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Barrier implies a first order phase transition
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Zur Quantentheor i e  des  A t o m k e r n e s .  
Von G. G a m o w ~  z. Zt. in GSttingen. 

Mit 5 Abbildungen. (Eingegangen am 2. August 1928.) 

Es wird der Versuch gemacht, die Prozesse der a-Ausstrahlung auf Grund der 
Wellenmeehanik n~her zu untersuchen und den experimentell festgestel]ten Zu- 
sammenhang zwisehen Zerfallskonstante und Energie der a-Partikel theoretisch zu 

erhalCen. 

w 1. Es ist schon ~tters* die Vermutung ausgesproehen worden, 
dal] im Atomkern die nichtcoulombschen Anzlehungskr~fte eine sehr 
wiehtige Rolle spielen, lJber die Natur dieser KrKfte kSnnen wir viele 
ttypothesen macken. 

Es kSnnen die Anziehungen zwisehen den magnetischen Momenten 
der einzelnen Kernbauelemente oder die yon elektriseher und magne- 
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Fig. 1. 

fischer Polarisation herriihren- 
den Krafte sein. 

Jedenfalls nehmen diese 
Krgfte mit waehsender Ent- 
fernung yore Kern sehr schnell 
ab, und nur in unmittelbarer 
Nahe des Kernes fiberwiegen 
sie den Einflul] der Cou lomb-  
schen Kraft. 

Aus Experimenten fiber 
Zerstreuung der ~-Strahlen 
k~nnen wir schliel]en, dal], far 
sehwere Elemente, die An- 

ziehungskr~fte bis zu einer Entfernung ~ 10 -12 em noch nicht merklich 
sin& So kSnnen wir das auf Fig. 1 gezeichnete Bild far den Verlauf 
der potentiellen Energie annehmen. 

Hier bedeutet ~'" die Entfernung, bis zu weleher experimentell nach- 
gewiesen ist, daft Coulombsche Anziehung allein existiert. Von ~" be- 
ginnen die Abweiehungen ( r '  ist unbekannt und viel]eicht viel klelner 
als r " )  und b e i r  o hat die U-Kurve ein Maximum. Far ~, ~ r o herrschen 
schon die Anziehungskrafte ,:or, in diesem Geblet w~irde das Teilchen 
den Kernrest wie ein Satellit umkreisen. 

* J. Frenkel,  ZS. f. Phys. 87, 243, 1926; E. Rutherford, Phil. Mag. 
4, 580, 1927; D. Enskog, ZS. f. Phys. 45, 852, 1927. 
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Motivation
QFT rates in physical systems, flat spacetime
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curved ST + gravity…

Zero temperature QFT, vacuum stability

SM lifetime, BSM constraints on parameters

Finite temperature TFT, existence of new phases

Cosmology: GWs, genesis, primordial B-fields, inflation…

Topological defects, condensed matter, more?
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QFT rates in physical systems, flat spacetime
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D = 3

<latexit sha1_base64="gyH61jbYSqSZI/zzMc9IWr/WV8E=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0z2HISAOXiMaBZIhtDT6Uma9Cx09whhyCd48aCIV7/Im39jTxJBRR8UPN6roqqeG3EmlWV9GGvrG5tb25md7O7e/sFh7ui4I8NYENomIQ9Fz8WSchbQtmKK014kKPZdTrvu9Cr1u/dUSBYGd2oWUcfH44B5jGClpdvmZWGYy1tmoVy061WkSbVUsYopqdfKxTKyTWuBPKzQGubeB6OQxD4NFOFYyr5tRcpJsFCMcDrPDmJJI0ymeEz7mgbYp9JJFqfO0blWRsgLha5AoYX6fSLBvpQz39WdPlYT+dtLxb+8fqy8mpOwIIoVDchykRdzpEKU/o1GTFCi+EwTTATTtyIywQITpdPJ6hC+PkX/k07BtCtm5aaUbzRXcWTgFM7gAmyoQgOuoQVtIDCGB3iCZ4Mbj8aL8bpsXTNWMyfwA8bbJwOEjak=</latexit>

D = 2

curved ST + gravity…

Zero temperature QFT, vacuum stability

SM lifetime, BSM constraints on potential parameters

Finite temperature TFT, existence of new phases

GWs, genesis, primordial B-fields, inflation…

Condensed matter, spin chains, more?

This talk (mostly)

Motivation



Formalism
Minkowski to Euclidean

+ alternative derivations, not this talk …, Devoto, Devoto, Di 
Luzio, Ridolfi  ’22

Coleman ’77 
Callan, Coleman ‘77

<latexit sha1_base64="12VcsyAJb+VZd4ZTMSy1+iywZ+k="></latexit>

t2 � x2
i ! t2 + x2

i = ⇢2

<latexit sha1_base64="eFgCxKoEpxsdSECd68e98cldGsY="></latexit>
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Euclidean action

<latexit sha1_base64="GjtyKrqP1AOo5lM1SOc6ORpBb9c="></latexit>

S[�] =

Z
dDx

✓
1

2
@�2 + V (�)

◆

<latexit sha1_base64="RHpfP1Z2xwv1ZrHMGhgOLVMz9UY=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4Gmba6WMlBTcuK9gHdMaSSdM2NJMMSUYpQ//DjQtF3Pov7vwbM20FFT0QOJxzD/fmhDGjSjvOh5VbW9/Y3MpvF3Z29/YPiodHHSUSiUkbCyZkL0SKMMpJW1PNSC+WBEUhI91wepn53TsiFRX8Rs9iEkRozOmIYqSNdOsLY2ZZ6McTOiiWHLtcrXvVCjSk7rmNhiEVp+zVqtC1nQVKYIXWoPjuDwVOIsI1ZkipvuvEOkiR1BQzMi/4iSIxwlM0Jn1DOYqICtLF1XN4ZpQhHAlpHtdwoX5PpChSahaFZjJCeqJ+e5n4l9dP9KgRpJTHiSYcLxeNEga1gFkFcEglwZrNDEFYUnMrxBMkEdamqIIp4eun8H/SKdtuza5de6XmxaqOPDgBp+AcuKAOmuAKtEAbYCDBA3gCz9a99Wi9WK/L0Zy1yhyDH7DePgH3lJLW</latexit>

�Saddle point field configuration: bounce



Coleman ’77 
Callan, Coleman ‘77

<latexit sha1_base64="eFgCxKoEpxsdSECd68e98cldGsY="></latexit>
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R
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<latexit sha1_base64="kGrYeZPW+eKGd/FBb311y6Pd7gk="></latexit>

S[�] ' S[�] +
�S

��

����
�

��+
1

2

�2S

��2

����
�

��2 + . . .

Euclidean action

<latexit sha1_base64="GjtyKrqP1AOo5lM1SOc6ORpBb9c="></latexit>

S[�] =

Z
dDx

✓
1

2
@�2 + V (�)

◆

<latexit sha1_base64="T2M/in2s+U0QuK7y0J9hZGcl0wM=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4CjPJZLkoAS8eo5gFkiH0dHqSJj09Q3ePEIb8gRcPinj1j7z5N3YWQUUfFDzeq6Kqnh9zprRtf1iZtfWNza3sdm5nd2//IH941FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7ma+517KhWLxJ2extQL8UiwgBGsjXR7YQ/yBbtYqtTcShkZUnOdet2Qsl1yqxXkFO0FCrBCc5B/7w8jkoRUaMKxUj3HjrWXYqkZ4XSW6yeKxphM8Ij2DBU4pMpLF5fO0JlRhiiIpCmh0UL9PpHiUKlp6JvOEOux+u3Nxb+8XqKDupcyESeaCrJcFCQc6QjN30ZDJinRfGoIJpKZWxEZY4mJNuHkTAhfn6L/SbtUdKrF6o1baFyu4sjCCZzCOThQgwZcQxNaQCCAB3iCZ2tiPVov1uuyNWOtZo7hB6y3T2swjU4=</latexit>

= 0Bounce action

Formalism
Minkowski to Euclidean

+ alternative derivations, not this talk …, Devoto, Devoto, Di 
Luzio, Ridolfi  ’22

<latexit sha1_base64="12VcsyAJb+VZd4ZTMSy1+iywZ+k="></latexit>

t2 � x2
i ! t2 + x2

i = ⇢2



Coleman ’77 
Callan, Coleman ‘77

<latexit sha1_base64="eFgCxKoEpxsdSECd68e98cldGsY="></latexit>
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<latexit sha1_base64="kGrYeZPW+eKGd/FBb311y6Pd7gk="></latexit>
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Euclidean action

<latexit sha1_base64="GjtyKrqP1AOo5lM1SOc6ORpBb9c="></latexit>

S[�] =

Z
dDx

✓
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2
@�2 + V (�)

◆

<latexit sha1_base64="T2M/in2s+U0QuK7y0J9hZGcl0wM=">AAAB6XicdVDJSgNBEK2JW4xb1KOXxiB4CjPJZLkoAS8eo5gFkiH0dHqSJj09Q3ePEIb8gRcPinj1j7z5N3YWQUUfFDzeq6Kqnh9zprRtf1iZtfWNza3sdm5nd2//IH941FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7ma+517KhWLxJ2extQL8UiwgBGsjXR7YQ/yBbtYqtTcShkZUnOdet2Qsl1yqxXkFO0FCrBCc5B/7w8jkoRUaMKxUj3HjrWXYqkZ4XSW6yeKxphM8Ij2DBU4pMpLF5fO0JlRhiiIpCmh0UL9PpHiUKlp6JvOEOux+u3Nxb+8XqKDupcyESeaCrJcFCQc6QjN30ZDJinRfGoIJpKZWxEZY4mJNuHkTAhfn6L/SbtUdKrF6o1baFyu4sjCCZzCOThQgwZcQxNaQCCAB3iCZ2tiPVov1uuyNWOtZo7hB6y3T2swjU4=</latexit>

= 0
+ fluctuations

Formalism
Minkowski to Euclidean

+ alternative derivations, not this talk …, Devoto, Devoto, Di 
Luzio, Ridolfi  ’22

<latexit sha1_base64="12VcsyAJb+VZd4ZTMSy1+iywZ+k="></latexit>

t2 � x2
i ! t2 + x2

i = ⇢2



Semi-classics

Guada, Maiezza, MN ’18 
Guada, MN, Pintar ’20

Ivanov, Matteini, MN, 
Ubaldi ’22

Polygonal bounces 
FindBounce

Matteini, MN, Shoji, 
Ubaldi ’24

Thin wall

Thin to Thick

<latexit sha1_base64="nGxWD1ejv4GBRQ7XJy60VGFVOV4="></latexit>

�S = 0 ! '(⇢)

2nd talk



Bounce
Action

Coleman ’77

<latexit sha1_base64="YILV6etCP2Fng1iCc9ZmJp4/CWo="></latexit>

�̈+
D � 1

⇢
�̇ =

dV

d�
Extremize

<latexit sha1_base64="46wJjlt4Ale/2YijUwCSJBsPrJk="></latexit>

�(0) = �in , �(1) = �̂

j

-VHjL

j-

-V-

j+

-V+

solution existence

'0
<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit>

friction

j

VHjL

j-

V-

j+

V+

particle 
analogy

inverted 
potential

<latexit sha1_base64="NnJOmVdzcEhlUDEMjqob/APz7kw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVL0VvHisYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6V3u956o0iyWj2aWUF/giWQhI9jk0jCJ2Khac+vuAmideAWpQYH2qPo1HMckFVQawrHWA89NjJ9hZRjhdF4ZppommEzxhA4slVhQ7WeLW+fowipjFMbKljRoof6eyLDQeiYC2ymwifSql4v/eYPUhDd+xmSSGirJclGYcmRilD+OxkxRYvjMEkwUs7ciEmGFibHxVGwI3urL66R7Vfea9cZDo9a6LeIowxmcwyV4cA0tuIc2dIBABM/wCm+OcF6cd+dj2VpyiplT+APn8wcTwY4/</latexit>

�

<latexit sha1_base64="bldQbKpD/Cj/S1+RRkESxGd93aw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiftwKgnisYNNCG8pmu22XbjZxd1IsIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2LBNTrOt1VYWV1b3yhulra2d3b3yvsHno4SRVmDRiJSrYBoJrhkDeQoWCtWjISBYM1gdDP1m2OmNI/kA05i5odkIHmfU4JG8r1u2kH2hOmtl2XdcsWpOjPYy8TNSQVy1Lvlr04voknIJFJBtG67Tox+ShRyKlhW6iSaxYSOyIC1DZUkZNpPZ0dn9olRenY/UqYk2jP190RKQq0nYWA6Q4JDvehNxf+8doL9Kz/lMk6QSTpf1E+EjZE9TcDuccUoiokhhCpubrXpkChC0eRUMiG4iy8vE++s6l5Uz+/PK7XrPI4iHMExnIILl1CDO6hDAyg8wjO8wps1tl6sd+tj3lqw8plD+APr8wc0aZJe</latexit>

VFV

<latexit sha1_base64="MEupQPB/eNr6+BXdeYIVYZU4BBo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIpPnYFNy4r9AVNCJPppB06mYSZm2IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57wlRwDY7zbZU2Nre2d8q7lb39g8Mj+/iko5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc38/97oQpzRPZgmnK/JgMJY84JWCkwLa9dMSD3AP2BHmrM5sFdtWpOQvgdeIWpIoKNAP7yxskNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjDKAEeJMiUBL9TfEzmJtZ7GoemMCYz0qjcX//P6GUS3fs5lmgGTdLkoygSGBM9jwAOuGAUxNYRQxc2tmI6IIhRMWBUTgrv68jrpXNXc61r9sV5t3BVxlNEZOkeXyEU3qIEeUBO1EUUT9Ixe0ZuVWy/Wu/WxbC1Zxcwp+gPr8wcyEpQC</latexit>

�TV

<latexit sha1_base64="sL/15PXEke3PPB3qaI4luRIXEI8=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBiyWR4set4MVjhTYttLFstpt26WYTdidqCfkfXjwo4tX/4s1/47bNQVsfDDzem2Fmnh8LrsG2v63Cyura+kZxs7S1vbO7V94/cHWUKMpaNBKR6vhEM8ElawEHwTqxYiT0BWv745up335gSvNINmESMy8kQ8kDTgkY6f7M7ac9YE+QNt0s65crdtWeAS8TJycVlKPRL3/1BhFNQiaBCqJ117Fj8FKigFPBslIv0SwmdEyGrGuoJCHTXjq7OsMnRhngIFKmJOCZ+nsiJaHWk9A3nSGBkV70puJ/XjeB4MpLuYwTYJLOFwWJwBDhaQR4wBWjICaGEKq4uRXTEVGEggmqZEJwFl9eJu551bmo1u5qlfp1HkcRHaFjdIocdInq6BY1UAtRpNAzekVv1qP1Yr1bH/PWgpXPHKI/sD5/ALVEkqM=</latexit>

�VTV

<latexit sha1_base64="NUG9ihaqkdOqdyG43db/XHAo3rc=">AAAB8HicbVDJSgNBEK1xjXGLevTSGAQvhhkJLreAF48RzCLJEHo6PUmTXobuHiEM+QovHhTx6ud482/sJHPQxAcFj/eqqKoXJZwZ6/vf3srq2vrGZmGruL2zu7dfOjhsGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVFtmJIPdpzQUOCBZDEj2Drp8bzZy7rJkE16pbJf8WdAyyTISRly1Hulr25fkVRQaQnHxnQCP7FhhrVlhNNJsZsammAywgPacVRiQU2YzQ6eoFOn9FGstCtp0Uz9PZFhYcxYRK5TYDs0i95U/M/rpDa+DjMmk9RSSeaL4pQjq9D0e9RnmhLLx45gopm7FZEh1phYl1HRhRAsvrxMmheV4LJSva+Wazd5HAU4hhM4gwCuoAZ3UIcGEBDwDK/w5mnvxXv3PuatK14+cwR/4H3+AKT8kEs=</latexit>

