
Miha Nemevšek, 6 February 2025

Joint Yonsei-Konkuk-Sogang                        Mini-workshop on FOPT

From Polygonal Bounces 
to FindBounce
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Case A

Action

Number of Iterations: 3

Multi-Field PBN=15 : 101.726
Multi-Field PBN=100: 100.996
Shooting: 100.939
CosmoTransition: 101.267
AnyBubble: 100.375

<latexit sha1_base64="nGxWD1ejv4GBRQ7XJy60VGFVOV4="></latexit>

�S = 0 ! '(⇢)

Polygonal bounces

FindBounce

Guada, Maiezza, MN ’18

Guada, MN, Pintar ’20



Bounce
Action

Coleman ’77

<latexit sha1_base64="YILV6etCP2Fng1iCc9ZmJp4/CWo="></latexit>
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<latexit sha1_base64="46wJjlt4Ale/2YijUwCSJBsPrJk="></latexit>
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<latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit><latexit sha1_base64="hqXCSvih0oLvSAJCZQzGNXI7Wlc=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI2lvBi8cKxhbbUCbbbbt0swm7m0IJ/RdePKh49ed489+4aXPQ1gcDj/dmmJkXJoJr47rfztr6xubWdmmnvLu3f3BYOTp+1HGqKPNpLGLVDlEzwSXzDTeCtRPFMAoFa4Xj29xvTZjSPJYPZpqwIMKh5ANO0VjpqTtBlYx4zy33KlW35s5BVolXkCoUaPYqX91+TNOISUMFat3x3MQEGSrDqWCzcjfVLEE6xiHrWCoxYjrI5hfPyLlV+mQQK1vSkLn6eyLDSOtpFNrOCM1IL3u5+J/XSc3gJsi4TFLDJF0sGqSCmJjk75M+V4waMbUEqeL2VkJHqJAaG1Iegrf88irxL2v1mnd/VW3UizRKcApncAEeXEMD7qAJPlCQ8Ayv8OZo58V5dz4WrWtOMXMCf+B8/gBEVJAo</latexit>
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<latexit sha1_base64="NnJOmVdzcEhlUDEMjqob/APz7kw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVL0VvHisYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6V3u956o0iyWj2aWUF/giWQhI9jk0jCJ2Khac+vuAmideAWpQYH2qPo1HMckFVQawrHWA89NjJ9hZRjhdF4ZppommEzxhA4slVhQ7WeLW+fowipjFMbKljRoof6eyLDQeiYC2ymwifSql4v/eYPUhDd+xmSSGirJclGYcmRilD+OxkxRYvjMEkwUs7ciEmGFibHxVGwI3urL66R7Vfea9cZDo9a6LeIowxmcwyV4cA0tuIc2dIBABM/wCm+OcF6cd+dj2VpyiplT+APn8wcTwY4/</latexit>

�

<latexit sha1_base64="bldQbKpD/Cj/S1+RRkESxGd93aw=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiftwKgnisYNNCG8pmu22XbjZxd1IsIb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMC2LBNTrOt1VYWV1b3yhulra2d3b3yvsHno4SRVmDRiJSrYBoJrhkDeQoWCtWjISBYM1gdDP1m2OmNI/kA05i5odkIHmfU4JG8r1u2kH2hOmtl2XdcsWpOjPYy8TNSQVy1Lvlr04voknIJFJBtG67Tox+ShRyKlhW6iSaxYSOyIC1DZUkZNpPZ0dn9olRenY/UqYk2jP190RKQq0nYWA6Q4JDvehNxf+8doL9Kz/lMk6QSTpf1E+EjZE9TcDuccUoiokhhCpubrXpkChC0eRUMiG4iy8vE++s6l5Uz+/PK7XrPI4iHMExnIILl1CDO6hDAyg8wjO8wps1tl6sd+tj3lqw8plD+APr8wc0aZJe</latexit>

VFV

<latexit sha1_base64="MEupQPB/eNr6+BXdeYIVYZU4BBo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIpPnYFNy4r9AVNCJPppB06mYSZm2IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57wlRwDY7zbZU2Nre2d8q7lb39g8Mj+/iko5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc38/97oQpzRPZgmnK/JgMJY84JWCkwLa9dMSD3AP2BHmrM5sFdtWpOQvgdeIWpIoKNAP7yxskNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjDKAEeJMiUBL9TfEzmJtZ7GoemMCYz0qjcX//P6GUS3fs5lmgGTdLkoygSGBM9jwAOuGAUxNYRQxc2tmI6IIhRMWBUTgrv68jrpXNXc61r9sV5t3BVxlNEZOkeXyEU3qIEeUBO1EUUT9Ixe0ZuVWy/Wu/WxbC1Zxcwp+gPr8wcyEpQC</latexit>

�TV

<latexit sha1_base64="sL/15PXEke3PPB3qaI4luRIXEI8=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBbBiyWR4set4MVjhTYttLFstpt26WYTdidqCfkfXjwo4tX/4s1/47bNQVsfDDzem2Fmnh8LrsG2v63Cyura+kZxs7S1vbO7V94/cHWUKMpaNBKR6vhEM8ElawEHwTqxYiT0BWv745up335gSvNINmESMy8kQ8kDTgkY6f7M7ac9YE+QNt0s65crdtWeAS8TJycVlKPRL3/1BhFNQiaBCqJ117Fj8FKigFPBslIv0SwmdEyGrGuoJCHTXjq7OsMnRhngIFKmJOCZ+nsiJaHWk9A3nSGBkV70puJ/XjeB4MpLuYwTYJLOFwWJwBDhaQR4wBWjICaGEKq4uRXTEVGEggmqZEJwFl9eJu551bmo1u5qlfp1HkcRHaFjdIocdInq6BY1UAtRpNAzekVv1qP1Yr1bH/PWgpXPHKI/sD5/ALVEkqM=</latexit>

