ Singularity (GeV) Perturbativity (GeV)
500 → 0.87 6.36× 105 2.23× 105

450 → 0.79 2.94× 106 1.06× 106

400 → 0.70 2.49× 107 9.28× 106

350 → 0.61 5.49× 108 2.14× 108

300 → 0.52 5.68× 1010 2.37× 1010

250 → 0.44 7.89× 1013 3.68× 1013

200 → 0.35 6.87× 1018 3.97× 1018
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So, the Landau pole problem can be solved lowering mZ′ to
mZ′ . 200 GeV to have an at least Planckian pole.

It means abandoning the idea of a simultaneous solution

Note: WGC with several U(1) gauge fields → Λ . mini giMp
C. Cheung, G. Remmen / K. Benakli, C.B., G. Lafforgue-Marmet
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Stability
Slightly worse than SM

1000 107 1011 1015 1019

0.00

0.05

0.10

The other stability conditions are all respected for λ1(µ) ≥ 0
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“Physical tuning” scenario

105 109 1013
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107

1010
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105 109 1013
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Breaking the alignment
Address stability through small breaking of alignment
• Relax λ1 = λ2 = λ3/2; 5 free parameters
• Impose λ− = m2

h on lowest M2
s eigenvalue

→ λ3 = λ3(λ1, λ2, λφ, µ3): 2 solutions

• Of course, growing λ1 → stabilize; |λ3| grows, pole decreases
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Aligned back again
... But ... surprise!

Second λ3 solution: model can be aligned without λ1 = λ2 = λ3/2!
With this second solution
• Stable potential
• Landau pole slightly lower: 1.25× 1018 GeV
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Conclusions

RG study of the model reveals

• Impossibility of explaining simultaneously g − 2µ and mw without
occurring in a low Landau pole

• Planckian Landau pole requires a sufficiently light gZ′ . 0.3
• A stable potential can be found in the alignment limit
• Verifies the physical tuning scenario
• In general, attention must be paid with these BSM models: keeping

the couplings at bay requires precise balance
• Although naively additional bosons → improved stability, attention

must be paid when enlarging the scalar sector requires larger yt

• Related to recent remarks, we have also seen the connection
between threshold corrections in perturbative setting and Wilsonian
RG S. Kanemura, Y. Mura
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