�V�

<latexit sha1_base64="X+zcme49bnyAYdiEyScIpuZGzh4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRH7uCG5cV7AOaECbTSTt0MgkzN8US8iduXCji1j9x5984bbPQ1gMXDufcy733hKngGhzn26qsrW9sblW3azu7e/sH9uFRRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vpv53QlTmifyEaYp82MylDzilICRAtv20hEPcg/YE+RcFkVg152GMwdeJW5J6qhEK7C/vEFCs5hJoIJo3XedFPycKOBUsKLmZZqlhI7JkPUNlSRm2s/nlxf4zCgDHCXKlAQ8V39P5CTWehqHpjMmMNLL3kz8z+tnEN345qE0AybpYlGUCQwJnsWAB1wxCmJqCKGKm1sxHRFFKJiwaiYEd/nlVdK5aLhXjcuHy3rztoyjik7QKTpHLrpGTXSPWqiNKJqgZ/SK3qzcerHerY9Fa8UqZ47RH1ifP3a1lC8=</latexit>

�in

<latexit sha1_base64="NnJOmVdzcEhlUDEMjqob/APz7kw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVL0VvHisYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6V3u956o0iyWj2aWUF/giWQhI9jk0jCJ2Khac+vuAmideAWpQYH2qPo1HMckFVQawrHWA89NjJ9hZRjhdF4ZppommEzxhA4slVhQ7WeLW+fowipjFMbKljRoof6eyLDQeiYC2ymwifSql4v/eYPUhDd+xmSSGirJclGYcmRilD+OxkxRYvjMEkwUs7ciEmGFibHxVGwI3urL66R7Vfea9cZDo9a6LeIowxmcwyV4cA0tuIc2dIBABM/wCm+OcF6cd+dj2VpyiplT+APn8wcTwY4/</latexit>

�
<latexit sha1_base64="H8w4KKG7sD5py6chVl7LHQvrcvc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKVL0VvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7Riura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyHvnvVLZq3gz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfGrler9Zbl2k8dRgGM4gTPw4QpqcAd1aACFR3iGV3hDCr2gd/Qxb11B+cwR/AH6/AEzC47f</latexit>

�+

<latexit sha1_base64="2PKlSMfEvYklKjWVnA8XF6Iwk+w=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR48FLx4rGA/oF1KNs22odkkJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v7219Y3Nre3CTnF3b//gsHR03DIy1YQ2ieRSdyJsKGeCNi2znHaUpjiJOG1H47uZ336i2jApHu1E0TDBQ8FiRrB1UrtV6akRu+iXyn7VnwOtkiAnZcjR6Je+egNJ0oQKSzg2phv4yo YZ1pYRTqfFXmqowmSMh7TrqMAJNWE2P3eKzp0yQLHUroRFc/X3RIYTYyZJ5DoTbEdm2ZuJ/3nd1MY3YcaESi0VZLEoTjmyEs1+RwOmKbF84ggmmrlbERlhjYl1CRVdCMHyy6ukdVkNatXaw1W5fpvHUYBTOIMKBHANdbiHBjSBwBie4RXePOW9eO/ex6J1zctnTuAPvM8fhaSPCQ==</latexit>

V (�)
<latexit sha1_base64="766HsJNlMNCwutodiyC7cN/jnkc=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBiYbgTiRYWARvLCOYDkiPsbSbJkr29c3dPCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeUEsuDau++2srK6tb2zmtvLbO7t7+4WDw4aOEsWwziIRqVZANQousW64EdiKFdIwENgMRrdTv/mESvNIPphxjH5IB5L3OaPGSq3zRqkTD/lZt1B0y+4MZJl4GSlChlq38NXpRSwJURomqNZtz42Nn1JlOBM4yXcSjTFlIzrAtqWShqj9dHbvhJxapUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+2nXMaJQcnmi/qJICYi0+dJjytkRowtoUxxeythQ6ooMzaivA3BW3x5mTQuyl6lXLm/LFZvsjhycAwnUAIPrqAKd1CDOjAQ8Ayv8OY8Oi/Ou/Mxb11xspkj+APn8wfwA49A</latexit>

�V (�)

<latexit sha1_base64="NbRaSfVN1aOF1Fo/4S2VfpqWths=">AAACDXicdVDLSgMxFM34rPVVdekmWIW6KTPt9OFCKLhxWcE+oC0lk2ba0ExmSO4IpfQH3Pgrblwo4ta9O//G9CE+0AOBk3Puvck9XiS4Btt+t5aWV1bX1hMbyc2t7Z3d1N5+XYexoqxGQxGqpkc0E1yyGnAQrBkpRgJPsIY3vJj6jRumNA/lNYwi1glIX3KfUwJG6qaO270QcDsa8Ix9is/x17XNpQ+jqWZ3U2k7myuU3EIeG1JynXLZkLydc4sF7GTtGdJogWo39Wbm0DhgEqggWrccO4LOmCjgVLBJsh1rFhE6JH3WMlSSgOnOeLbNBJ8YpYf9UJkjAc/U7x1jEmg9CjxTGRAY6N/eVPzLa8XglztjLqMYmKTzh/xYYAjxNBrc44pRECNDCFXc/BXTAVGEggkwaUL43BT/T+q5rFPMFq/cdOVsEUcCHaIjlEEOKqEKukRVVEMU3aJ79IierDvrwXq2XualS9ai5wD9gPX6AQZdmaM=</latexit>

�̇(0) = �̇(1) = 0

<latexit sha1_base64="5rT8U++BJmgTqJcEm1I+KsPtO9k="></latexit>

S = !

∫ →

0
dω ωD↑1

(
1

2
ε̇2 + V → V̂

)
, ! =

2ϑD/2

”(D/2)

<latexit sha1_base64="MEupQPB/eNr6+BXdeYIVYZU4BBo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIpPnYFNy4r9AVNCJPppB06mYSZm2IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57wlRwDY7zbZU2Nre2d8q7lb39g8Mj+/iko5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc38/97oQpzRPZgmnK/JgMJY84JWCkwLa9dMSD3AP2BHmrM5sFdtWpOQvgdeIWpIoKNAP7yxskNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjDKAEeJMiUBL9TfEzmJtZ7GoemMCYz0qjcX//P6GUS3fs5lmgGTdLkoygSGBM9jwAOuGAUxNYRQxc2tmI6IIhRMWBUTgrv68jrpXNXc61r9sV5t3BVxlNEZOkeXyEU3qIEeUBO1EUUT9Ixe0ZuVWy/Wu/WxbC1Zxcwp+gPr8wcyEpQC</latexit>

�TV

<latexit sha1_base64="ri9cQ+0OlzFXv+8H5NVrOZa4dPI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKmD3cFNy4r2Ic0oUymk2bozCTMTIQS+hVuXCji1s9x5984fQgqeuDC4Zx7ufeeMGVUacf5sNbWNza3tgs7xd29/YPD0tFxVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wcjX3e/dEKpqIWz1NScDRWNCIYqSNdOfHSEM/jemwVHbsSq3h1arQkIbnNpuGVJ2KV69B13YWKIMV2sPSuz9KcMaJ0JghpQauk+ogR1JTzMis6GeKpAhP0JgMDBWIExXki4Nn8NwoIxgl0pTQcKF+n8gRV2rKQ9PJkY7Vb28u/uUNMh01g5yKNNNE4OWiKGNQJ3D+PRxRSbBmU0MQltTcCnGMJMLaZFQ0IXx9Cv8n3Yrt1u36jVduXa7iKIBTcAYugAsaoAWuQRt0AAYcPIAn8GxJ69F6sV6XrWvWauYE/ID19gnic5B4</latexit>

ω̂

<latexit sha1_base64="ri9cQ+0OlzFXv+8H5NVrOZa4dPI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKmD3cFNy4r2Ic0oUymk2bozCTMTIQS+hVuXCji1s9x5984fQgqeuDC4Zx7ufeeMGVUacf5sNbWNza3tgs7xd29/YPD0tFxVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wcjX3e/dEKpqIWz1NScDRWNCIYqSNdOfHSEM/jemwVHbsSq3h1arQkIbnNpuGVJ2KV69B13YWKIMV2sPSuz9KcMaJ0JghpQauk+ogR1JTzMis6GeKpAhP0JgMDBWIExXki4Nn8NwoIxgl0pTQcKF+n8gRV2rKQ9PJkY7Vb28u/uUNMh01g5yKNNNE4OWiKGNQJ3D+PRxRSbBmU0MQltTcCnGMJMLaZFQ0IXx9Cv8n3Yrt1u36jVduXa7iKIBTcAYugAsaoAWuQRt0AAYcPIAn8GxJ69F6sV6XrWvWauYE/ID19gnic5B4</latexit>

ω̂

<latexit sha1_base64="1amVu6V1qWAcMsjAlg56cbavWNE=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyeIt4MVjhGQSSIbQ0+kkTXoWu2uCYch3ePGgiFc/xpt/Y2cRVPRBweO9Kqrq+bHgCizrw8hsbG5t72R3c3v7B4dH+eMTV0WJpKxFIxHJjk8UEzxkLeAgWCeWjAS+YG1/cr3w21MmFY/CJsxi5gVkFPIhpwS05Ln9tAfsHtKmO5/38wXLLJarTrmENak6dq2mSckqOpUytk1riQJao9HPv/cGEU0CFgIVRKmubcXgpUQCp4LNc71EsZjQCRmxrqYhCZjy0uXRc3yhlQEeRlJXCHipfp9ISaDULPB1Z0BgrH57C/Evr5vAsOalPIwTYCFdLRomAkOEFwngAZeMgphpQqjk+lZMx0QSCjqnnA7h61P8P3GLpl0xK7dOoX61jiOLztA5ukQ2qqI6ukEN1EIU3aEH9ISejanxaLwYr6vWjLGeOUU/YLx9AriEkro=</latexit>

VTV
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<latexit sha1_base64="YMlmiv7v7QUlOwqinxaGIKnJRzg="></latexit>

'FV = 1���
3

2
�2 +O(�3)

<latexit sha1_base64="aC5evKNgMsTmcJqFj1LRr6H5OWo="></latexit>

'TV = �1��+
3

2
�2 +O(�3)

<latexit sha1_base64="Vh+l2NpWvrJmrd8xBQs/bmxhX54=">AAACE3icbVC7SgNBFJ31GeNr1dJmMAhRMezGoJZBLeyMYB6QTcLdySQZMvtgZjYQlvyDjb9iY6GIrY2df+Mk2UITDwwczjmXO/e4IWdSWda3sbC4tLyymlpLr29sbm2bO7sVGUSC0DIJeCBqLkjKmU/LiilOa6Gg4LmcVt3+9divDqiQLPAf1DCkDQ+6PuswAkpLLfP4NI8drvNtwINmATs3lCvAJzh2CHB8N8pOlebZUcvMWDlrAjxP7IRkUIJSy/xy2gGJPOorwkHKum2FqhGDUIxwOko7kaQhkD50aV1THzwqG/HkphE+1EobdwKhn6/wRP09EYMn5dBzddID1ZOz3lj8z6tHqnPZiJkfRor6ZLqoE3GsAjwuCLeZoETxoSZABNN/xaQHAojSNaZ1CfbsyfOkks/Z57nCfSFTvErqSKF9dICyyEYXqIhuUQmVEUGP6Bm9ojfjyXgx3o2PaXTBSGb20B8Ynz/Y95uo</latexit>

�2�v4�+O(�3)

<latexit sha1_base64="+BUX03UNOCxhG/KS27UK+9twR7g=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRS1GVBBJcV7AOaUCbTm3bo5OHMJFBCVm78FTcuFHHrN7jzb5y2WWjrgQuHc+7l3nu8mDOpLOvbKK2srq1vlDcrW9s7u3vm/kFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cbXU7+TgpAsCu/VJAY3IMOQ+YwSpaW+eeykRMQjhh14SFiKHV8QmjlaybM075tVq2bNgJeJXZAqKtDsm1/OIKJJAKGinEjZs61YuRkRilEOecVJJMSEjskQepqGJADpZrM3cnyqlQH2I6ErVHim/p7ISCDlJPB0Z0DUSC56U/E/r5co/8rNWBgnCkI6X+QnHKsITzPBAyaAKj7RhFDB9K2YjogOQunkKjoEe/HlZdI+r9kXtfpdvdq4KeIooyN0gs6QjS5RA92iJmohih7RM3pFb8aT8WK8Gx/z1pJRzByiPzA+fwABtJmA</latexit>

' ⌘ �

v

<latexit sha1_base64="QeizsArBpvDpXMH6UIIsgQrqJ1s=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VoF5ZEirosiOKygk0LTQiT6aQdOpmEmUmhhG7d+CtuXCji1j9w5984bQNq64ELZ865l7n3BAmjUlnWl1FYWV1b3yhulra2d3b3zP0DR8apwKSFYxaLToAkYZSTlqKKkU4iCIoCRtrB8Grqt0dESBrzezVOiBehPqchxUhpyTehU3FHSCQDWoWnPw8/c0UEb5xJ1TfLVs2aAS4TOydlkKPpm59uL8ZpRLjCDEnZta1EeRkSimJGJiU3lSRBeIj6pKspRxGRXja7ZAJPtNKDYSx0cQVn6u+JDEVSjqNAd0ZIDeSiNxX/87qpCi+9jPIkVYTj+UdhyqCK4TQW2KOCYMXGmiAsqN4V4gESCCsdXkmHYC+evEycs5p9Xqvf1cuN6zyOIjgCx6ACbHABGuAWNEELYPAAnsALeDUejWfjzXiftxaMfOYQ/IHx8Q0695jM</latexit>

V (')� V ('FV)

Overall coupling TW parameterScale of the model

Scale of the model TW = near degenerate

<latexit sha1_base64="D/fR+VpxzsPLw7TYfYX6WZgEstA=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmaSyeJBCOjBYwSzwMwQejo1SZOehe4eIYT8hhcPinj1Z7z5N3YWQUUfFDzeq6KqXpByJpVlfRi5tfWNza38dmFnd2//oHh41JFJJii0acIT0QuIBM5iaCumOPRSASQKOHSD8dXc796DkCyJ79QkBT8iw5iFjBKlJc/1roEr4uNLbPWLJcssV+tOtYI1qTt2o6FJxSo7tSq2TWuBElqh1S++e4OEZhHEinIipWtbqfKnRChGOcwKXiYhJXRMhuBqGpMIpD9d3DzDZ1oZ4DARumKFF+r3iSmJpJxEge6MiBrJ395c/MtzMxU2/CmL00xBTJeLwoxjleB5AHjABFDFJ5oQKpi+FdMREYQqHVNBh/D1Kf6fdMqmXTNrt06pebGKI49O0Ck6Rzaqoya6QS3URhSl6AE9oWcjMx6NF+N12ZozVjPH6AeMt0/cJpDr</latexit>

[�] = 0
<latexit sha1_base64="5RYeiBKylk5dRmska7dpp9yczMg=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwY0zS9OFCKOjCZQX7gDSUyXTaDp1M4sykUEK/w40LRdz6Me78G6cPQUUPXDiccy/33hPEjEplWR9GZmV1bX0ju5nb2t7Z3cvvHzRllAhMGjhikWgHSBJGOWkoqhhpx4KgMGCkFYyuZn5rTISkEb9Tk5j4IRpw2qcYKS353tiHl/D63IFn0O7mC5bplCpuqQg1qbh2tapJ0XLccgnapjVHASxR7+bfO70IJyHhCjMkpWdbsfJTJBTFjExznUSSGOERGhBPU45CIv10fvQUnmilB/uR0MUVnKvfJ1IUSjkJA90ZIjWUv72Z+JfnJapf9VPK40QRjheL+gmDKoKzBGCPCoIVm2iCsKD6VoiHSCCsdE45HcLXp/B/0nRMu2yWb91C7WIZRxYcgWNwCmxQATVwA+qgATC4Bw/gCTwbY+PReDFeF60ZYzlzCH7AePsE4JaQOA==</latexit>