�VTV

<latexit sha1_base64="NUG9ihaqkdOqdyG43db/XHAo3rc=">AAAB8HicbVDJSgNBEK1xjXGLevTSGAQvhhkJLreAF48RzCLJEHo6PUmTXobuHiEM+QovHhTx6ud482/sJHPQxAcFj/eqqKoXJZwZ6/vf3srq2vrGZmGruL2zu7dfOjhsGpVqQhtEcaXbETaUM0kblllO24mmWESctqLR7dRvPVFtmJIPdpzQUOCBZDEj2Drp8bzZy7rJkE16pbJf8WdAyyTISRly1Hulr25fkVRQaQnHxnQCP7FhhrVlhNNJsZsammAywgPacVRiQU2YzQ6eoFOn9FGstCtp0Uz9PZFhYcxYRK5TYDs0i95U/M/rpDa+DjMmk9RSSeaL4pQjq9D0e9RnmhLLx45gopm7FZEh1phYl1HRhRAsvrxMmheV4LJSva+Wazd5HAU4hhM4gwCuoAZ3UIcGEBDwDK/w5mnvxXv3PuatK14+cwR/4H3+AKT8kEs=</latexit>

�V�

<latexit sha1_base64="X+zcme49bnyAYdiEyScIpuZGzh4=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIRH7uCG5cV7AOaECbTSTt0MgkzN8US8iduXCji1j9x5984bbPQ1gMXDufcy733hKngGhzn26qsrW9sblW3azu7e/sH9uFRRyeZoqxNE5GoXkg0E1yyNnAQrJcqRuJQsG44vpv53QlTmifyEaYp82MylDzilICRAtv20hEPcg/YE+RcFkVg152GMwdeJW5J6qhEK7C/vEFCs5hJoIJo3XedFPycKOBUsKLmZZqlhI7JkPUNlSRm2s/nlxf4zCgDHCXKlAQ8V39P5CTWehqHpjMmMNLL3kz8z+tnEN345qE0AybpYlGUCQwJnsWAB1wxCmJqCKGKm1sxHRFFKJiwaiYEd/nlVdK5aLhXjcuHy3rztoyjik7QKTpHLrpGTXSPWqiNKJqgZ/SK3qzcerHerY9Fa8UqZ47RH1ifP3a1lC8=</latexit>

�in

<latexit sha1_base64="NnJOmVdzcEhlUDEMjqob/APz7kw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVL0VvHisYD+gDWWz3TRLdzdhdyOU0L/gxYMiXv1D3vw3btoctPXBwOO9GWbmBQln2rjut1Pa2Nza3invVvb2Dw6PqscnXR2nitAOiXms+gHWlDNJO4YZTvuJolgEnPaC6V3u956o0iyWj2aWUF/giWQhI9jk0jCJ2Khac+vuAmideAWpQYH2qPo1HMckFVQawrHWA89NjJ9hZRjhdF4ZppommEzxhA4slVhQ7WeLW+fowipjFMbKljRoof6eyLDQeiYC2ymwifSql4v/eYPUhDd+xmSSGirJclGYcmRilD+OxkxRYvjMEkwUs7ciEmGFibHxVGwI3urL66R7Vfea9cZDo9a6LeIowxmcwyV4cA0tuIc2dIBABM/wCm+OcF6cd+dj2VpyiplT+APn8wcTwY4/</latexit>

�
<latexit sha1_base64="H8w4KKG7sD5py6chVl7LHQvrcvc=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBEEoeyKVL0VvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7Riura+sbm4Wt4vbO7t5+6eCwaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyTmt1kyHvnvVLZq3gz4GXi56QMOeq90le3r2gaM2mpIMZ0fC+xQUa05VSwSbGbGpYQOiID1nFUkpiZIJtdO8GnTunjSGlX0uKZ+nsiI7Ex4zh0nTGxQ7PoTcX/vE5qo+sg4zJJLZN0vihKBbYKT1/Hfa4ZtWLsCKGau1sxHRJNqHUBFV0I/uLLy6R5UfGrler9Zbl2k8dRgGM4gTPw4QpqcAd1aACFR3iGV3hDCr2gd/Qxb11B+cwR/AH6/AEzC47f</latexit>

�+

<latexit sha1_base64="2PKlSMfEvYklKjWVnA8XF6Iwk+w=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR48FLx4rGA/oF1KNs22odkkJFmhLP0RXjwo4tXf481/Y9ruQVsfDDzem2FmXqQ4M9b3v7219Y3Nre3CTnF3b//gsHR03DIy1YQ2ieRSdyJsKGeCNi2znHaUpjiJOG1H47uZ336i2jApHu1E0TDBQ8FiRrB1UrtV6akRu+iXyn7VnwOtkiAnZcjR6Je+egNJ0oQKSzg2phv4yo YZ1pYRTqfFXmqowmSMh7TrqMAJNWE2P3eKzp0yQLHUroRFc/X3RIYTYyZJ5DoTbEdm2ZuJ/3nd1MY3YcaESi0VZLEoTjmyEs1+RwOmKbF84ggmmrlbERlhjYl1CRVdCMHyy6ukdVkNatXaw1W5fpvHUYBTOIMKBHANdbiHBjSBwBie4RXePOW9eO/ex6J1zctnTuAPvM8fhaSPCQ==</latexit>

V (�)
<latexit sha1_base64="766HsJNlMNCwutodiyC7cN/jnkc=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhBiYbgTiRYWARvLCOYDkiPsbSbJkr29c3dPCEf+hI2FIrb+HTv/jZvkCk18MPB4b4aZeUEsuDau++2srK6tb2zmtvLbO7t7+4WDw4aOEsWwziIRqVZANQousW64EdiKFdIwENgMRrdTv/mESvNIPphxjH5IB5L3OaPGSq3zRqkTD/lZt1B0y+4MZJl4GSlChlq38NXpRSwJURomqNZtz42Nn1JlOBM4yXcSjTFlIzrAtqWShqj9dHbvhJxapUf6kbIlDZmpvydSGmo9DgPbGVIz1IveVPzPayemf+2nXMaJQcnmi/qJICYi0+dJjytkRowtoUxxeythQ6ooMzaivA3BW3x5mTQuyl6lXLm/LFZvsjhycAwnUAIPrqAKd1CDOjAQ8Ayv8OY8Oi/Ou/Mxb11xspkj+APn8wfwA49A</latexit>

�V (�)

<latexit sha1_base64="NbRaSfVN1aOF1Fo/4S2VfpqWths=">AAACDXicdVDLSgMxFM34rPVVdekmWIW6KTPt9OFCKLhxWcE+oC0lk2ba0ExmSO4IpfQH3Pgrblwo4ta9O//G9CE+0AOBk3Puvck9XiS4Btt+t5aWV1bX1hMbyc2t7Z3d1N5+XYexoqxGQxGqpkc0E1yyGnAQrBkpRgJPsIY3vJj6jRumNA/lNYwi1glIX3KfUwJG6qaO270QcDsa8Ix9is/x17XNpQ+jqWZ3U2k7myuU3EIeG1JynXLZkLydc4sF7GTtGdJogWo39Wbm0DhgEqggWrccO4LOmCjgVLBJsh1rFhE6JH3WMlSSgOnOeLbNBJ8YpYf9UJkjAc/U7x1jEmg9CjxTGRAY6N/eVPzLa8XglztjLqMYmKTzh/xYYAjxNBrc44pRECNDCFXc/BXTAVGEggkwaUL43BT/T+q5rFPMFq/cdOVsEUcCHaIjlEEOKqEKukRVVEMU3aJ79IierDvrwXq2XualS9ai5wD9gPX6AQZdmaM=</latexit>

�̇(0) = �̇(1) = 0

<latexit sha1_base64="5rT8U++BJmgTqJcEm1I+KsPtO9k="></latexit>
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<latexit sha1_base64="MEupQPB/eNr6+BXdeYIVYZU4BBo=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRIpPnYFNy4r9AVNCJPppB06mYSZm2IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57wlRwDY7zbZU2Nre2d8q7lb39g8Mj+/iko5NMUdamiUhULySaCS5ZGzgI1ksVI3EoWDcc38/97oQpzRPZgmnK/JgMJY84JWCkwLa9dMSD3AP2BHmrM5sFdtWpOQvgdeIWpIoKNAP7yxskNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjDKAEeJMiUBL9TfEzmJtZ7GoemMCYz0qjcX//P6GUS3fs5lmgGTdLkoygSGBM9jwAOuGAUxNYRQxc2tmI6IIhRMWBUTgrv68jrpXNXc61r9sV5t3BVxlNEZOkeXyEU3qIEeUBO1EUUT9Ixe0ZuVWy/Wu/WxbC1Zxcwp+gPr8wcyEpQC</latexit>

�TV

<latexit sha1_base64="ri9cQ+0OlzFXv+8H5NVrOZa4dPI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKmD3cFNy4r2Ic0oUymk2bozCTMTIQS+hVuXCji1s9x5984fQgqeuDC4Zx7ufeeMGVUacf5sNbWNza3tgs7xd29/YPD0tFxVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wcjX3e/dEKpqIWz1NScDRWNCIYqSNdOfHSEM/jemwVHbsSq3h1arQkIbnNpuGVJ2KV69B13YWKIMV2sPSuz9KcMaJ0JghpQauk+ogR1JTzMis6GeKpAhP0JgMDBWIExXki4Nn8NwoIxgl0pTQcKF+n8gRV2rKQ9PJkY7Vb28u/uUNMh01g5yKNNNE4OWiKGNQJ3D+PRxRSbBmU0MQltTcCnGMJMLaZFQ0IXx9Cv8n3Yrt1u36jVduXa7iKIBTcAYugAsaoAWuQRt0AAYcPIAn8GxJ69F6sV6XrWvWauYE/ID19gnic5B4</latexit>

ω̂

<latexit sha1_base64="ri9cQ+0OlzFXv+8H5NVrOZa4dPI=">AAAB8HicdVDLSsNAFJ34rPVVdelmsAiuQtKmD3cFNy4r2Ic0oUymk2bozCTMTIQS+hVuXCji1s9x5984fQgqeuDC4Zx7ufeeMGVUacf5sNbWNza3tgs7xd29/YPD0tFxVyWZxKSDE5bIfogUYVSQjqaakX4qCeIhI71wcjX3e/dEKpqIWz1NScDRWNCIYqSNdOfHSEM/jemwVHbsSq3h1arQkIbnNpuGVJ2KV69B13YWKIMV2sPSuz9KcMaJ0JghpQauk+ogR1JTzMis6GeKpAhP0JgMDBWIExXki4Nn8NwoIxgl0pTQcKF+n8gRV2rKQ9PJkY7Vb28u/uUNMh01g5yKNNNE4OWiKGNQJ3D+PRxRSbBmU0MQltTcCnGMJMLaZFQ0IXx9Cv8n3Yrt1u36jVduXa7iKIBTcAYugAsaoAWuQRt0AAYcPIAn8GxJ69F6sV6XrWvWauYE/ID19gnic5B4</latexit>