[v] = D/2� 1
<latexit sha1_base64="cMxw47Pun0Kd3UBOBG/1fiFD4EI=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgxpC06cOFUNCFywr2AWkok8mkHTp5MDNRSuynuHGhiFu/xJ1/4/QhqOiBgcM553LvHC9hVEjT/NByK6tr6xv5zcLW9s7unl7c74g45Zi0ccxi3vOQIIxGpC2pZKSXcIJCj5GuN76Y+d1bwgWNoxs5SYgbomFEA4qRVNJALzp9ptI+cuE5tOEpvBzoJdMoV+t2tQIVqdtWo6FIxSzbtSq0DHOOEliiNdDf+36M05BEEjMkhGOZiXQzxCXFjEwL/VSQBOExGhJH0QiFRLjZ/PQpPFaKD4OYqxdJOFe/T2QoFGISeioZIjkSv72Z+JfnpDJouBmNklSSCC8WBSmDMoazHqBPOcGSTRRBmFN1K8QjxBGWqq2CKuHrp/B/0ikbVs2oXdul5tmyjjw4BEfgBFigDprgCrRAG2BwBx7AE3jW7rVH7UV7XURz2nLmAPyA9vYJ6uySeg==</latexit>

[�] = 4�D

<latexit sha1_base64="OCY8FX+3cWkIbLxAgGRi3S/phrQ="></latexit>

0 < � ⌧ 1, 0 < � ⌧ 1, �max = 3�3/2

<latexit sha1_base64="84pBzzWMyGR1npLqZIROL5YVpSI="></latexit>

V =
�

8

�
�2 � v2

�2
+ �� v3 (�� v)
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<latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z <latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z <latexit sha1_base64="VcduhImtG31xtIwCRH/3qEwy95Y=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtYECV/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOwvjQc=</latexit>z

<latexit sha1_base64="gosckZaR9zTElZzqme2OeV9OYOg=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7JbinosevFYwX5Iu5Rsmm1Dk+ySZAtl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR3S3v7B4dH7vFJS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDf32xOqNIvlo5kmNBB4KFnECDZWeupNsEpGrF/tu2Wv4i2A1omfkzLkaPTdr94gJqmg0hCOte76XmKCDCvDCKezUi/VNMFkjIe0a6nEguogWxw8QxdWGaAoVrakQQv190SGhdZTEdpOgc1Ir3pz8T+vm5roJsiYTFJDJVkuilKOTIzm36MBU5QYPrUEE8XsrYiMsMLE2IxKNgR/9eV10qpW/KtK7aFWrt/mcRThDM7hEny4hjrcQwOaQEDAM7zCm6OcF+fd+Vi2Fpx85hT+wPn8AaoYkFQ=</latexit>'2
<latexit sha1_base64="37Hc7rZTALtuhz7jMY2gpjW3kFk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A9pl5JNs21okg1JtlCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWju5nfGlNtWCIf7UTRUOCBZDEj2DrpqTvGWg1Zz++VK37VnwOtkiAnFchR75W/uv2EpIJKSzg2phP4yoYZ1pYRTqelbmqowmSEB7TjqMSCmjCbHzxFZ07pozjRrqRFc/X3RIaFMRMRuU6B7dAsezPxP6+T2vgmzJhUqaWSLBbFKUc2QbPvUZ9pSiyfOIKJZu5WRIZYY2JdRiUXQrD88ippXlSDq+rlw2WldpvHUYQTOIVzCOAaanAPdWgAAQHP8ApvnvZevHfvY9Fa8PKZY/gD7/MHpxCQUg==</latexit>'0

<latexit sha1_base64="nNBWRKq0ZpcRlVxfk4LUDzFlZw4=">AAACGnicdZDLSgMxFIYzXmu9jbp0EyyCIJSklF52RV24rGAv0I5DJk3b0MyFJFMopc/hxldx40IRd+LGtzHTGyp6IPDz/edwcn4vElxphD6tldW19Y3N1FZ6e2d3b98+OKyrMJaU1WgoQtn0iGKCB6ymuRasGUlGfE+whje4TPzGkEnFw+BWjyLm+KQX8C6nRBvk2rg9JDLqcxfBc9i+YkITuEB4ie5yS5hz7QzKIoQwxjARuFhARpTLpRwuQZxYpjJgXlXXfm93Qhr7LNBUEKVaGEXaGROpORVskm7HikWEDkiPtYwMiM+UM56eNoGnhnRgN5TmBRpO6feJMfGVGvme6fSJ7qvfXgL/8lqx7pacMQ+iWLOAzhZ1YwF1CJOcYIdLRrUYGUGo5OavkPaJJFSbNNMmhMWl8H9Rz2VxIZu/yWcqF/M4UuAYnIAzgEERVMA1qIIaoOAePIJn8GI9WE/Wq/U2a12x5jNH4EdZH1+gTp9o</latexit>

'0 +�'1 +�2'2

<latexit sha1_base64="G4tt2ZhKbi3Tt5zAw72uOYNZCZE=">AAAB8HicdVDLSgMxFM34rPVVdekmWARXQ6bWsd0V3bisYB/SDiWTZtrQJDMkmUIZ+hVuXCji1s9x59+YPgQVPXDhcM693HtPmHCmDUIfzsrq2vrGZm4rv72zu7dfODhs6jhVhDZIzGPVDrGmnEnaMMxw2k4UxSLktBWOrmd+a0yVZrG8M5OEBgIPJIsYwcZK990xVsmQ9VCvUERutYrKng+Re4FQya9ags5LFd+HnovmKIIl6r3Ce7cfk1RQaQjHWnc8lJggw8owwuk03001TTAZ4QHtWCqxoDrI5gdP4alV+jCKlS1p4Fz9PpFhofVEhLZTYDPUv72Z+JfXSU1UCTImk9RQSRaLopRDE8PZ97DPFCWGTyzBRDF7KyRDrDAxNqO8DeHrU/g/aZZcz3fLt+Vi7WoZRw4cgxNwBjxwCWrgBtRBAxAgwAN4As+Och6dF+d10briLGeOwA84b58VKJCe</latexit>'0

Ivanov, Matteini, MN, Ubaldi ’22

Expand around the bounce radius

Solve the bounce equation

See the paper for           , physical bubble profile

<latexit sha1_base64="84pBzzWMyGR1npLqZIROL5YVpSI="></latexit>

V =
�

8

�
�2 � v2

�2
+ �� v3 (�� v)

<latexit sha1_base64="a55L/jmCbxE8YdB6IT3vEpRtN3I="></latexit>

'(z) =
X

'n(z)�
n , z =

p
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1

�

X
rn �

n

<latexit sha1_base64="I1seWeaKKpw/GvynADAe+pvVyyw="></latexit>

r2 =
6⇡2 � 40 +D(26� 4D � 3⇡2)

3(D � 1)

<latexit sha1_base64="HoyKogfz/mVrAUf/ZDG+UIji7DA="></latexit>

'0 = th
z

2
, '1 = �1 ,

r0 =
D � 1

3
, r1 = 0

<latexit sha1_base64="JZiIE8nAR5eo6nrfeUz3K4ixckg=">AAAB/nicdZDLSsNAFIYnXmu9RcWVm8EiuJCSpOnFXcGNywr2Am0Ik+mkHTqZhJlJoYSCr+LGhSJufQ53vo3TG6joDwMf/zmHc+YPEkalsqxPY219Y3NrO7eT393bPzg0j45bMk4FJk0cs1h0AiQJo5w0FVWMdBJBUBQw0g5GN7N6e0yEpDG/V5OEeBEacBpSjJS2fPO0N0YiGVLfuYIrLEHfLFhFp1x1yyWooeratZqGkuW4lTK0i9ZcBbBUwzc/ev0YpxHhCjMkZde2EuVlSCiKGZnme6kkCcIjNCBdjRxFRHrZ/PwpvNBOH4ax0I8rOHe/T2QoknISBbozQmoof9dm5l+1bqrCmpdRnqSKcLxYFKYMqhjOsoB9KghWbKIBYUH1rRAPkUBY6cTyOoTVT+H/0HKKdqVYuXML9etlHDlwBs7BJbBBFdTBLWiAJsAgA4/gGbwYD8aT8Wq8LVrXjOXMCfgh4/0Lb4mVJg==</latexit>'2,'3



Ivanov, Matteini, MN, Ubaldi ’22

Coleman ’77  

Affleck ’81, Linde ’83

Thin Wall Action

Leading order

2nd order

D = 4 : FV decay at T = 0 

D = 3 : FV nucleation at finite T

<latexit sha1_base64="DzvHD99NsGlmHrpEkO0pNxr8NQI="></latexit>

S2 = S0

 
1 +�2

 
1 +D

�
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!
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!

<latexit sha1_base64="ddKpc0FZhajIiI3Bp03tCpgsv0k="></latexit>

S0 =
⌦ v4�D

�D/2�1�D�1

✓
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◆D�1 2

3D

<latexit sha1_base64="ffDVpOuItdjSK94xjE5phSGXHvY="></latexit>

S =
⌦ v4�D

�D/2�1�D�1
⇥ S̃[�2]   and     factor out<latexit sha1_base64="c30dPAOigutxTWmpfMdqozwKt7M=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GmbiZPEW8OIxAbNAMoSeTiVp09MzdPcEwpAv8OJBEa9+kjf/xs4iqOiDgsd7VVTVC2LOlHacDyuzsbm1vZPdze3tHxwe5Y9PWipKJIUmjXgkOwFRwJmApmaaQyeWQMKAQzuY3Cz89hSkYpG407MY/JCMBBsySrSRGtN+vuDYxVLFK11hQyqeW60acuUUvXIJu7azRAGtUe/n33uDiCYhCE05UarrOrH2UyI1oxzmuV6iICZ0QkbQNVSQEJSfLg+d4wujDPAwkqaExkv1+0RKQqVmYWA6Q6LH6re3EP/yuokeVv2UiTjRIOhq0TDhWEd48TUeMAlU85khhEpmbsV0TCSh2mSTMyF8fYr/J62i7ZbtcsMr1K7XcWTRGTpHl8hFFVRDt6iOmogiQA/oCT1b99aj9WK9rloz1nrmFP2A9fYJUjKNSA==</latexit>v

<latexit sha1_base64="tmU4SDf5fWDXtSR4YRQPN0BkpWQ=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgaphppw93BTcuK9gHtEPJZNI2NJMZkoxQhn6EGxeKuPV73Pk3pg9BRQ8EDuecS+49QcKZ0o7zYeU2Nre2d/K7hb39g8Oj4vFJR8WpJLRNYh7LXoAV5UzQtmaa014iKY4CTrvB9Hrhd++pVCwWd3qWUD/CY8FGjGBtpO6Am2iIh8WSY5erda9aQYbUPbfRMKTilL1aFbm2s0QJ1mgNi++DMCZpRIUmHCvVd51E+xmWmhFO54VBqmiCyRSPad9QgSOq/Gy57hxdGCVEo1iaJzRaqt8nMhwpNYsCk4ywnqjf3kL8y+unetTwMyaSVFNBVh+NUo50jBa3o5BJSjSfGYKJZGZXRCZYYqJNQwVTwtel6H/SKdtuza7deqXm1bqOPJzBOVyCC3Vowg20oA0EpvAAT/BsJdaj9WK9rqI5az1zCj9gvX0Cq7ePyw==</latexit>
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From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Analytics all the way to 

Study the series

<latexit sha1_base64="GZxrdKDrS3csmqc0jOB2uvsdAUA="></latexit>
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<latexit sha1_base64="OilRyocTgLulMk0sSGLSe5qO5Bg="></latexit>
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<latexit sha1_base64="JRxqir2zCBLltGVAwW62o0+Dm/Y="></latexit>

S = ⌦
v4�D

�D/2�1
SL(�)

<latexit sha1_base64="3xcDEcmrhXOhrwg/uCjailTNEFs="></latexit>

sL2 =
�8D2 + (25� 3⇡2)D + 1

2(D � 1)

<latexit sha1_base64="FLQWIIWhEWgz3XlRnrjM78Uuli8=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgadlNNg9vAT14jGBMIFnD7GSSDJmdXWdmhbDkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7K4g5U9pxPqzMyura+kZ2M7e1vbO7l98/uFFRIgltkohHsh1gRTkTtKmZ5rQdS4rDgNNWMD6f+a17KhWLxLWexNQP8VCwASNYG6ndvaBc41uvly84drFc9colZEjVc2s1Q0pO0auUkWs7cxRgiUYv/97tRyQJqdCEY6U6rhNrP8VSM8LpNNdNFI0xGeMh7RgqcEiVn87vnaITo/TRIJKmhEZz9ftEikOlJmFgOkOsR+q3NxP/8jqJHtT8lIk40VSQxaJBwpGO0Ox51GeSEs0nhmAimbkVkRGWmGgTUc6E8PUp+p/cFG23YleuvEL9bBlHFo7gGE7BhSrU4RIa0AQCHB7gCZ6tO+vRerFeF60ZazlzCD9gvX0C+52P8A==</latexit>

�4



From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Semi-analytic: fix D numerically, go up to

In
fle
ct
io
n
po
in
t

D
eg
en
er
at
e
m
in
im
a

Δmax= 1
3√3

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
◦

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
◦
◦
◦
◦
◦

0.00 0.05 0.10 0.15 0.20
0.00

0.05

0.10

0.15

Δ

ΔD
-1
S
L(
Δ)

D=3

D=4

N = 4
N = 16
N = 2, cubic to linear

TW LO

● FindBounce

○ Gradient Flow

<latexit sha1_base64="i8ulg6f/cg3pI4ZaNm7k0H65WOw="></latexit>

sL2 sL4 sL6 sL8 sL10 sL12 sL14 sL16
D = 3 �21.2 �57.6 �977 �2.01 · 104 �4.73 · 105 �1.24 · 107 �3.65 · 108 �1.23 · 1010
D = 4 �24.2 7.53 �266 �5.86 · 103 �1.21 · 105 �2.50 · 106 �5.08 · 107 �9.34 · 108

<latexit sha1_base64="hnd5aduiPf2nEUIoOSKS/56ahHQ=">AAAB8nicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyeItoAePEcwCkzH0dHqSJj0L3TVCGPIZXjwo4tWv8ebf2FkEFX1Q8Hiviqp6fiK4Asv6MHJr6xubW/ntws7u3v5B8fCoo+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/uZz73XsmFY+jW5gmzAvJKOIBpwS05PavmABylznWbFAsWWa5WneqFaxJ3bEbDU0qVtmpVbFtWguU0AqtQfG9P4xpGrIIqCBKubaVgJcRCZwKNiv0U8USQidkxFxNIxIy5WWLk2f4TCtDHMRSVwR4oX6fyEio1DT0dWdIYKx+e3PxL89NIWh4GY+SFFhEl4uCVGCI8fx/POSSURBTTQiVXN+K6ZhIQkGnVNAhfH2K/yedsmnXzNqNU2perOLIoxN0is6Rjeqoia5RC7URRTF6QE/o2QDj0XgxXpetOWM1c4x+wHj7BDU7kTY=</latexit>

!40



From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Parametrization dependence of TW expansion

Linear Cubic
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<latexit sha1_base64="sQTzn/+SA79J8sqUBFvl0PX0pUs="></latexit>
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<latexit sha1_base64="aBFahNoL8FchlLLQKvTmnV0YERw="></latexit>
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<latexit sha1_base64="se8GsF30s9Eg3Z+258S3aIyOboo="></latexit>
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SL(�)

<latexit sha1_base64="3+iEld9YLRTyEHEo+UuTO0CJTD8="></latexit>

S = ⌦
m4�D

�C
(1� "↵)SC("↵)

<latexit sha1_base64="zaf9JuBRWwKUHmLdo33IKXAh79k="></latexit>

ωω → 1↑ εC
m2

4ϑ2



From Linear to Cubic (and back again) Matteini, MN, Shoji, Ubaldi ’24

<latexit sha1_base64="sQTzn/+SA79J8sqUBFvl0PX0pUs="></latexit>
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<latexit sha1_base64="aBFahNoL8FchlLLQKvTmnV0YERw="></latexit>
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�2
+ ��v3 (�L � v)

<latexit sha1_base64="gXME0a8KhL1o8CAgp6PqUMgZbR4=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Kxk7Ti3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae7uoAA=</latexit>

L → C

<latexit sha1_base64="fNPVuKIQcZsbXz8YQN/l961r35I="></latexit>
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<latexit sha1_base64="sQIdnFSdU4dpRvW5jxR62JiX3vc="></latexit>

ωω =
31/3ε2 → ε4 → 32/3

2(31/3 + ε2)2
↑ [0, 1]

<latexit sha1_base64="WKGP3L2MUtLJ0hkXibkyMptUJZ4="></latexit>

{ω, v,!} → {εω,m, ϑ}



<latexit sha1_base64="sQTzn/+SA79J8sqUBFvl0PX0pUs="></latexit>
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<latexit sha1_base64="aBFahNoL8FchlLLQKvTmnV0YERw="></latexit>
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<latexit sha1_base64="7fNOprUszP0MMIxYVJiIQW//cb8="></latexit>
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<latexit sha1_base64="OLKVDagvXtFTyxsSn1+dsGckv7U=">AAACFXicbZDJSgNBEIZ74hbjFvXopTEInsKMSPQoePEYwSRCJoSaTiVp0svQ3aOEIQ/hSdBn8SZePfso3uwsB7cfGj7+qqKr/iQV3Low/AgKS8srq2vF9dLG5tb2Tnl3r2l1Zhg2mBba3CZgUXCFDcedwNvUIMhEYCsZXU7rrTs0lmt148YpdiQMFO9zBs5bLUljp2nYLVfCajgT/QvRAipkoXq3/Bn3NMskKscEWNuOwtR1cjCOM4GTUpxZTIGNYIBtjwok2k4+W3dCj7zTo31t/FOOztzvEzlIa8cy8Z0S3ND+rk3N/2rtzPXPOzlXaeZQsflH/UxQf+L0dtrjBpkTYw/ADPe7UjYEA8z5hEqxwnumpQTVy2NMLYhJHt+B8ciFVt0YRDqEic8q+p3MX2ieVKNatXZ9WrmoLVIrkgNySI5JRM7IBbkiddIgjIzIA3kiz8Fj8BK8Bm/z1kKwmNknPxS8fwEGNqAL</latexit>

m → 0

<latexit sha1_base64="ZqTVD5UJqJRgi0fY5hCPMan4HU4="></latexit>

m2 = ωv2fm2

<latexit sha1_base64="osUU8Ms5viWbRPf9naKqcoGA8Us="></latexit>

ω =
εv

2
fω

<latexit sha1_base64="GTLCEeTS3ghFHwifpsWOhm+ppXI="></latexit>

ωω =
31/3ε2 → ε4 → 32/3

2(31/3 + ε2)2

From Linear to Cubic (and back again) Matteini, MN, Shoji, Ubaldi ’24

<latexit sha1_base64="gXME0a8KhL1o8CAgp6PqUMgZbR4=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Kxk7Ti3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae7uoAA=</latexit>

L → C
<latexit sha1_base64="WKGP3L2MUtLJ0hkXibkyMptUJZ4="></latexit>

{ω, v,!} → {εω,m, ϑ}



<latexit sha1_base64="sQTzn/+SA79J8sqUBFvl0PX0pUs="></latexit>
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<latexit sha1_base64="aBFahNoL8FchlLLQKvTmnV0YERw="></latexit>
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<latexit sha1_base64="0jGX2EaqNyvfp8PSa/I0FjpII5E="></latexit>
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<latexit sha1_base64="ZqTVD5UJqJRgi0fY5hCPMan4HU4="></latexit>

m2 = ωv2fm2

<latexit sha1_base64="osUU8Ms5viWbRPf9naKqcoGA8Us="></latexit>

ω =
εv

2
fω

<latexit sha1_base64="GTLCEeTS3ghFHwifpsWOhm+ppXI="></latexit>

ωω =
31/3ε2 → ε4 → 32/3

2(31/3 + ε2)2

From Linear to Cubic (and back again) Matteini, MN, Shoji, Ubaldi ’24

<latexit sha1_base64="gXME0a8KhL1o8CAgp6PqUMgZbR4=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Kxk7Ti3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae7uoAA=</latexit>

L → C
<latexit sha1_base64="WKGP3L2MUtLJ0hkXibkyMptUJZ4="></latexit>

{ω, v,!} → {εω,m, ϑ}
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VL(�L) =
�

8

�
�2
L � v2

�2
+ ��v3 (�L � v)

0.00 0.05 0.10 0.15
0.0

0.2

0.4

0.6

0.8

1.0

Δ

ϵα
fm2

fη

<latexit sha1_base64="ZqTVD5UJqJRgi0fY5hCPMan4HU4="></latexit>

m2 = ωv2fm2

<latexit sha1_base64="osUU8Ms5viWbRPf9naKqcoGA8Us="></latexit>

ω =
εv

2
fω

<latexit sha1_base64="GTLCEeTS3ghFHwifpsWOhm+ppXI="></latexit>

ωω =
31/3ε2 → ε4 → 32/3

2(31/3 + ε2)2

<latexit sha1_base64="IzABl8/XzYTWZtZ31De4sgGJhcI=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Cxk7Tq3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae64oAA=</latexit>

C → L

<latexit sha1_base64="JGdTYTDNS1LjiQhOY4SMzn3lNEg="></latexit>

! =
ωω

(1 + 2ωω)
3/2

<latexit sha1_base64="As+UnV5nGI3ihtgsnZaPgbRy7eQ="></latexit>

ω =
4ε2

m2
(1→ ϑω)

<latexit sha1_base64="oS0/qJq8j4mjEMs9yOZmje5nlGw="></latexit>

v =
m2

2ω

→
1 + 2εω
1↑ εω

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4
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0.8

1.0

ϵα

Δ
λm2

4 η2

v η
5m2

From Linear to Cubic (and back again) Matteini, MN, Shoji, Ubaldi ’24

<latexit sha1_base64="gXME0a8KhL1o8CAgp6PqUMgZbR4=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Kxk7Ti3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae7uoAA=</latexit>

L → C
<latexit sha1_base64="WKGP3L2MUtLJ0hkXibkyMptUJZ4="></latexit>

{ω, v,!} → {εω,m, ϑ}
<latexit sha1_base64="bVt/rtmXPpNRhJyQgssLAzKdSy4="></latexit>

{ωω,m, ε} → {ϑ, v,!}



<latexit sha1_base64="sQTzn/+SA79J8sqUBFvl0PX0pUs="></latexit>

VC(�C) =
1

2
m2�2

C + ⌘�3
C +

1

8
�C�

4
C

<latexit sha1_base64="aBFahNoL8FchlLLQKvTmnV0YERw="></latexit>

VL(�L) =
�

8

�
�2
L � v2

�2
+ ��v3 (�L � v)
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<latexit sha1_base64="ZqTVD5UJqJRgi0fY5hCPMan4HU4="></latexit>

m2 = ωv2fm2

<latexit sha1_base64="osUU8Ms5viWbRPf9naKqcoGA8Us="></latexit>

ω =
εv

2
fω

<latexit sha1_base64="GTLCEeTS3ghFHwifpsWOhm+ppXI="></latexit>

ωω =
31/3ε2 → ε4 → 32/3

2(31/3 + ε2)2

<latexit sha1_base64="IzABl8/XzYTWZtZ31De4sgGJhcI=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Cxk7Tq3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae64oAA=</latexit>

C → L

<latexit sha1_base64="JGdTYTDNS1LjiQhOY4SMzn3lNEg="></latexit>

! =
ωω

(1 + 2ωω)
3/2

<latexit sha1_base64="As+UnV5nGI3ihtgsnZaPgbRy7eQ="></latexit>

ω =
4ε2

m2
(1→ ϑω)

<latexit sha1_base64="oS0/qJq8j4mjEMs9yOZmje5nlGw="></latexit>

v =
m2

2ω

→
1 + 2εω
1↑ εω

From Linear to Cubic (and back again) Matteini, MN, Shoji, Ubaldi ’24

<latexit sha1_base64="gXME0a8KhL1o8CAgp6PqUMgZbR4=">AAACFXicbZC7SgNBFIZnvRtvUUubwSBYhV2RqJ1gY2GhYC6QDeHs5MQMmcsyM6uEJQ9hJeiz2ImttY9i5ySm0MQfBj7+cw5zzp+kglsXhp/B3PzC4tLyymphbX1jc6u4vVOzOjMMq0wLbRoJWBRcYdVxJ7CRGgSZCKwn/YtRvX6PxnKtbt0gxZaEO8W7nIHzVv2Kxk7Ti3axFJbDsegsRBMokYmu28WvuKNZJlE5JsDaZhSmrpWDcZwJHBbizGIKrA932PSoQKJt5eN1h/TAOx3a1cY/5ejY/T2Rg7R2IBPfKcH17HRtZP5Xa2aue9rKuUozh4r9fNTNBPUnjm6nHW6QOTHwAMxwvytlPTDAnE+oECt8YFpKUJ08xtSCGObxPRiPXGjVjkGkPRj6rKLpZGahdlSOKuXKzXHp/GyS2grZI/vkkETkhJyTS3JNqoSRPnkkz+QleApeg7fg/ad1LpjM7JI/Cj6+Ae7uoAA=</latexit>

L → C
<latexit sha1_base64="WKGP3L2MUtLJ0hkXibkyMptUJZ4="></latexit>

{ω, v,!} → {εω,m, ϑ}
<latexit sha1_base64="bVt/rtmXPpNRhJyQgssLAzKdSy4="></latexit>

{ωω,m, ε} → {ϑ, v,!}
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😱
unstable
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● Numerics Va
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● Numerics

From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Cubic potential, optimal truncation at N=2

Hybrid approach, truncated at N=2, exactly translated to linear

<latexit sha1_base64="D6POghMF3wH7dGHC46RWdtRL2kE="></latexit>

SL(�) =
�D/2�1

v4�D

m6�D

4⌘2
SC("↵) '

f3�D/2
m2 (�)

f2
⌘ (�)

S(2)
C ("↵(�))



From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Hybrid approach: cubic to linear

<latexit sha1_base64="D6POghMF3wH7dGHC46RWdtRL2kE="></latexit>

SL(�) =
�D/2�1

v4�D

m6�D

4⌘2
SC("↵) '

f3�D/2
m2 (�)

f2
⌘ (�)

S(2)
C ("↵(�))

<latexit sha1_base64="70Bq/nrd0nnCKeM3n27bqwxYYs4="></latexit>

v4→D

ωD/2→1
SL(!) =

m6→D

4ε2
SC(ϑω)

Approximations truncated, cubic optimal at N=2

Exact, e.g. numerical

exactly translated to linear

<latexit sha1_base64="HFI9WrrDSoAAwmv0fehmmJACfOA="></latexit>

SL(!) → SL(!)(N)
<latexit sha1_base64="J0dNCEwXd325p1SGX+WtXGa/SnA="></latexit>

SC(ωω) → S(N)
C (ωω)

opt.↑↑↓ S(2)
C (ωω)

exact map

sends S to zero at inflection



From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Zoom into the inflection point, very flat potential, e.g. supercooled
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○ Numerics D = 3
● Numerics D = 4

From Thin to Thick Matteini, MN, Shoji, Ubaldi ’24

Even unstable potentials, (a bit crazy since we started from TW)

<latexit sha1_base64="C5kxhxa+SN88nvXR5q6KUXWO1fs="></latexit>

V ⇡ �C

8
�4
C

<latexit sha1_base64="2FWjpxYsQRtKcVUeRMbxUtjwjFk="></latexit>

SFL =
16⇡2

3(��C)

⇡ 8

3"↵

<latexit sha1_base64="E90QeD8BNat91unHJV3Y75Z6NuU="></latexit>

S(2)
C ("↵) ����!

"↵�1

1

6"↵
(37� 2⇡2)

cubic truncation 😱
unstable



Fluctuations
<latexit sha1_base64="IARglGN9f3DCHHauWpSmjw2VUNM="></latexit>Z

D' !
Y

�i

Ivanov, Matteini, MN, 
Ubaldi ’22

Matteini, MN, Shoji, 
Ubaldi ’24

Thin wall

Thin to Thick

Baratella, MN, Shoji, 
Trailović, Ubaldi ’24

* Standard Model Rate

* not this talk, some aspects relevant here



fluctuation operator around the bounce

Lecture notes by

Bubble deformation, zeroes for symmetries, single negative

Decay rate at one loop

Renormalized action, counter-terms

Functional determinants

Callan, Coleman ’77

Coleman Erice ’88 
Dunne ‘07

Zero removal

<latexit sha1_base64="H98T8SU1J5dVVP0wdzIWdSh9wMQ="></latexit>

O = �@µ@
µ + V (2)

<latexit sha1_base64="JXEWWHpWpwnd8s3FTMOH4jgfd8s=">AAAB+3icdVDLSsNAFJ3UV62vWJduBovoKiRt+nBXcOPOCvYBTSiTyaQdOnkwMxFL6K+4caGIW3/EnX/jpK2gogcGDufcyz1zvIRRIU3zQyusrW9sbhW3Szu7e/sH+mG5J+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9DL3+3eECxpHt3KWEDdE44gGFCOppJFezhyfyPkZdEIkJxgxeD3SK6ZRrTfteg0q0rStVkuRmlm1G3VoGeYCFbBCZ6S/O36M05BEEjMkxNAyE+lmiEuKGZmXnFSQBOEpGpOhohEKiXCzRfY5PFWKD4OYqxdJuFC/b2QoFGIWemoyTyh+e7n4lzdMZdByMxolqSQRXh4KUgZlDPMioE85wZLNFEGYU5UV4gniCEtVV0mV8PVT+D/pVQ2rYTRu7Er7YlVHERyDE3AOLNAEbXAFOqALMLgHD+AJPGtz7VF70V6XowVttXMEfkB7+wSbdJQq</latexit>

det0O

<latexit sha1_base64="4pBG84gpOcV6GsLeMCsAIAP9aLY=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRt+nBXcOPOCvYBTSiTyaQdOnkwM1FK7Ke4caGIW7/EnX/jpK2gogcGDufcyz1zvIRRIU3zQyusrW9sbhW3Szu7e/sHevmwJ+KUY9LFMYv5wEOCMBqRrqSSkUHCCQo9Rvre9CL3+7eECxpHN3KWEDdE44gGFCOppJFezhyfyDl0QiQnGDF4NdIrplGtN+16DSrStK1WS5GaWbUbdWgZ5gIVsEJnpL87fozTkEQSMyTE0DIT6WaIS4oZmZecVJAE4Skak6GiEQqJcLNF9Dk8VYoPg5irF0m4UL9vZCgUYhZ6ajJPKH57ufiXN0xl0HIzGiWpJBFeHgpSBmUM8x6gTznBks0UQZhTlRXiCeIIS9VWSZXw9VP4P+lVDathNK7tSvt8VUcRHIMTcAYs0ARtcAk6oAswuAMP4Ak8a/fao/aivS5HC9pq5wj8gPb2CTb3k/k=</latexit>

detO

<latexit sha1_base64="YeGv8VSzAcvQdWVYO8uFIrv8ViQ=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUHwIGEmmSzeAl48RmNiIAlDT6eTNOlZ6K6RhGF+xYsHRbz6I978GzuLoKIPCh7vVVFVzw0FV2CaH0ZqbX1jcyu9ndnZ3ds/yB7m2iqIJGUtGohAdlyimOA+awEHwTqhZMRzBbtzJ5dz/+6eScUD/xZmIet7ZOTzIacEtORkc03n5hw3nbgHbAoxhSRxsnmzUCxX7XIJa1K1rVpNk5JZtCtlbBXMBfJohYaTfe8NAhp5zAcqiFJdywyhHxMJnAqWZHqRYiGhEzJiXU194jHVjxe3J/hUKwM8DKQuH/BC/T4RE0+pmefqTo/AWP325uJfXjeCYa0fcz+MgPl0uWgYCQwBngeBB1wyCmKmCaGS61sxHRNJKOi4MjqEr0/x/6RdLFiVQuXaztcvVnGk0TE6QWfIQlVUR1eogVqIoil6QE/o2UiMR+PFeF22pozVzBH6AePtEztIlJc=</latexit>