ω̂

<latexit sha1_base64="1amVu6V1qWAcMsjAlg56cbavWNE=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4GmaSyeIt4MVjhGQSSIbQ0+kkTXoWu2uCYch3ePGgiFc/xpt/Y2cRVPRBweO9Kqrq+bHgCizrw8hsbG5t72R3c3v7B4dH+eMTV0WJpKxFIxHJjk8UEzxkLeAgWCeWjAS+YG1/cr3w21MmFY/CJsxi5gVkFPIhpwS05Ln9tAfsHtKmO5/38wXLLJarTrmENak6dq2mSckqOpUytk1riQJao9HPv/cGEU0CFgIVRKmubcXgpUQCp4LNc71EsZjQCRmxrqYhCZjy0uXRc3yhlQEeRlJXCHipfp9ISaDULPB1Z0BgrH57C/Evr5vAsOalPIwTYCFdLRomAkOEFwngAZeMgphpQqjk+lZMx0QSCjqnnA7h61P8P3GLpl0xK7dOoX61jiOLztA5ukQ2qqI6ukEN1EIU3aEH9ISejanxaLwYr6vWjLGeOUU/YLx9AriEkro=</latexit>
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Duncan, Jensen ’92Linear potentials 

 triangle and box

Exact solution

' = v + a ⇢2 +
b

⇢2
<latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit><latexit sha1_base64="ytkKxtKcdzwB60WR+9FM9kAK/G4="></latexit>

'̈+
3

⇢
'̇ = dV = 8 a

<latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit><latexit sha1_base64="zSh7hBBh7L2+veVbr3ZZU8Z68xQ="></latexit>

a1
<latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit><latexit sha1_base64="aE+rzI+JVZSdrJlK0533y0sr4/g=">AAACVHicbZBdS8MwGIXTzumcH9v00pviELwYpRWZejfwxssJ1g3WUtI07cLSD5JUGKW/xFv9TeKPEUy7Itr5QuBwzkne8HgpJVwYxqeitnbau3ud/e7B4dFxrz84eeZJxhC2UEITNvcgx5TE2BJEUDxPGYaRR/HMW92X+ewFM06S+EmsU+xEMIxJQBAU0nL7vdyuHsl9r4CuWbj9oaEb1WjbwqzFENQzdQeKbvsJyiIcC0Qh5wvTSIWTQyYIorjo2hnHKUQrGOKFlDGMMHfyammhXUjH14KEyRMLrXJ/38hhxPk68mQzgmLJm1lp/pctMhHcOjmJ00zgGG0WBRnVRKKVGDSfMIwEXUsBESPyrxpaQgaRkLC6to8DCbQmw4qchV6R6+PxyBgZRSMO69gYVYVm7P3EVaEkbDZ5bgvrSr/Tzcfr4WRco+6AM3AOLoEJbsAEPIApsAACGXgFb+Bd+VC+1Jba3lRVpb5zCv6MevwN72yy6Q==</latexit>

a2 =
1

8

Ṽ3 � Ṽ2

'̃3 � '̃2
<latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit><latexit sha1_base64="XWWw9IIi6qQDroLtdywxeisX0Tk="></latexit>

r

jHrL

jé1

jé2

j1 HrL

j2 HrL
jé3

R0 R1 R2

Initial conditions @ R0 

 a) 

 b)

'1(0) = '0, '̇1(0) = 0
<latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit><latexit sha1_base64="1DpsP9zcN2U4OuNfeTMVupGYzHw="></latexit>

v1 = '0, b1 = 0
<latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit><latexit sha1_base64="BVrOyBkRVlYCij6LlZU0luABCag="></latexit>

'1(R0) = '̃1, '̇1(R0) = 0
<latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit><latexit sha1_base64="+6i5ELtqT3vG6yJSPqnR/+9ytK8="></latexit>

shoot in     '0
<latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit><latexit sha1_base64="+gQSoflzZWriN3QJ6WFsH9yqpAM="></latexit>

R0
<latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit><latexit sha1_base64="42zcld5iLcX9mnHaj9hIJr0foZo="></latexit>

v1 = '̃1 � 2 a1 R
2
0, b1 = a1 R

4
0

<latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit><latexit sha1_base64="vuqSlwG2JL67DD8BwlwQ5w45aw8="></latexit>

or

Triangular



r

jHrL

jé1

jé2

j1 HrL

j2 HrL
jé3

R0 R1 R2

Matching conditions @ R1

Final conditions @ R2

'2(R2) = '̃3, '̇2(R2) = 0
<latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit><latexit sha1_base64="ntukB++5++FclWFETvgtvkFJ0jU="></latexit>

v2 = '̃3 � 2 a2 R
2
2, b2 = a2 R

4
2

<latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit><latexit sha1_base64="53l/imMjpLwjJ2toRluta6SED0o="></latexit>

'1(R1) = '2(R1) = '̃2, '̇1(R1) = '̇2(R1)
<latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit><latexit sha1_base64="RK4hJucC+lUetWsYU4FmuRmTfhQ="></latexit>

Complete solution - a) works in D-dimensions

'0 =
'̃3 + c '̃2

1 + c
, c = 2

a2 � a1
a1

✓
1�

r
a2

a2 � a1

◆

<latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit><latexit sha1_base64="6P8MQK0zBdgGJTcADrK6mSZlUNY="></latexit>

R1 =
1

2

'̃3 � '̃1p
a1 ('̃2 � '̃1)�

p
�a2 ('̃3 � '̃2)

<latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit><latexit sha1_base64="DJXLvP2/Wo+wPWMdAGSHJA9ia4k="></latexit>

R2
0 = R1

 
R1 �

r
'̃2 � '̃1

a1

!

R2
2 = R1

 
R1 +

r
'̃3 � '̃2

�a2

!

<latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit><latexit sha1_base64="Gv/4c37LQ0WtjtdV53/vF4vioIc="></latexit>

R1 =

s
D

4

✓
'̃2 � '0

a1

◆

<latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit><latexit sha1_base64="d2NyLQvYCgdmbaDMSFsrfYA4TK0="></latexit>

 a)

 b)

Triangular



Complete exact analytic solution
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Solved in terms of Euclidean radius

Stable in thin wall, goes over to TWA  

with limited validity

Dutta, Hector, Konstandin, 
Vaudrevange, Westphal ’12

Analytic continuation in Minkowski space 

describes the bubble evolution Pastras ’11

Triangular summary



Polygonal bounces
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j

VHjL
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é
1
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V
é
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V
é
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Extend to more segments and D dimensions

Approximates any V when                  , controlled precisionN ! 1
<latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit><latexit sha1_base64="/vzHSRCCBEFddeX+HfPqyHbIzbQ=">AAACT3icbZBNS8MwHMbT+bbNt02PXoJD8DBKKzL1IgMvnmSCc4O1jDRNt7A0LUkqlNKv4VU/kze/iScxq0W08w+Bh+f3hPzzeDGjUlnWu1FbW9/Y3Ko3mts7u3v7rfbBo4wSgckQRywSYw9JwignQ0UVI+NYEBR6jIy8xc2Sj56IkDTiDyqNiRuiGacBxUhpy7mDjoqgQ3mg0mmrY5lWMXBV2KXogHIG07ZhOn6Ek5BwhRmScmJbsXIzJBTFjORNJ5EkRniBZmSiJUchkW5WLJ3DE+34MIiEPlzBwv19I0OhlGno6WSI1FxW2dL8j00SFVy6GeVxogjH3w8FCYP6o8sGoE8FwYqlWiAsqN4V4jkSCCvdU9PxSaC7LNbJfJFnYublmdnrda2ulVfwrMRWtwhUsfeDi0CuG7arfa6K4Zl5Zdr3553+dVl1HRyBY3AKbHAB+uAWDMAQYBCDZ/ACXo0348P4rJXRmlGKQ/Bnao0vpomx0g==</latexit>

Semi-analytic solution for algebraic manipulation/deformation

Geometric insight of segmentation, cover non-trivial features/unstable Vs

Polygonal bounces
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Generalize case b), solve       or       a), retrieve '0
<latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit><latexit sha1_base64="09L4RFspCVvNnDvX79Lct5Ow4fU=">AAACTHicbZBNS8MwHMbT+Tbn26ZHL8UheBglFZl6kYEXjxOsm6xlpGnahaUvJOlglH4Kr/qZPPtBPIlg1hXRzj8EHp7fE/LP4yaMCgnhu1ZbW9/Y3KpvN3Z29/YPmq3DRxGnHBMLxyzmQxcJwmhELEklI8OEExS6jAzc6e2CD2aECxpHD3KeECdEQUR9ipFU1pM9QzyZ0DEcN9vQgMXoq8IsRRuU0x+3NMP2YpyGJJKYISFGJkykkyEuKWYkb9ipIAnCUxSQkZIRColwsmLjXD9Vjqf7MVcnknrh/r6RoVCIeeiqZIjkRFTZwvyPjVLpXzkZjZJUkggvH/JTpstYX3xf9ygnWLK5EghzqnbV8QRxhKUqqWF7xFdFFutkHs8zHrh5ZnS7HdiBeQUHJYadIlDF7g8uArlq2Kz2uSqsc+PaMO8v2r2bsuo6OAYn4AyY4BL0wB3oAwtgEIJn8AJetTftQ/vUvpbRmlbeOQJ/prb5DbCdsdU=</latexit>

R0
<latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit><latexit sha1_base64="rCPa5lFcoo4v1dzS7SPHkYZrXg4=">AAACRnicbZDLSgMxGIX/qbdab60u3QwWwUUZMiJVN1Jw47JeagttKZlMZhqauZBkhDLMI7jVZ/IRfApX4tZ0Ooi2/hA4nO+E/DlOzJlUCL0bpZXVtfWN8mZla3tnd69a23+UUSII7ZCIR6LnYEk5C2lHMcVpLxYUBw6nXWdyPePdJyoki8IHNY3pMMB+yDxGsNLW/d0Ijap1ZKF8zGVhF6IOxbRHNcMauBFJAhoqwrGUfRvFaphioRjhNKsMEkljTCbYp30tQxxQOUzzXTPzWDuu6UVCn1CZufv7RooDKaeBo5MBVmO5yGbmf6yfKO9imLIwThQNyfwhL+GmiszZx02XCUoUn2qBiWB6V5OMscBE6XoqA5d6usJ8ndQVWSp8J0utZrOBGihbwH6BUSMPLGLnB+eBTDdsL/a5LDqn1qVl357VW1dF1WU4hCM4ARvOoQU30IYOEPDhGV7g1XgzPoxP42seLRnFnQP4MyX4Bu1NrwU=</latexit>

No free parameters, one segment three unknowns vi, bi, Ri
<latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit><latexit sha1_base64="D/LHz5NM9RsTCMicJQB1Yk/anAk="></latexit>

Vi(') =

 
Ṽi+1 � Ṽi

'̃i+1 � '̃i

!

| {z }
8 ai

('� '̃i) + Ṽi � ṼN , dVi = 8 ai.

<latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit><latexit sha1_base64="BGsxHN7v/EweMO47GCADCZ3YxSw="></latexit>

Ri
<latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit><latexit sha1_base64="meX2l7+w39Z8wDN8+rsQp1KYyYc=">AAACRnicbZDLSsNAGIX/1Futt1aXboJFcFFCIlJ1IwU3LuslttCWMplM0qGTCzMToYQ8glt9Jh/Bp3Albp2mQTT1h4HD+c4w/xwnZlRI03zXKiura+sb1c3a1vbO7l69sf8oooRjYuOIRbzvIEEYDYktqWSkH3OCAoeRnjO9nvPeE+GCRuGDnMVkFCA/pB7FSCrr/m5Mx/WmaZj56MvCKkQTiumOG5oxdCOcBCSUmCEhBpYZy1GKuKSYkaw2TASJEZ4inwyUDFFAxCjNd830Y+W4uhdxdUKp5+7vGykKhJgFjkoGSE5Emc3N/9ggkd7FKKVhnEgS4sVDXsJ0Genzj+su5QRLNlMCYU7VrjqeII6wVPXUhi7xVIX5OqnLs5T7TpYa7XbLbJlZCfsFNlt5oIydH5wHMtWwVe5zWdinxqVh3Z41O1dF1VU4hCM4AQvOoQM30AUbMPjwDC/wqr1pH9qn9rWIVrTizgH8mQp8A1g8rz4=</latexit>
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Polygonal bounces
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jHrL

jé1

jé2
j1 HrL

jéN

R0 R1

RN-1...

Matching conditions @ Ri

Initial/final conditions remain the same

3 parameters and 3 unknowns/segment

'i(R1) = 'i+1(Ri) = '̃i+1, '̇i(Ri) = '̇i+1(Ri)
<latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit><latexit sha1_base64="C0dyHicq420Gitt72zQCIAtzs4s="></latexit>

'̈i +
D � 1

⇢
'̇i = dVi = 8 ai

<latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit><latexit sha1_base64="ZElEFOcGkpntFPd4HaMFxwthcqI="></latexit>

'i = vi +
4

D
ai ⇢

2 +
2

D � 2

bi
⇢D�2

<latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit><latexit sha1_base64="0RhkccWkmvOVYlVdFI5Omjlsedc="></latexit>

bn =
4

D

 
a1R

D
0 +

n�1X

i=1

(ai+1 � ai)R
D
i

!

<latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit><latexit sha1_base64="XI8y/EJwua5IUcrL3+pjsY7qo2Y="></latexit>

vn = '0 �
4

D � 2

 
a1R

2
0 +

n�1X

i=1

(ai+1 � ai)R
2
i

!

<latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit><latexit sha1_base64="S+NiY2fd3mx8aLhANWQT3P6YzdU="></latexit>

 a)


 b)

The bounce defined recursively

R0 = 0
<latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit><latexit sha1_base64="FDGsIVPPwpiCRvY/4LoYgx8fF/s=">AAACSnicbZBNS8MwHMbTOXXOt02PXoJD8DBKKjLdQRh48TjFusFWRpqmMyx9IUmFUfohvOpn8gP4OTyJF7OuiHb+IfDw/J6Qfx435kwqhN6Nylp1fWOztlXf3tnd2280Dx5klAhCbRLxSAxdLClnIbUVU5wOY0Fx4HI6cGfXCz54okKyKLxX85g6AZ6GzGcEK20N7iYIXkE0abSQifKBq8IqRAsU0580DXPsRSQJaKgIx1KOLBQrJ8VCMcJpVh8nksaYzPCUjrQMcUClk+b7ZvBEOx70I6FPqGDu/r6R4kDKeeDqZIDVoyyzhfkfGyXKv3RSFsaJoiFZPuQnHKoILj4PPSYoUXyuBSaC6V0hecQCE6Urqo896usa83VST2SpmLpZanY6bdRGWQlPC4zaeaCM3R+cBzLdsFXuc1XYZ2bXtG7PW71uUXUNHIFjcAoscAF64Ab0gQ0ImIFn8AJejTfjw/g0vpbRilHcOQR/plL9Bsnkr9U=</latexit>

'0 = '̃1
<latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit><latexit sha1_base64="e1qEx8IpevEgfglgwZl+zpyIHbs="></latexit>

Polygonal construction



Radii computed at each segment from matching the fields

Fewnomials RD
n � D

4

�n
an

RD�2
n +

D

2(D � 2)

bn
an

= 0
<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>

�n = '̃n+1 � vn
<latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit>

require real positive roots

'n(Rn) = '̃n+1
<latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit>

R0 = 0 R1 = 0 R2
m ax R2 R2

m in = 0 R3 R4
…
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RN-1 Œ R j0 l Æ 1RN-1 Œ C



radii solutions D = 3 : 2Rn =
1

p
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+ ⇠

◆
, ⇠3 =

p
36anb2n � �3n � 6

p
anbn,

<latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit><latexit sha1_base64="dc8pibqiQxVyIChZxabEc+e4tFc="></latexit>

D = 4 : 2R2
n =

1

an

⇣
�n +

p
�2n � 4anbn

⌘

<latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit><latexit sha1_base64="LPenCqOMlgW2ZcyNxgxMj1EtF5s="></latexit>

simple cubic

quadratic

D = 2, 6, 8
<latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit><latexit sha1_base64="LeMlRAtqjyXp3Q0uB8hpXKCR66Y="></latexit>

in the paper, other Ds possible numerically

RD
n � D

4

�n
an

RD�2
n +

D

2(D � 2)

bn
an

= 0
<latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit><latexit sha1_base64="f584Ejj/aAJT2CmCEZNceIPvj5g="></latexit>

�n = '̃n+1 � vn
<latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit><latexit sha1_base64="6JIEMyb3dJ4OpXptUJK5sdm4So0="></latexit>