SR, Sct

<latexit sha1_base64="dvAouhdcJBtDt931YKc/IR5rzWk="></latexit>

� =
�

V
=

✓
SR

2⇡~

◆D
2
����
det0 O

detOFV

����
� 1

2

e�
SR
~ �Sct (1 +O(~))



One loop counter-terms

set by the 4-p function

cancels the 3-p if

automatic if 3-p interactions 
comes from a single quartic

Renormalized bounce action, counter-terms Ivanov, Matteini, MN, Ubaldi ’22

Peskin & Schröder

<latexit sha1_base64="rxoKgxX7MzLtgwVvGxWiw2Wa1/4="></latexit>

Vct =
�m2

2
�2 +

��
4
�4, h�i = µp

�
, V (n) ⌘ dnV

d�n
(h�i)

<latexit sha1_base64="5G5yO2hylCXwCuG1yniIpeRtlOs="></latexit>

�� =
1

32⇡2"
V (4)2

<latexit sha1_base64="Gb2FN79pW8dEYw62uHnsBPeNpI8=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgxpC06WMjFHThsoJ9QBvKZDpph04mYWZSKbGf4saFIm79Enf+jdOHoKIHLhzOuZd77/FjRqWy7Q8js7a+sbmV3c7t7O7tH5j5w5aMEoFJE0csEh0fScIoJ01FFSOdWBAU+oy0/fHl3G9PiJA04rdqGhMvRENOA4qR0lLfzPcmSJBYUhZxeAHd86u+WbCtYrnqlktQk6rr1GqalOyiWylDx7IXKIAVGn3zvTeIcBISrjBDUnYdO1ZeioSimJFZrpdIEiM8RkPS1ZSjkEgvXZw+g6daGcAgErq4ggv1+0SKQimnoa87Q6RG8rc3F//yuokKal5KeZwowvFyUZAwqCI4zwEOqCBYsakmCAuqb4V4hATCSqeV0yF8fQr/J62i5VSsyo1bqLurOLLgGJyAM+CAKqiDa9AATYDBHXgAT+DZuDcejRfjddmaMVYzR+AHjLdPUyiTXw==</latexit>

" = 4�D

<latexit sha1_base64="h+LYGHDdC97DABP2N+WmxVukHqc="></latexit>

V (4) = 4!�, V (3) = 4⇥ 3!�h�i = V (4)h�i



Remove the tadpoles…

…and the 2-p mass divergence cancels out

the vev shifts

independent of

counter-term is zero, and does not run

<latexit sha1_base64="CtXEg3PBiR68DLANWkV7m6tU+ns="></latexit>

h�i ' v (1��+ . . .)

<latexit sha1_base64="+b/iNqh1gIvePYqnglrEkUNFsJU="></latexit>

�m2 =
1

(4⇡)2 "
V (4)

✓
V (2) � 1

2
V (4)h�i2

◆

<latexit sha1_base64="YOQFSR6b16Q+fDugIPoytbarB98="></latexit>

�� =
9�2

(4⇡)2 2"
, �m2 = � 3�2v2

(4⇡)2 2"

<latexit sha1_base64="pOoadql5ex9nwDzT9SviasKGM5k=">AAAB+nicdVDLSsNAFJ3UV62vVJduBovgKiRt+nAhFHThsoJthSaEyWTSDp08mJkopfZT3LhQxK1f4s6/cdJWUNEDl3s4517mzvFTRoU0zQ+tsLK6tr5R3Cxtbe/s7unl/Z5IMo5JFycs4Tc+EoTRmHQllYzcpJygyGek74/Pc79/S7igSXwtJylxIzSMaUgxkkry9LITECaR51zkDZ5B09MrplGtN+16DSrStK1WS5GaWbUbdWgZ5hwVsETH09+dIMFZRGKJGRJiYJmpdKeIS4oZmZWcTJAU4TEakoGiMYqIcKfz02fwWCkBDBOuKpZwrn7fmKJIiEnkq8kIyZH47eXiX94gk2HLndI4zSSJ8eKhMGNQJjDPAQaUEyzZRBGEOVW3QjxCHGGp0iqpEL5+Cv8nvaphNYzGlV1pny7jKIJDcAROgAWaoA0uQQd0AQZ34AE8gWftXnvUXrTXxWhBW+4cgB/Q3j4BRVqTWw==</latexit>

�� = 0
<latexit sha1_base64="6Gfu/rfl1azV5b4f1BixjuAysuU=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaSyXKSgB48RjALJEPo6XSSNj09Q3ePEIb8gxcPinj1f7z5N3YWQUUfFDzeq6KqXhBzprTjfFiZtfWNza3sdm5nd2//IH941FJRIgltkohHshNgRTkTtKmZ5rQTS4rDgNN2MLmc++17KhWLxK2extQP8UiwISNYG6nVu6Jc436+4NjFctUrl5AhVc+t1QwpOUWvUkau7SxQgBUa/fx7bxCRJKRCE46V6rpOrP0US80Ip7NcL1E0xmSCR7RrqMAhVX66uHaGzowyQMNImhIaLdTvEykOlZqGgekMsR6r395c/MvrJnpY81Mm4kRTQZaLhglHOkLz19GASUo0nxqCiWTmVkTGWGKiTUA5E8LXp+h/0irabsWu3HiF+sUqjiycwCmcgwtVqMM1NKAJBO7gAZ7g2YqsR+vFel22ZqzVzDH8gPX2CdD/j08=</latexit>

�

<latexit sha1_base64="6Gfu/rfl1azV5b4f1BixjuAysuU=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaSyXKSgB48RjALJEPo6XSSNj09Q3ePEIb8gxcPinj1f7z5N3YWQUUfFDzeq6KqXhBzprTjfFiZtfWNza3sdm5nd2//IH941FJRIgltkohHshNgRTkTtKmZ5rQTS4rDgNN2MLmc++17KhWLxK2extQP8UiwISNYG6nVu6Jc436+4NjFctUrl5AhVc+t1QwpOUWvUkau7SxQgBUa/fx7bxCRJKRCE46V6rpOrP0US80Ip7NcL1E0xmSCR7RrqMAhVX66uHaGzowyQMNImhIaLdTvEykOlZqGgekMsR6r395c/MvrJnpY81Mm4kRTQZaLhglHOkLz19GASUo0nxqCiWTmVkTGWGKiTUA5E8LXp+h/0irabsWu3HiF+sUqjiycwCmcgwtVqMM1NKAJBO7gAZ7g2YqsR+vFel22ZqzVzDH8gPX2CdD/j08=</latexit>

�



Counter-term for the Euclidean action

Running of the Euclidean action

Non-trival check: the      pole and         cancel with the determinant

Renormalized bounce action, counter-terms

<latexit sha1_base64="Edn4mLwBy/O49YFnJlrUgmy1lGc="></latexit>

Sct =

Z

D
(Vct � VctFV) =

3�2

8 (4⇡)2 "

Z

D

�
3
�
�4 � �4

FV

�
� 2v2

�
�2 � �2

FV

��
' � 3

16"�3
.

<latexit sha1_base64="Y1U8IM4XeEUzIvorY7epHbiLBXU="></latexit>

SR + Sct = S

 
1� 9�0

(4⇡)2

✓
1

"
+ ln

µ

µ0

◆!

<latexit sha1_base64="Og5Mw0e/0Qh3D6tZY9+3bafEw1Q=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXJWkTR/uCm5cVrAPaEKZTCft0MkkzEwKJWbhr7hxoYhbf8Odf+P0IajogQuHc+7l3nv8mFGpLOvDyK2tb2xu5bcLO7t7+wfm4VFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv7kau53p0RIGvFbNYuJF6IRpwHFSGlpYJ64gUA4tbPUnSJBYklZxDM4MItWqVytO9UK1KTu2I2GJhWr7NSq0C5ZCxTBCq2B+e4OI5yEhCvMkJR924qVlyKhKGYkK7iJJDHCEzQifU05Con00sX9GTzXyhAGkdDFFVyo3ydSFEo5C33dGSI1lr+9ufiX109U0PBSyuNEEY6Xi4KEQRXBeRhwSAXBis00QVhQfSvEY6QDUTqygg7h61P4P+mUS3atVLtxis3LVRx5cArOwAWwQR00wTVogTbA4A48gCfwbNwbj8aL8bpszRmrmWPwA8bbJ+YOlq0=</latexit>

1

"
<latexit sha1_base64="O/qvaiEJcHwQ7dq7/Q90WdooOB4=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmbiZPEW8OIxglkgM4SeTidp08vQ3SOEIf/gxYMiXv0fb/6NnUVQ0QcFj/eqqKoXJ4xq43kfTm5tfWNzK79d2Nnd2z8oHh61tUwVJi0smVTdGGnCqCAtQw0j3UQRxGNGOvHkau537onSVIpbM01IxNFI0CHFyFipHTIR8rRfLHluuVILKhfQklrg1+uWXHjloFqBvustUAIrNPvF93AgccqJMJghrXu+l5goQ8pQzMisEKaaJAhP0Ij0LBWIEx1li2tn8MwqAziUypYwcKF+n8gQ13rKY9vJkRnr395c/MvrpWZYjzIqktQQgZeLhimDRsL563BAFcGGTS1BWFF7K8RjpBA2NqCCDeHrU/g/aZddv+pWb4JS43IVRx6cgFNwDnxQAw1wDZqgBTC4Aw/gCTw70nl0XpzXZWvOWc0cgx9w3j4BFdmPeA==</latexit>

lnµ



We wish to get the eigenvalues of      and multiply them

The bounce and fluctuations spherically symmetric, orbital decomposition

Gel’fand-Yaglom theorem

Scalar degeneracy factor

Functional determinants

<latexit sha1_base64="Pw6Rz4BzDJCw2G6wbOd/a+h6FbU="></latexit>

Ol = �
d2

d⇢2
�

D � 1

⇢

d

d⇢
+

l (l +D � 2)

⇢2
+ V (2) , V (2) =

d2V

d'2

����
'̄

<latexit sha1_base64="fGLDvLrBLeGt6W4rEm8lsenI0zs="></latexit>����
det0 O

detOFV

����
� 1

2

=

�����

1Y

l=0

det0 Ol

detOlFV

�����

� 1
2

<latexit sha1_base64="QvZJeOhGCZDXje6BQDFfk4uohGs="></latexit>

Ol  l = 0 ,  l(0) ⇠ ⇢l

OlFV  lFV = 0 ,  lFV(0) ⇠ ⇢l

<latexit sha1_base64="FWk5udRqQFiZYIWAyAkK20RtCa4="></latexit>

detOl

detOlFV
=

✓
 l

 lFV

���
1

◆dl

<latexit sha1_base64="oERGZG8W9VbMc2ZjnPP1evx2DiY=">AAAB/XicdZDLSsNAFIYn9VbjrV52bgaL4qokbXpxIRR04bKCvUATwmQybYdOJmFmItRSfBU3LhRx63u4822cXgQV/WHg4z/ncM78QcKoVJb1YWSWlldW17Lr5sbm1vZObnevJeNUYNLEMYtFJ0CSMMpJU1HFSCcRBEUBI+1geDGtt2+JkDTmN2qUEC9CfU57FCOlLT93EPoWPDmHtum6ZujbU770c3mrUCxXnXIJaqg6dq2moWQVnUoZ2gVrpjxYqOHn3t0wxmlEuMIMSdm1rUR5YyQUxYxMTDeVJEF4iPqkq5GjiEhvPLt+Ao+1E8JeLPTjCs7c7xNjFEk5igLdGSE1kL9rU/OvWjdVvZo3pjxJFeF4vqiXMqhiOI0ChlQQrNhIA8KC6lshHiCBsNKBmTqEr5/C/6FVLNiVQuXaydfPFnFkwSE4AqfABlVQB1egAZoAgzvwAJ7As3FvPBovxuu8NWMsZvbBDxlvn7j6ki8=</latexit>

d0 = 1

d1 = D

<latexit sha1_base64="1kuF5+YgLGmkLDL8jBX5xScK9ok=">AAAB7XicdVDJSgNBEK2JW4xb1KOXxiB4GmaSyXLwEPDizQhmgWQIPZ1O0qanZ+juEcKQf/DiQRGv/o83/8bOIqjog4LHe1VU1QtizpR2nA8rs7a+sbmV3c7t7O7tH+QPj1oqSiShTRLxSHYCrChngjY105x2YklxGHDaDiaXc799T6VikbjV05j6IR4JNmQEayO1egRzdN3PFxy7WK565RIypOq5tZohJafoVcrItZ0FCrBCo59/7w0ikoRUaMKxUl3XibWfYqkZ4XSW6yWKxphM8Ih2DRU4pMpPF9fO0JlRBmgYSVNCo4X6fSLFoVLTMDCdIdZj9dubi3953UQPa37KRJxoKshy0TDhSEdo/joaMEmJ5lNDMJHM3IrIGEtMtAkoZ0L4+hT9T1pF263YlRuvUL9YxZGFEziFc3ChCnW4ggY0gcAdPMATPFuR9Wi9WK/L1oy1mjmGH7DePgFe1Y8C</latexit>

O

<latexit sha1_base64="4UOU0f/MZxlOrXLgbmlaBdBmjBI="></latexit>

dl =
(2l +D � 2)(l +D � 3)!

l!(D � 2)!



Gel’fand-Yaglom theorem

simplest instance of GY formalism ‘magic’

<latexit sha1_base64="NDwZJsnJ1NXmAgu4DuQtMUfDVW8="></latexit>

O = �
d2

dx2
+m2

OFV = �
d2

dx2 x

ψn(x)

L

a) impose Dirichlet (fixed) boundary condition at L

QM potential well, classical 1D string

b) solve the Cauchy (open) boundary condition

<latexit sha1_base64="lbbsjmxY1imLdRIK14FfKxLnxN4="></latexit>

�n =
⇣n⇡
L

⌘2
+m2 , �nFV =

⇣n⇡
L

⌘2
,

det O

det OFV
=

1Y

n=1

�n

�nFV
=

sinh(mL)

mL

<latexit sha1_base64="PPU0et9O2cs0obmZcHUSDsMfHXk="></latexit>

 00 �m2 = 0,  (0) = 0,  0(0) = 1,  =
sinh(mx)

m
,  FV = x

<latexit sha1_base64="0y+z3YfDgzJOM/TeqcOkCb0jg1o="></latexit>

det O

det OFV
=

 

 FV
(L) =

sinh(mL)

mL



<latexit sha1_base64="66/+1YG83hR7600m5Jv6y57BASU=">AAACFHicbVDLSgMxFM34rPU16tJNsCiCUGak+NgVBHFZxT6gMwyZNNOGJpkxyRTKMB/hxl9x40IRty7c+Temj4W2Hrjcwzn3ktwTJowq7Tjf1sLi0vLKamGtuL6xubVt7+w2VJxKTOo4ZrFshUgRRgWpa6oZaSWSIB4y0gz7VyO/OSBS0Vjc62FCfI66gkYUI22kwD65Cxg88shDSgfQiyTCmZcoGrB80jOWeZLD60ae54FdcsrOGHCeuFNSAlPUAvvL68Q45URozJBSbddJtJ8hqSlmJC96qSIJwn3UJW1DBeJE+dn4qBweGqUDo1iaEhqO1d8bGeJKDXloJjnSPTXrjcT/vHaqows/oyJJNRF48lCUMqhjOEoIdqgkWLOhIQhLav4KcQ+ZZLTJsWhCcGdPnieN07J7Vq7cVkrVy2kcBbAPDsAxcME5qIIbUAN1gMEjeAav4M16sl6sd+tjMrpgTXf2wB9Ynz90C58X</latexit>

Rl ⌘
 l

 lFV

<latexit sha1_base64="wnKcNdc5V2wH6+hYXXihK0ykeWY="></latexit>

R̈l + 2

 
 ̇lFV

 lFV

!
Ṙl =

⇣
V (2) � V (2)

FV

⌘
Rl

<latexit sha1_base64="Zhx4Edsyn8r8Hw3Chos39NI9iYM="></latexit>

 lFV(0) ⇠ ⇢l , Rl(0) = 1 , Ṙl(0) = 0

<latexit sha1_base64="ZQF4ItMo6ExI6N8nHus6D6qVshM=">AAACEnicbVBNS8NAEN3U7/pV9ehlsSh6KYmIHwehoAePtVgtNDFsttN26WYTdzdCCfkNXvwrXjwo4tWTN/+N2zYHtT4YeLw3w8y8IOZMadv+sgpT0zOzc/MLxcWl5ZXV0tr6tYoSSaFBIx7JZkAUcCagoZnm0IwlkDDgcBP0z4b+zT1IxSJxpQcxeCHpCtZhlGgj+aW9us/xzil2Yxm1/VS4XbjDdobrfsqxyG5T9xy4Jrci80tlu2KPgCeJk5MyylHzS59uO6JJCEJTTpRqOXasvZRIzSiHrOgmCmJC+6QLLUMFCUF56eilDG8bpY07kTQlNB6pPydSEio1CAPTGRLdU3+9ofif10p059hLmYgTDYKOF3USjnWEh/ngNpNANR8YQqhk5lZMe0QSqk2KRROC8/flSXK9X3EOKweXB+XqSR7HPNpEW2gXOegIVdEFqqEGougBPaEX9Go9Ws/Wm/U+bi1Y+cwG+gXr4xvGNZzv</latexit>

Rl =
Y

n�0

R�n

ln

<latexit sha1_base64="ptU6P7kjr/tz4ySXcyX7uZpvM38="></latexit>

Rl0 =
1

(1 + x)2
,

lnRl1 = 3 (r + lnx) ,

lnRl2(x ! 1) =
3

4

(l � 1) (l +D � 1)

(D � 1)2
x2

<latexit sha1_base64="QcXiOLWvf5xA13HzkEKHW7TWcmo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyK+DgIAS8eI5gHJGuYnXSSIbOzy8ysGJd8hBcPinj1e7z5N06SPWhiQUNR1U13VxALro3rfju5peWV1bX8emFjc2t7p7i7V9dRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HriNx5QaR7JOzOK0Q9pX/IeZ9RYqfFIrgjeP3WKJbfsTkEWiZeREmSodopf7W7EkhClYYJq3fLc2PgpVYYzgeNCO9EYUzakfWxZKmmI2k+n547JkVW6pBcpW9KQqfp7IqWh1qMwsJ0hNQM9703E/7xWYnoXfsplnBiUbLaolwhiIjL5nXS5QmbEyBLKFLe3EjagijJjEyrYELz5lxdJ/aTsnZVPb09LlcssjjwcwCEcgwfnUIEbqEINGAzhGV7hzYmdF+fd+Zi15pxsZh/+wPn8AWf4jvI=</latexit>

x = ez

<latexit sha1_base64="z7swuu40Lc9PQzalh+yNcLeOwH0="></latexit>

Rl(1) = �2eD�1 3

4

(l � 1) (l +D � 1)

(D � 1)2

<latexit sha1_base64="Kffm1bzOqo5/9Sy5cTVUAJvW5yQ=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWR4gNcFHThsoJ9QFPKZDpph04mYWYi1BD8FTcuFHHrf7jzb5y2WWjrgQuHc+7l3nv8mDOlHefbKiwtr6yuFddLG5tb2zv27l5TRYkktEEiHsm2jxXlTNCGZprTdiwpDn1OW/7oeuK3HqhULBL3ehzTbogHggWMYG2knn3A0RXyAolJ6mapd0O5xlnPLjsVZwq0SNyclCFHvWd/ef2IJCEVmnCsVMd1Yt1NsdSMcJqVvETRGJMRHtCOoQKHVHXT6fUZOjZKHwWRNCU0mqq/J1IcKjUOfdMZYj1U895E/M/rJDq46KZMxImmgswWBQlHOkKTKFCfSUo0HxuCiWTmVkSG2EShTWAlE4I7//IiaZ5W3LNK9a5arl3mcRThEI7gBFw4hxrcQh0aQOARnuEV3qwn68V6tz5mrQUrn9mHP7A+fwCuypS6</latexit>

l <
1

�

<latexit sha1_base64="Pe9fpfVAwzC/K3m5/gPkd13DyhU=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQhJDrRspuHHZgn1AG8pketOOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCVPOlHacD2tldW19Y7OwVdze2d3bLx0ctlSSSQpNmvBEdkKigDMBTc00h04qgcQhh3Y4vp757XuQiiXiVk9SCGIyFCxilGgjNXi/VHbsS9/3Ki6eE/+8uiCeW8Wu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzQ6f41CgDHCXSlNB4rn6fyEms1CQOTWdM9Ej99mbiX14301E1yJlIMw2CLhZFGcc6wbOv8YBJoJpPDCFUMnMrpiMiCdUmm6IJ4etT/D9pebZbsb2GX65dLeMooGN0gs6Qiy5QDd2gOmoiigA9oCf0bN1Zj9aL9bpoXbGWM0foB6y3T1GxjUk=</latexit>

lIR UV
<latexit sha1_base64="tkl0yd17TxNDu5psZtSTYhYdHfs=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiQx1LqRghuXFewD2lAm00k7dDKJMxOhhP6EGxeKuPV33Pk3Th+Cih64cDjnXu69J0w5U9pxPqzCyura+kZxs7S1vbO7V94/aKkkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF/N/PY9lYol4lZPUhrEeChYxAjWRupw1FMsRm6/XHHsC9/3qi6aE/+stiCeW0Ou7cxRgSUa/fJ7b5CQLKZCE46V6rpOqoMcS80Ip9NSL1M0xWSMh7RrqMAxVUE+v3eKTowyQFEiTQmN5ur3iRzHSk3i0HTGWI/Ub28m/uV1Mx3VgpyJNNNUkMWiKONIJ2j2PBowSYnmE0MwkczcisgIS0y0iahkQvj6FP1PWp7tVm3vxq/UL5dxFOEIjuEUXDiHOlxDA5pAgMMDPMGzdWc9Wi/W66K1YC1nDuEHrLdPhyyPpQ==</latexit>

l ⇠ 1
<latexit sha1_base64="s+8QIamjKrPYUQV/lKScoo/4WgQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eK1hbaEPZbDfp0s0m7G6EEvojvHhQxKu/x5v/xm1aQUUfDDzem2FmXpByprTjfFilldW19Y3yZmVre2d3r7p/cKeSTBLaIQlPZC/AinImaEczzWkvlRTHAafdYHI197v3VCqWiFs9Takf40iwkBGsjdTlaBBFyB1Wa4594Xn1hosK4p01F6TuNpFrOwVqsER7WH0fjBKSxVRowrFSfddJtZ9jqRnhdFYZZIqmmExwRPuGChxT5efFuTN0YpQRChNpSmhUqN8nchwrNY0D0xljPVa/vbn4l9fPdNj0cybSTFNBFovCjCOdoPnvaMQkJZpPDcFEMnMrImMsMdEmoYoJ4etT9D+5q9tuw67feLXW5TKOMhzBMZyCC+fQgmtoQwcITOABnuDZSq1H68V6XbSWrOXMIfyA9fYJpPuPIA==</latexit>

l � 1

Fluctuations

Define the ratio                      and solve the stable GY equation

Baacke, 
Lavrelashvili ’03

Low multipoles

Multiplicative TW expansion

Negative and zero modes ok

Ivanov, Matteini, MN, Ubaldi ’22



<latexit sha1_base64="o6TFMfVLLq4g3EZarzAYEhhzGx4=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIgliSUnwshIIuXFawD2hKmUwn7dDJJMxMhBKCG3/FjQtF3PoV7vwbp4+FVg9cOJxzL/fe48ecKe04X1ZuYXFpeSW/Wlhb39jcsrd3GipKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0h1djv3lPpWKRuNOjmHZC3BcsYARrI3XtPU8k6BJxdIy8QGKSXmdpOUMnyO3aRafkTID+EndGijBDrWt/er2IJCEVmnCsVNt1Yt1JsdSMcJoVvETRGJMh7tO2oQKHVHXSyQsZOjRKDwWRNCU0mqg/J1IcKjUKfdMZYj1Q895Y/M9rJzo476RMxImmgkwXBQlHOkLjPFCPSUo0HxmCiWTmVkQG2CShTWoFE4I7//Jf0iiX3NNS5bZSrF7M4sjDPhzAEbhwBlW4gRrUgcADPMELvFqP1rP1Zr1PW3PWbGYXfsH6+AbzXZU0</latexit>

⌫ = l +
D

2
� 1Shift multipoles

<latexit sha1_base64="TxBskI8WOmYJthiqGmojxlSbsZE="></latexit>

 ⌫FV ' ek⌫z , k2⌫ = 1 +
�2⌫2

r20
FV part

<latexit sha1_base64="cWspYgjDQNM0kX+Rij2lZprU9/s="></latexit>

R⌫0(1) =
(k⌫ � 1) (2k⌫ � 1)

(k⌫ + 1) (2k⌫ + 1)Leading order

<latexit sha1_base64="2RP1PWq/dcbna5nef0/9cgzZpO8=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWR4mNX0IXLCvYBTSiT6SQdOpmEmYlQYhf+ihsXirj1N9z5N07bLLT1wIXDOfdy7z1BypnSjvNtLS2vrK6tlzbKm1vbO7v23n5LJZkktEkSnshOgBXlTNCmZprTTiopjgNO28HweuK3H6hULBH3epRSP8aRYCEjWBupZx9y5EUR8kKJSe6Oc++Gco3HPbviVJ0p0CJxC1KBAo2e/eX1E5LFVGjCsVJd10m1n2OpGeF0XPYyRVNMhjiiXUMFjqny8+n9Y3RilD4KE2lKaDRVf0/kOFZqFAemM8Z6oOa9ifif1810eOnnTKSZpoLMFoUZRzpBkzBQn0lKNB8Zgolk5lZEBthEoU1kZROCO//yImmdVd3zau2uVqlfFXGU4AiO4RRcuIA63EIDmkDgEZ7hFd6sJ+vFerc+Zq1LVjFzAH9gff4Ac/mVvA==</latexit>

l � 1

�

‘All-order’ corrections, long appendix

Correct UV behaviour
<latexit sha1_base64="ZFZ1lCjXTgYztGXq/3DbDX9o1eA=">AAACEHicbVBLSwMxGMzWV62vVY9egkWsl7IrxcdBKHjxWMU+oLss2TTbhibZJckKZelP8OJf8eJBEa8evflvTNs9aOtAYDLzfSQzYcKo0o7zbRWWlldW14rrpY3Nre0de3evpeJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vJ747QciFY3FvR4lxOeoL2hEMdJGCuxjj1EeZJ5Ioadj6FER6dEY3gVGqcxuJ/AKuoFddqrOFHCRuDkpgxyNwP7yejFOOREaM6RU13US7WdIaooZGZe8VJEE4SHqk66hAnGi/GwaaAyPjNKDUSzNERpO1d8bGeJKjXhoJjnSAzXvTcT/vG6qows/oyJJNRF49lCUMmiiT9qBPSoJ1mxkCMKSmr9CPEASYW06LJkS3PnIi6R1WnXPqrXbWrl+mddRBAfgEFSAC85BHdyABmgCDB7BM3gFb9aT9WK9Wx+z0YKV7+yDP7A+fwAwMpv/</latexit>

lim
⌫!1

R⌫(1) = 1

<latexit sha1_base64="Pe9fpfVAwzC/K3m5/gPkd13DyhU=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQhJDrRspuHHZgn1AG8pketOOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCVPOlHacD2tldW19Y7OwVdze2d3bLx0ctlSSSQpNmvBEdkKigDMBTc00h04qgcQhh3Y4vp757XuQiiXiVk9SCGIyFCxilGgjNXi/VHbsS9/3Ki6eE/+8uiCeW8Wu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzQ6f41CgDHCXSlNB4rn6fyEms1CQOTWdM9Ej99mbiX14301E1yJlIMw2CLhZFGcc6wbOv8YBJoJpPDCFUMnMrpiMiCdUmm6IJ4etT/D9pebZbsb2GX65dLeMooGN0gs6Qiy5QDd2gOmoiigA9oCf0bN1Zj9aL9bpoXbGWM0foB6y3T1GxjUk=</latexit>

lIR UV
<latexit sha1_base64="tkl0yd17TxNDu5psZtSTYhYdHfs=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiQx1LqRghuXFewD2lAm00k7dDKJMxOhhP6EGxeKuPV33Pk3Th+Cih64cDjnXu69J0w5U9pxPqzCyura+kZxs7S1vbO7V94/aKkkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF/N/PY9lYol4lZPUhrEeChYxAjWRupw1FMsRm6/XHHsC9/3qi6aE/+stiCeW0Ou7cxRgSUa/fJ7b5CQLKZCE46V6rpOqoMcS80Ip9NSL1M0xWSMh7RrqMAxVUE+v3eKTowyQFEiTQmN5ur3iRzHSk3i0HTGWI/Ub28m/uV1Mx3VgpyJNNNUkMWiKONIJ2j2PBowSYnmE0MwkczcisgIS0y0iahkQvj6FP1PWp7tVm3vxq/UL5dxFOEIjuEUXDiHOlxDA5pAgMMDPMGzdWc9Wi/W66K1YC1nDuEHrLdPhyyPpQ==</latexit>

l ⇠ 1
<latexit sha1_base64="s+8QIamjKrPYUQV/lKScoo/4WgQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eK1hbaEPZbDfp0s0m7G6EEvojvHhQxKu/x5v/xm1aQUUfDDzem2FmXpByprTjfFilldW19Y3yZmVre2d3r7p/cKeSTBLaIQlPZC/AinImaEczzWkvlRTHAafdYHI197v3VCqWiFs9Takf40iwkBGsjdTlaBBFyB1Wa4594Xn1hosK4p01F6TuNpFrOwVqsER7WH0fjBKSxVRowrFSfddJtZ9jqRnhdFYZZIqmmExwRPuGChxT5efFuTN0YpQRChNpSmhUqN8nchwrNY0D0xljPVa/vbn4l9fPdNj0cybSTFNBFovCjCOdoPnvaMQkJZpPDcFEMnMrImMsMdEmoYoJ4etT9D+5q9tuw67feLXW5TKOMhzBMZyCC+fQgmtoQwcITOABnuDZSq1H68V6XbSWrOXMIfyA9fYJpPuPIA==</latexit>

l � 1

not low-l, though, as expected

<latexit sha1_base64="FVDz4U6B6F6WwsMDwgZRbRR6cZw="></latexit>

lnR⌫(1) = ln
(k⌫ � 1)(2k⌫ � 1)