'n(Rn) = '̃n+1
<latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit><latexit sha1_base64="eVW+gQ3VUOoEozQvzI11DS0vJFk="></latexit>
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m in = 0 R3 R4
…
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RN-1 Œ R j0 l Æ 1RN-1 Œ C

Amariti ’20

Radii computed at each segment from matching the fields

Fewnomials

require real positive roots
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<latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit><latexit sha1_base64="NAUcecDEiR0uuAMRy5yYeHNhHrI="></latexit>

PB action

Total S = T + V
<latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit><latexit sha1_base64="uXFaE/TufUib2+C/y1FItyNXa9U="></latexit>

kinetic potential
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<latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit><latexit sha1_base64="wOK0bCoxZ1UhU7CytFHFAcPvqds="></latexit>
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0
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<latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit><latexit sha1_base64="6eoQ5jAnnW+ZBn/3lrBPjc7EoS8="></latexit>

Bounce action



Non-existence of non-trivial static solutions of  

KG equation, no solitonic scalar ‘particles’

Unstable under re-scaling '(⇢) ! '(⇢/�)
<latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit><latexit sha1_base64="FEeurnuibYYVBLaYWFVvzzrXGBM="></latexit>

S(�)
D = �D�2T + �DV

<latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit><latexit sha1_base64="WcmoGGnRQXni+1pj6BDU2XZi/dQ="></latexit>

�⇥ 0 = 0,

�⇥1 = 1
<latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit><latexit sha1_base64="OBlJWmG90WzNGl1K6RbUtS55ChE="></latexit>

dS(�)
D

d�

����
�=1

= 0
<latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit><latexit sha1_base64="BxUVRW73zIEMR9pyVmBmlTBHfRE="></latexit>

(D � 2)T +DV = 0
<latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit><latexit sha1_base64="ciMd2jxR2fKpqX5cGiPY2FJgOck="></latexit>

Derrick ’64

change of variables, 
int. limits remain the same

action is extremized 
at non-scaled values 

for true solutions

relation between kinetic and potential

Caveat for PB N � 1
<latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit><latexit sha1_base64="tUL1GOR29xcSd+WGTOF/o4mRJSM=">AAACSnicbZBPS8MwGMbTOXXOf5sevQSH4GGUVmTqbeDFk0ywbrCWkaZpDUvTkqTCKP0QXvUz+QH8HJ7Ei1lXRDdfCDw8vyfkzeOnjEplWe9Gba2+vrHZ2Gpu7+zu7bfaBw8yyQQmDk5YIkY+koRRThxFFSOjVBAU+4wM/en1nA+fiJA04fdqlhIvRhGnIcVIaWt4C90ogvak1bFMqxy4KuxKdEA1g0nbMN0gwVlMuMIMSTm2rVR5ORKKYkaKpptJkiI8RREZa8lRTKSXl/sW8EQ7AQwToQ9XsHR/38hRLOUs9nUyRupRLrO5+R8bZyq89HLK00wRjhcPhRmDKoHzz8OACoIVm2mBsKB6V4gfkUBY6YqabkBCXWO5Th6IIheRX+Rmr9e1ulaxhKMKW90ysIz9H1wGCt2wvdznqnDOzCvTvjvv9HtV1Q1wBI7BKbDBBeiDGzAADsBgCp7BC3g13owP49P4WkRrRnXnEPyZWv0bdDKwLQ==</latexit>

Works forR ! �R
<latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit><latexit sha1_base64="HS2fV3cNnQVSDxhoukQNDc5RRuY="></latexit>

d2S(�)
D

d�2

����
�=1

< 0
<latexit sha1_base64="J3k7qbbA+U/lB3KrO4Mjoqv4yTc="></latexit>

Derrick’s theorem



Linearly off-set quartic potential Coleman ’77

Benchmark for testing

" ! 0
<latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="W8IFWBTXqH6Tk8vda49yBczLDbA=">AAACNXicbZHfSsMwFMbT+W/Wqdu1N8EheDFK6sXUO8EbLydYJ2xlpGnahaVpSVJhlL6Atz6TD+EzeCW+gFlXRDsPBD6+3wk5+U6QcaY0Qu9Wa2t7Z3evvW8fdOzDo+Nu51GluSTUIylP5VOAFeVMUE8zzelTJilOAk7HweJ2xcfPVCqWige9zKif4FiwiBGsjTWadfvIQVXBTeHWog/qmvUsZxqmJE+o0IRjpSYuyrRfYKkZ4bS0p7miGSYLHNOJkQInVPlFNWcJz4wTwiiV5ggNK/f3jQInSi2TwHQmWM9Vk63M/9gk19GVXzCR5ZoKsn4oyjnUKVx9GoZMUqL50ghMJDOzQjLHEhNtorGnIY1MfNU4RSjLQsZBWTjD4QANUNnAcY3RoGpo4uAHVw2lCdhtxrkpvAvn2nHvEWiDE3AKzoELLsENuAMj4AECQvACXq0368P6XO+hZdUL6YE/ZX19Ayy7rGs=</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="Kt6Bchw2l2WFhuGHxnVuOkuVoTQ=">AAACS3icbZHLSgMxFIbP1Hu9tW7dBIvgogwZF152ghuXCtYWOqVkMmdqMJMZkoxShnkUt/pMPo2mYxFtPRD4+b8TcvKfKJfCWEo/vMbK6tr6xuZWc3tnd2+/1d55MFmhOfZ4JjM9iJhBKRT2rLASB7lGlkYS+9HT9Yz3n1Ebkal7O81xlLKJEongzDpr3GqHz0xjboTMFAltRui41aE+rYssi2AuOjCv23Hb88M440WKynLJjBkGNLejkmkruMSqGRYGc8af2ASHTiqWohmV9ewVOXZOTJJMu6Msqd3fN0qWGjNNI9eZMvtoFtnM/I8NC5tcjEqh8sKi4t8PJYUk7o+zIEgsNHIrp04wroWblfBHphm3Lq5mGGPiIq3HKWNdlXoSVaV/dtalXVot4Mkc027dsIijH1w3VC7hYDHPZdE79S/94I7CJhzCEZxAAOdwBTdwCz3g8AKv8Abv3of32Vj7XkXDm+/kAP5UY+ML6vyycw==</latexit><latexit sha1_base64="hZ+nT+YVCCZFOwQrX101byecP5Q="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit><latexit sha1_base64="hh2u6Nr+iAG8gyHkK28St0SlYf8="></latexit>