(k⌫ + 1)(2k⌫ + 1)
+ 3r0

⇣
k⌫ �

p
k2⌫ � 1

⌘

High multipoles

Ivanov, Matteini, 
MN, Ubaldi ’22



Fluctuations: summary

Low multipoles Negative, zero

<latexit sha1_base64="Pe9fpfVAwzC/K3m5/gPkd13DyhU=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuQhJDrRspuHHZgn1AG8pketOOnUzCzEQooV/gxoUibv0kd/6N04egogcuHM65l3vvCVPOlHacD2tldW19Y7OwVdze2d3bLx0ctlSSSQpNmvBEdkKigDMBTc00h04qgcQhh3Y4vp757XuQiiXiVk9SCGIyFCxilGgjNXi/VHbsS9/3Ki6eE/+8uiCeW8Wu7cxRRkvU+6X33iChWQxCU06U6rpOqoOcSM0oh2mxlylICR2TIXQNFSQGFeTzQ6f41CgDHCXSlNB4rn6fyEms1CQOTWdM9Ej99mbiX14301E1yJlIMw2CLhZFGcc6wbOv8YBJoJpPDCFUMnMrpiMiCdUmm6IJ4etT/D9pebZbsb2GX65dLeMooGN0gs6Qiy5QDd2gOmoiigA9oCf0bN1Zj9aL9bpoXbGWM0foB6y3T1GxjUk=</latexit>

lIR UV
<latexit sha1_base64="tkl0yd17TxNDu5psZtSTYhYdHfs=">AAAB73icdVDLSsNAFL2pr1pfVZduBovgKiQx1LqRghuXFewD2lAm00k7dDKJMxOhhP6EGxeKuPV33Pk3Th+Cih64cDjnXu69J0w5U9pxPqzCyura+kZxs7S1vbO7V94/aKkkk4Q2ScIT2QmxopwJ2tRMc9pJJcVxyGk7HF/N/PY9lYol4lZPUhrEeChYxAjWRupw1FMsRm6/XHHsC9/3qi6aE/+stiCeW0Ou7cxRgSUa/fJ7b5CQLKZCE46V6rpOqoMcS80Ip9NSL1M0xWSMh7RrqMAxVUE+v3eKTowyQFEiTQmN5ur3iRzHSk3i0HTGWI/Ub28m/uV1Mx3VgpyJNNNUkMWiKONIJ2j2PBowSYnmE0MwkczcisgIS0y0iahkQvj6FP1PWp7tVm3vxq/UL5dxFOEIjuEUXDiHOlxDA5pAgMMDPMGzdWc9Wi/W66K1YC1nDuEHrLdPhyyPpQ==</latexit>

l ⇠ 1
<latexit sha1_base64="s+8QIamjKrPYUQV/lKScoo/4WgQ=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eK1hbaEPZbDfp0s0m7G6EEvojvHhQxKu/x5v/xm1aQUUfDDzem2FmXpByprTjfFilldW19Y3yZmVre2d3r7p/cKeSTBLaIQlPZC/AinImaEczzWkvlRTHAafdYHI197v3VCqWiFs9Takf40iwkBGsjdTlaBBFyB1Wa4594Xn1hosK4p01F6TuNpFrOwVqsER7WH0fjBKSxVRowrFSfddJtZ9jqRnhdFYZZIqmmExwRPuGChxT5efFuTN0YpQRChNpSmhUqN8nchwrNY0D0xljPVa/vbn4l9fPdNj0cybSTFNBFovCjCOdoPnvaMQkJZpPDcFEMnMrImMsMdEmoYoJ4etT9D+5q9tuw67feLXW5TKOMhzBMZyCC+fQgmtoQwcITOABnuDZSq1H68V6XbSWrOXMIfyA9fYJpPuPIA==</latexit>

l � 1

High multipoles

<latexit sha1_base64="76u2Ix7rlhxSAGuGYmPh/d8tjPA="></latexit>

k2⌫ = 1 +
�2⌫2

r20

<latexit sha1_base64="ku8oDpHUeUO8zYCTWbSRpTIo4lg="></latexit>

l <
1

�
: Rl(1) = �2eD�1 3

4

(l � 1) (l +D � 1)

(D � 1)2

<latexit sha1_base64="dRQXtZoqdOz6+lk7nemkisUo6go="></latexit>

l � 1

�
: lnR⌫(1) = ln

(k⌫ � 1)(2k⌫ � 1)

(k⌫ + 1)(2k⌫ + 1)
+ 3r0

⇣
k⌫ �

p
k2⌫ � 1

⌘

Ivanov, Matteini, MN, Ubaldi ’22



Renormalized determinant
<latexit sha1_base64="AmgNHI3icv2mm9XwEyF0BqJEKIw=">AAACLXicbVBdSwJBFJ21L7Mvq8dehiQIItkNqV4CIR96NMgMVGR2vKuDs7PLzN1IFv9QL/2VCHowotf+RqP5YNqBgcM59zD3Hj+WwqDrjpzM0vLK6lp2PbexubW9k9/duzdRojnUeCQj/eAzA1IoqKFACQ+xBhb6Eup+/3rs1x9BGxGpOxzE0ApZV4lAcIZWaucrTZOE7bSJ8IRpINRwSK/oRJP0lM6azAzC2Nonf1QNNtLOF9yiOwFdJN6UFMgU1Xb+rdmJeBKCQi6ZMQ3PjbGVMo2CSxjmmomBmPE+60LDUsVCMK10cu2QHlmlQ4NI26eQTtTZRMpCY3f17WTIsGfmvbH4n9dIMLhspULFCYLivx8FiaQY0XF1tCM0cJQDSxjXwu5KeY9pxtEWnLMlePMnL5L7s6J3XizdlgrlyrSOLDkgh+SYeOSClMkNqZIa4eSZvJIR+XBenHfn0/n6Hc0408w++QPn+weiOao+</latexit>X

fin

=
X

l

�
X

asymp

+
X

ren

needs

Two approaches (different power counting)

1a) organize in multipoles, minimal subtraction

<latexit sha1_base64="OA7aIsbzI6h1CZAoaeXL9+skl04=">AAACIHicbZDNSgMxFIUz/lv/qi7dBIsgCGWmFOtKCm5cKlhb6JQhk2ba0CQzJHfEMsyjuPFV3LhQRHf6NGZqF9p6IPBx7r3k3hMmghtw3U9nYXFpeWV1bb20sbm1vVPe3bs1caopa9FYxLoTEsMEV6wFHATrJJoRGQrWDkcXRb19x7ThsbqBccJ6kgwUjzglYK2g3PBNKoPMB3YPGTFjmeQ59g2X2K8EHvZVivFJwTXsR5rQzMsza+ZBueJW3YnwPHhTqKCproLyh9+PaSqZAiqIMV3PTaCXEQ2cCpaX/NSwhNARGbCuRUUkM71scmCOj6zTx1Gs7VOAJ+7viYxIY3cPbackMDSztcL8r9ZNITrrZVwlKTBFfz6KUoEhxkVauM81oyDGFgjV3O6K6ZDYHMBmWrIheLMnz8NtreqdVuvX9UrzfBrHGjpAh+gYeaiBmugSXaEWougBPaEX9Oo8Os/Om/P+07rgTGf20R85X9+F8KKH</latexit> X

asymp

⇠ #1⌫ +#2
1

⌫

quadratic log divergence

1b) organize in coupling x insertion
<latexit sha1_base64="DdoFLhOVjb39gwNr/oHQsBdf/kc=">AAACG3icbVBNS8NAEN34WetX1aOXxSIIQkmKqCcRvHisYFVoYthsp+3ibhJ2J9IS+j+8+Fe8eFDEk+DBf+O25qCtDwYe780wMy9KpTDoul/OzOzc/MJiaam8vLK6tl7Z2LwySaY5NHkiE30TMQNSxNBEgRJuUg1MRRKuo7uzkX99D9qIJL7EQQqBYt1YdARnaKWwUvdNpsLcR+hjzsxApcMh9Y1Q1K+GHu1Tuk99FLINI6FO+7f1sFJ1a+4YdJp4BamSAo2w8uG3E54piJFLZkzLc1MMcqZRcAnDsp8ZSBm/Y11oWRozBSbIx78N6a5V2rSTaFsx0rH6eyJnytizI9upGPbMpDcS//NaGXaOg1zEaYYQ859FnUxSTOgoKNoWGjjKgSWMa2FvpbzHNONo4yzbELzJl6fJVb3mHdYOLg6qpydFHCWyTXbIHvHIETkl56RBmoSTB/JEXsir8+g8O2/O+0/rjFPMbJE/cD6/AZhDn8w=</latexit> X

asymp

⇠ #1x+ #̃2x
2

Renormalize - replace divergencies with        and introduce 
<latexit sha1_base64="RLCyI4piyuQNP4xfwDp2uhuZlC4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KokUH7uCGzdCRfuAJpTJdNIOnWTCzI1YQ/BX3LhQxK3/4c6/cdJmoa0HBg7n3MO9c/yYMwW2/W0sLC4tr6yW1srrG5tb2+bObkuJRBLaJIIL2fGxopxFtAkMOO3EkuLQ57Ttjy5zv31PpWIiuoNxTL0QDyIWMIJBSz1z3xXaztOpC/QB0uvbLOuZFbtqT2DNE6cgFVSg0TO/3L4gSUgjIBwr1XXsGLwUS2CE06zsJorGmIzwgHY1jXBIlZdOrs+sI630rUBI/SKwJurvRIpDpcahrydDDEM16+Xif143geDcS1kUJ0AjMl0UJNwCYeVVWH0mKQE+1gQTyfStFhliiQnowsq6BGf2y/OkdVJ1Tqu1m1qlflHUUUIH6BAdIwedoTq6Qg3URAQ9omf0it6MJ+PFeDc+pqMLRpHZQ39gfP4AgwGV5A==</latexit>

MS
<latexit sha1_base64="St/FbILtKlW2wjVXPtrwrEKlL6Y=">AAAB6nicbVDLSgMxFL2pr1pfVZdugkVwVWak+NgV3LisaB/QDiWTZtrQJDMkGaEM/QQ3LhRx6xe5829M21lo64ELh3Pu5d57wkRwYz3vGxXW1jc2t4rbpZ3dvf2D8uFRy8SppqxJYxHrTkgME1yxpuVWsE6iGZGhYO1wfDvz209MGx6rRztJWCDJUPGIU2Kd9NCTab9c8areHHiV+DmpQI5Gv/zVG8Q0lUxZKogxXd9LbJARbTkVbFrqpYYlhI7JkHUdVUQyE2TzU6f4zCkDHMXalbJ4rv6eyIg0ZiJD1ymJHZllbyb+53VTG10HGVdJapmii0VRKrCN8exvPOCaUSsmjhCqubsV0xHRhFqXTsmF4C+/vEpaF1X/slq7r1XqN3kcRTiBUzgHH66gDnfQgCZQGMIzvMIbEugFvaOPRWsB5TPH8Afo8wddl43W</latexit>µ

  2b) Feynman diagrams

<latexit sha1_base64="fBpRKd0773HQFr0kwG+UjaQulYg="></latexit>X

ren

/ 1

"
+ lnµ+ fin

<latexit sha1_base64="ON50vCOkq8+myWpu3RwXArIj6Ck=">AAAB6HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaeut4MVjC/YD2lA22027drMJuxuxlP4CLx4U8epP8ua/cdNGUNEHA4/3ZpiZ58ecKe04H1ZubX1jcyu/XdjZ3ds/KB4edVSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT69Sv3tHpWKRuNGzmHohHgsWMIK1kVr3w2LJsasVt1YrI8d2lkiJe1F3XORmSgkyNIfF98EoIklIhSYcK9V3nVh7cyw1I5wuCoNE0RiTKR7TvqECh1R58+WhC3RmlBEKImlKaLRUv0/McajULPRNZ4j1RP32UvEvr5/ooO7NmYgTTQVZLQoSjnSE0q/RiElKNJ8Zgolk5lZEJlhiok02BRPC16fof9Ip227VrrQqpcZlFkceTuAUzsGFGjTgGprQBgIUHuAJnq1b69F6sV5XrTkrmzmGH7DePgEg4o0k</latexit>x
<latexit sha1_base64="LIboSjxc+YOFiBlJ5VGeAOfruUs=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaeut4MVjRfsBbSyb7aZdutmE3Y1YSn+CFw+KePUXefPfuGkjqOiDgcd7M8zM82POlHacDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGeCtjTTnHZjSXHoc9rxJxep37mjUrFI3OhpTL0QjwQLGMHaSNf3t+VBseTY1Ypbq5WRYzsLpMQ9qzsucjOlBBmag+J7fxiRJKRCE46V6rlOrL0ZlpoRTueFfqJojMkEj2jPUIFDqrzZ4tQ5OjHKEAWRNCU0WqjfJ2Y4VGoa+qYzxHqsfnup+JfXS3RQ92ZMxImmgiwXBQlHOkLp32jIJCWaTw3BRDJzKyJjLDHRJp2CCeHrU/Q/aZdtt2pXriqlxnkWRx6O4BhOwYUaNOASmtACAiN4gCd4trj1aL1Yr8vWnJXNHMIPWG+fRkmNyA==</latexit>

x2

  2a)    function
<latexit sha1_base64="hr9NX53eKfaFMiJzUYXBmjM5UCA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mk+HErePFYwbSFNpTNdtMu3WzC7kSopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMC1MpDLrut1NYW9/Y3Cpul3Z29/YPyodHTZNkmnGfJTLR7ZAaLoXiPgqUvJ1qTuNQ8lY4up35rUeujUjUA45THsR0oEQkGEUr+d0njrRXrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5MwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DiZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+S5kXVu6zW7muV+k0eRxFO4BTOwYMrqMMdNMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucP6LeOvA==</latexit>

⇣

<latexit sha1_base64="Z1lwTUj8IynWk7iEZ2TDydoWsAw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCHjxWMW2hDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFR0ySZZtxniUx0O6SGS6G4jwIlb6ea0ziUvBWObmZ+64lrIxL1iOOUBzEdKBEJRtFK/kOvq7JeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmhdV77Jau69V6rd5HEU4gVM4Bw+uoA530AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/uvWOpw==</latexit>

R⌫



Sum over multipoles

Diverges in the UV as expected from QFT

<latexit sha1_base64="vtbbwz6GQBcFLF2GEhbDlm77+ms="></latexit>X

⌫�1

d⌫ lnR⌫�1 ⇠ �3r0(2� r0)

(D � 2)!�

X

⌫�1

⌫D�2

✓
1

⌫
� 1

⌫3

⇣ r0
2�

⌘2
◆

quadratic and log in D=4
<latexit sha1_base64="Bphoi444GWTP0rwLr/6gJ1gOZmo="></latexit>

⌃D =
1X

⌫=⌫0

�D =
1X

⌫=⌫0

d⌫ (lnR⌫ � lnRa
⌫)Finite sum

asymptotic subtraction

Renormalized determinants 
(subtractions and logs for Ds)

Dunne, Min ’05  
Dunne, Kirsten ’06 

Hur, Min ’08

<latexit sha1_base64="Uh48VlfS1r2c9ig4v+f0e0j0nuo="></latexit>

ln

✓
detO

detOFV

◆
=

1X

⌫=D/2�1

d⌫ lnR⌫ , d⌫ '
2

(D � 2)!
⌫D�2

WKB

Improved

<latexit sha1_base64="mNPPwCZaH6JcMGxL8zL2QI0HBMI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI8FLx4rmLbQhrLZTtqlm03Y3Qi19Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4du63H1FpnsgHM0kxiOlQ8ogzaqzk957Q0H654lbdBcg68XJSgRzNfvmrN0hYFqM0TFCtu56bmmBKleFM4KzUyzSmlI3pELuWShqjDqaLY2fkwioDEiXKljRkof6emNJY60kc2s6YmpFe9ebif143M9FNMOUyzQxKtlwUZYKYhMw/JwOukBkxsYQyxe2thI2ooszYfEo2BG/15XXSuqp69WrtvlZp1PM4inAG53AJHlxDA+6gCT4w4PAMr/DmSOfFeXc+lq0FJ585hT9wPn8A59COuQ==</latexit>

⇣

Renormalized determinant



<latexit sha1_base64="fUv6oUaXPLTlVZ2hfN9X9gDeqlo="></latexit>

ln

✓
detO

detOFV

◆
=

X

⌫

⌫2
✓
lnR⌫ �

1

2⌫
I1 +

1

8⌫3
I2

◆
�

1

8
Ĩ2

<latexit sha1_base64="zNpFh4KRBnTq8T3ynQUpIVsLQeU="></latexit>

I1 =

Z 1

0
d⇢ ⇢

⇣
V (2) � V (2)

FV

⌘
' �3 (2� r0)

⇣r0
�

⌘
,

I2 =

Z 1

0
d⇢ ⇢3

⇣
V (2)2 � V (2)2

FV

⌘
' �3 (2� r0)

⇣r0
�

⌘3

Asymptotic subtractions remove first two divergencies in any D

The renormalized piece gives the pole, the log scale and a finite piece

<latexit sha1_base64="Hlg4mmaAqVj3GIYiE2M6+aoOtxA="></latexit>

Ĩ2 =

Z 1

0
d⇢ ⇢3

⇣
V (2)2 � V (2)2

FV

⌘✓
1

"
+ �E + 1 + ln

⇣µ⇢
2

⌘◆

' I2

✓
1

"
+ �E +

5

4
+ ln

✓
µr0

2
p
�v�

◆◆

Renormalized determinant D=4



<latexit sha1_base64="SEtSIWAaBnV4vB/4rx07U6rOszI="></latexit>

Ĩ2 ' I2

✓
1

"
+ �E +

5

4
+ ln

✓
µr0

2
p
�v�

◆◆

<latexit sha1_base64="5Y5waFyagNgLlvUBhDDqSJDN5Tw="></latexit>

⌃4 =
3

8�3

 
9� 4

p
3⇡

36
� �E + ln 2�

!

Final sum done by Euler-Maclaurin, dominated by large multipoles, use 

<latexit sha1_base64="w1zvbi5cI0kP+nENnjOYltR5yVA="></latexit>

⌃
R

4 ' 1

�3

Z 1

y0

dy y2
✓
lnR⌫ +

3

2y
� 3

8y3

◆
=

3

8�3

 
9� 4

p
3⇡

36
+ ln 2y0

!

<latexit sha1_base64="vOaQ0qrnlY6e0She2L2cpBwK4Ww=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCq5JI8bEQCrpwWcE+oAlhMp20QyeTMDMRSii48VfcuFDErT/hzr9x+lho64ELh3Pu5d57wpQzpR3n2yosLa+srhXXSxubW9s79u5eUyWZJLRBEp7IdogV5UzQhmaa03YqKY5DTlvh4Hrstx6oVCwR93qYUj/GPcEiRrA2UmAfDNEV8iKJSe7dUK4x8kQ2ymXgjAK77FScCdAicWekDDPUA/vL6yYki6nQhGOlOq6Taj/HUjPC6ajkZYqmmAxwj3YMFTimys8nP4zQsVG6KEqkKaHRRP09keNYqWEcms4Y676a98bif14n09GFnzORZpoKMl0UZRzpBI0DQV0mKdF8aAgmkplbEeljE4g2sZVMCO78y4ukeVpxzyrVu2q5djmLowiHcAQn4MI51OAW6tAAAo/wDK/wZj1ZL9a79TFtLVizmX34A+vzByP0lzM=</latexit>

y =
�⌫

r0

Separate low and high at arbitrary intermediate multipole   
<latexit sha1_base64="WlFoPV4xVXMPwGU3YHSiyUM/Qjg="></latexit>

⌃D = ⌃low
D + ⌃high

D =
⌫1X

⌫=⌫0

�D +
1X

⌫=⌫1+1

�D

<latexit sha1_base64="oVXPgjWgupetUsgZ/FEoZDb8EEc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE/LgVvHisYNpCG8pmO2mXbjZhdyOU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut1NaW9/Y3CpvV3Z29/YPqodHLZ1kiqHPEpGoTkg1Ci7RN9wI7KQKaRwKbIfju5nffkKleSIfzSTFIKZDySPOqLGS35NZ3+tXa27dnYOsEq8gNSjQ7Fe/eoOEZTFKwwTVuuu5qQlyqgxnAqeVXqYxpWxMh9i1VNIYdZDPj52SM6sMSJQoW9KQufp7Iqex1pM4tJ0xNSO97M3E/7xuZqKbIOcyzQxKtlgUZYKYhMw+JwOukBkxsYQyxe2thI2ooszYfCo2BG/55VXSuqh7V/XLh8ta47aIowwncArn4ME1NOAemuADAw7P8ApvjnRenHfnY9FacoqZY/gD5/MHhhqOew==</latexit>⌫1

Combining low and high, we get the finite sum

The       and         cancel with parts in<latexit sha1_base64="j+fEsz7RrqWKw+uMhxBsr8SK+yc=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyK+LgFRPAYwTwgWULvZDYZMrO7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BYng2rjut1NYWV1b3yhulra2d3b3yvsHTR2nirIGjUWs2gFqJnjEGoYbwdqJYigDwVrB6Gbqt56Y0jyOHsw4Yb7EQcRDTtFYqd0doJTYu+2VK27VnYEsEy8nFchR75W/uv2YppJFhgrUuuO5ifEzVIZTwSalbqpZgnSEA9axNELJtJ/N7p2QE6v0SRgrW5EhM/X3RIZS67EMbKdEM9SL3lT8z+ukJrzyMx4lqWERnS8KU0FMTKbPkz5XjBoxtgSp4vZWQoeokBobUcmG4C2+vEyaZ1Xvonp+f16pXedxFOEIjuEUPLiEGtxBHRpAQcAzvMKb8+i8OO/Ox7y14OQzh/AHzucPzr6PzQ==</latexit>�E
<latexit sha1_base64="HyXeBZgbuXGW1rrBO0+VnOO6lFU=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyK+LgF9OAxgnlgdgmzk95kyOzsMtMrhJC/8OJBEa/+jTf/xkmyB00saCiquunuClMpDLrut1NYWV1b3yhulra2d3b3yvsHTZNkmkODJzLR7ZAZkEJBAwVKaKcaWBxKaIXDm6nfegJtRKIecJRCELO+EpHgDK306EtF/VuQyLrlilt1Z6DLxMtJheSod8tffi/hWQwKuWTGdDw3xWDMNAouYVLyMwMp40PWh46lisVggvHs4gk9sUqPRom2pZDO1N8TYxYbM4pD2xkzHJhFbyr+53UyjK6CsVBphqD4fFGUSYoJnb5Pe0IDRzmyhHEt7K2UD5hmHG1IJRuCt/jyMmmeVb2L6vn9eaV2ncdRJEfkmJwSj1ySGrkjddIgnCjyTF7Jm2OcF+fd+Zi3Fpx85pD8gfP5AwVskHo=</latexit>

ln�

IR UV
<latexit sha1_base64="b7h7msoJ0qxcZnz6G9lCGiqqxuY=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eK9gPbELZbDft0s0m7G6EUvovvHhQxKv/xpv/xm1aQUUfDDzem2FmXphyprTjfFiFldW19Y3iZmlre2d3r7x/0FZJJgltkYQnshtiRTkTtKWZ5rSbSorjkNNOOL6a+517KhVLxK2epDSI8VCwiBGsjXTniwz5isXI7Zcrjn3hedWai3LindUXpOrWkWs7OSqwRLNffvcHCcliKjThWKme66Q6mGKpGeF0VvIzRVNMxnhIe4YKHFMVTPOLZ+jEKAMUJdKU0ChXv09McazUJA5NZ4z1SP325uJfXi/TUT2YMpFmmgqyWBRlHOkEzd9HAyYp0XxiCCaSmVsRGWGJiTYhlUwIX5+i/0m7ars127vxKo3LZRxFOIJjOAUXzqEB19CEFhAQ8ABP8Gwp69F6sV4XrQVrOXMIP2C9fQIYi5CO</latexit>

⌫ ⇠ 1
<latexit sha1_base64="h3PD+x/zliFgX+k09OeiAnq54aM=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqqPUiBS8eKxhbaEPZbDft0s0m7G6EEvobvHhQxKs/yJv/xm1aQUUfDDzem2FmXphyprTjfFilldW19Y3yZmVre2d3r7p/cKeSTBLqk4QnshtiRTkT1NdMc9pNJcVxyGknnFzN/c49lYol4lZPUxrEeCRYxAjWRvL7Ihu4g2rNsS88r95wUUG8s+aC1N0mcm2nQA2WaA+q7/1hQrKYCk04VqrnOqkOciw1I5zOKv1M0RSTCR7RnqECx1QFeXHsDJ0YZYiiRJoSGhXq94kcx0pN49B0xliP1W9vLv7l9TIdNYOciTTTVJDFoijjSCdo/jkaMkmJ5lNDMJHM3IrIGEtMtMmnYkL4+hT9T+7qttuwvRuv1rpcxlGGIziGU3DhHFpwDW3wgQCDB3iCZ0tYj9aL9bpoLVnLmUP4AevtEwQtjtY=</latexit>⌫1

<latexit sha1_base64="hCV1lqyTDVtVSBiPcjJ7ldvrVx4=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFZIaat1IwY3LCvYhTSiT6SQdOjMJMxOhhH6FGxeKuPVz3Pk3TtMKKnrgwuGce7n3njBlVGnH+bBKK6tr6xvlzcrW9s7uXnX/oKuSTGLSwQlLZD9EijAqSEdTzUg/lQTxkJFeOLma+717IhVNxK2epiTgKBY0ohhpI935IoN+HEN3WK059oXn1RsuLIh31lyQutuEru0UqIEl2sPquz9KcMaJ0JghpQauk+ogR1JTzMis4meKpAhPUEwGhgrEiQry4uAZPDHKCEaJNCU0LNTvEzniSk15aDo50mP125uLf3mDTEfNIKcizTQReLEoyhjUCZx/D0dUEqzZ1BCEJTW3QjxGEmFtMqqYEL4+hf+Tbt12G7Z349Val8s4yuAIHINT4IJz0ALXoA06AAMOHsATeLak9Wi9WK+L1pK1nDkEP2C9fQI1g5AJ</latexit>

⌫ � 1

<latexit sha1_base64="o+i89m6OAUf//AGcBiwlbnNJscQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGi/YA2lM120y7dbMLuRAihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ7czvPHFtRKweMUu4H9GREqFgFK30kA3cQaXq1tw5yCrxClKFAs1B5as/jFkacYVMUmN6npugn1ONgkk+LfdTwxPKJnTEe5YqGnHj5/NTp+TcKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMb/xcqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbTplG4K3/PIqaV/WvKta/b5ebdSLOEpwCmdwAR5cQwPuoAktYDCCZ3iFN0c6L86787FoXXOKmRP4A+fzBwpqjZs=</latexit>y0
<latexit sha1_base64="qFqUdF8HfOkJd/cpn5HjJzdpGek=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGi/YA2lM120y7dbMLuRAihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ7czvPHFtRKweMUu4H9GREqFgFK30kA28QaXq1tw5yCrxClKFAs1B5as/jFkacYVMUmN6npugn1ONgkk+LfdTwxPKJnTEe5YqGnHj5/NTp+TcKkMSxtqWQjJXf0/kNDImiwLbGVEcm2VvJv7n9VIMb/xcqCRFrthiUZhKgjGZ/U2GQnOGMrOEMi3srYSNqaYMbTplG4K3/PIqaV/WvKta/b5ebdSLOEpwCmdwAR5cQwPuoAktYDCCZ3iFN0c6L86787FoXXOKmRP4A+fzBwvujZw=</latexit>y1

<latexit sha1_base64="HsESNdR6z8EDw79I0b3LUDcesPg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeCF48V7Ac0oWy2m3bpZhN2J0Io/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xDzlQUxHSkSCUbSSnxMfE+ILFWE+qNbcursAWSdeQWpQoDWofvnDhGUxV8gkNabvuSkGU6pRMMlnFT8zPKVsQke8b6miMTfBdHHzjFxYZUiiRNtSSBbq74kpjY3J49B2xhTHZtWbi/95/Qyj22AqVJohV2y5KMoksX/OAyBDoTlDmVtCmRb2VsLGVFOGNqaKDcFbfXmddK7q3nW98dCoNRtFHGU4g3O4BA9uoAn30II2MEjhGV7hzcmcF+fd+Vi2lpxi5hT+wPn8AavNkWs=</latexit>y ! 1

<latexit sha1_base64="XQDLhjpKosyio/3QBFkVkvCoxh0="></latexit>

ln

✓
detO

detOFV

◆
= ⌃4 �

Ĩ2
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Zero removal

<latexit sha1_base64="wVqsL9UKCkz73itc2ZgZwSYnX+Y="></latexit>
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Eigenvalues have d=2, 

drop D of them, sqrt 

overall

With Gelfand-Yaglom, all the l=1 eigenvalues are multiplied

<latexit sha1_base64="r0fywVgN3FOLx/Vhq9vNJuLjvZc="></latexit>�
Ol=1 + µ2
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�
 "
l=1 = 0Modify GY

<latexit sha1_base64="fr2zVpQPgw0QDGNmte4zpt0u7oM="></latexit>
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We already have the fluctuation functions, easy to off-set

<latexit sha1_base64="ApLf+ssVekIceaOFoOif6RlC9Ak="></latexit>
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This answers the question of dimensional analysis estimate

* two other ways of 

seeing the same 

thing give the same 

answer



determinant part

Renormalized action

General procedure for even and odd D

zero removal

TW rate at one loop - summary

Explicit closed form renormalized rate at one loop

Ivanov, Matteini, MN, Ubaldi ’22

<latexit sha1_base64="L3Dn5GhHnkXKwK1StmRbmSs/vHM="></latexit>

S =
1

�D�1

(
25⇡v
34

p
�

⇣
1�

⇣
9⇡2

4 � 1
⌘
�2

⌘
, D = 3

⇡2

3�

�
1�

�
2⇡2 + 9

2

�
�2

�
, D = 4

<latexit sha1_base64="RnPsHZSnCkU1b9apqXO5wYwN9zg="></latexit>
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<latexit sha1_base64="7XhAAU2HCKYhBf54Qqx31isfeD8=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokbfpwIRTcuKxgW6EJYTKZtEMnD2cmhRK68VfcuFDErZ/hzr9x+hBU9MDA4Zx7uHOPnzIqpGl+aIWV1bX1jeJmaWt7Z3dP3z/oiiTjmHRwwhJ+6yNBGI1JR1LJyG3KCYp8Rnr+6HLm98aEC5rEN3KSEjdCg5iGFCOpJE8/cqLMM+EFdMQdl9BhKhogOPb0smlUag27VoWKNGyr2VSkalbseg1ahjlHGSzR9vR3J0hwFpFYYoaE6FtmKt0ccUkxI9OSkwmSIjxCA9JXNEYREW4+P2AKT5USwDDh6sUSztXviRxFQkwiX01GSA7Fb28m/uX1Mxk23ZzGaSZJjBeLwoxBmcBZGzCgnGDJJoogzKn6K8RDxBGWqrOSKuHrUvg/6VYMq27Ur+1y63xZRxEcgxNwBizQAC1wBdqgAzCYggfwBJ61e+1Re9FeF6MFbZk5BD+gvX0Cjx6Vwg==</latexit>
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○ BubbleDet

Thin wall analytics

Fit

Renormalized sums

Simple fit
<latexit sha1_base64="UUrzRC5aRt3DBGqAKA92djo6wHk="></latexit>
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<latexit sha1_base64="EluLtEYHhV7PEbqtkbaEofP4d+8="></latexit>
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<latexit sha1_base64="Yubd9bhTWO2cFVuM67RxSjHMjyQ="></latexit>
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Matteini, MN, Shoji, Ubaldi ’24
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○ FindBounce, VFV offset

▽ FindBounce, no VFV offset

x BubbleDet

Thin wall analytics

Fit

Zero removal

Multiple methods, same result, similar for the linear potential

<latexit sha1_base64="AZr5+I8HoPwUDc06KHtRBmTffiM="></latexit>
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Thin wall: Polynomial fit 

<latexit sha1_base64="hiDliHt7ko0xMK4eb+9QIztQCW8="></latexit>
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Matteini, MN, Shoji, Ubaldi ’24



Summary

Convenient cubic

<latexit sha1_base64="qxs69aikM8JMB4HxIyN/+gaj76k="></latexit>
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Full One Loop, from thin to thick (inflection)

<latexit sha1_base64="C9Dydvx1RfhUZrH/VivdOQgMny8="></latexit>
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Indico:  https://indico.global/event/5685

Youtube: https://www.youtube.com/@TunnelingQFT

https://indico.cern.ch/event/1346195
https://www.youtube.com/@TunnelingQFT