" > 0.8
<latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit><latexit sha1_base64="MFIK7keWbap7PcNntrqAudbS1wM="></latexit>

thin wall 2nd minimum 
disappears

� = 0.25, v = 1
<latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit><latexit sha1_base64="DkrjAv3NuaoWjjIZyuPTAog3Ofo="></latexit>

Sarid ’98rescaling
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<latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit><latexit sha1_base64="e+Z+de0mB5BtYTcu3r9sOTzpVYg="></latexit>
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<latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit><latexit sha1_base64="mg7F8wu3xpKxFDbvXpLSj0tYSxc="></latexit>

" = 0.08
<latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit><latexit sha1_base64="4c6/R5Qx9+N3cHaH3dgiScZ+4Uo="></latexit>

thick wall

Benchmarks



Euclidean action, comparisons
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Derrick’s theorem

finite part corrections up to 
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<latexit sha1_base64="nDJorhC1qspxNc4Qc6lh/FLyKIQ=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoLkFvHiSCK4GkiXMTmaTIfNYZ3qFsOQzvHhQ8erfePNvnCR70MSChqKqm+6uOBXcgu9/e6WV1bX1jfJmZWt7Z3evun9wb3VmKAupFtq0Y2KZ4IqFwEGwdmoYkbFgD/Hoauo/PDFjuVZ3ME5ZJMlA8YRTAk7q3OCu5ZI94sDvVWt+3Z8BL5OgIDVUoNWrfnX7mmaSKaCCWNsJ/BSinBjgVLBJpZtZlhI6IgPWcVQRyWyUz06e4BOn9HGijSsFeKb+nsiJtHYsY9cpCQztojcV//M6GSSXUc5VmgFTdL4oyQQGjaf/4z43jIIYO0Ko4e5WTIfEEAoupYoLIVh8eZmEZ/VGPbg9rzUbRRpldISO0SkK0AVqomvUQiGiSKNn9IrePPBevHfvY95a8oqZQ/QH3ucPSXKQHQ==</latexit><latexit sha1_base64="nDJorhC1qspxNc4Qc6lh/FLyKIQ=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoLkFvHiSCK4GkiXMTmaTIfNYZ3qFsOQzvHhQ8erfePNvnCR70MSChqKqm+6uOBXcgu9/e6WV1bX1jfJmZWt7Z3evun9wb3VmKAupFtq0Y2KZ4IqFwEGwdmoYkbFgD/Hoauo/PDFjuVZ3ME5ZJMlA8YRTAk7q3OCu5ZI94sDvVWt+3Z8BL5OgIDVUoNWrfnX7mmaSKaCCWNsJ/BSinBjgVLBJpZtZlhI6IgPWcVQRyWyUz06e4BOn9HGijSsFeKb+nsiJtHYsY9cpCQztojcV//M6GSSXUc5VmgFTdL4oyQQGjaf/4z43jIIYO0Ko4e5WTIfEEAoupYoLIVh8eZmEZ/VGPbg9rzUbRRpldISO0SkK0AVqomvUQiGiSKNn9IrePPBevHfvY95a8oqZQ/QH3ucPSXKQHQ==</latexit><latexit sha1_base64="nDJorhC1qspxNc4Qc6lh/FLyKIQ=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoLkFvHiSCK4GkiXMTmaTIfNYZ3qFsOQzvHhQ8erfePNvnCR70MSChqKqm+6uOBXcgu9/e6WV1bX1jfJmZWt7Z3evun9wb3VmKAupFtq0Y2KZ4IqFwEGwdmoYkbFgD/Hoauo/PDFjuVZ3ME5ZJMlA8YRTAk7q3OCu5ZI94sDvVWt+3Z8BL5OgIDVUoNWrfnX7mmaSKaCCWNsJ/BSinBjgVLBJpZtZlhI6IgPWcVQRyWyUz06e4BOn9HGijSsFeKb+nsiJtHYsY9cpCQztojcV//M6GSSXUc5VmgFTdL4oyQQGjaf/4z43jIIYO0Ko4e5WTIfEEAoupYoLIVh8eZmEZ/VGPbg9rzUbRRpldISO0SkK0AVqomvUQiGiSKNn9IrePPBevHfvY95a8oqZQ/QH3ucPSXKQHQ==</latexit><latexit sha1_base64="nDJorhC1qspxNc4Qc6lh/FLyKIQ=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoLkFvHiSCK4GkiXMTmaTIfNYZ3qFsOQzvHhQ8erfePNvnCR70MSChqKqm+6uOBXcgu9/e6WV1bX1jfJmZWt7Z3evun9wb3VmKAupFtq0Y2KZ4IqFwEGwdmoYkbFgD/Hoauo/PDFjuVZ3ME5ZJMlA8YRTAk7q3OCu5ZI94sDvVWt+3Z8BL5OgIDVUoNWrfnX7mmaSKaCCWNsJ/BSinBjgVLBJpZtZlhI6IgPWcVQRyWyUz06e4BOn9HGijSsFeKb+nsiJtHYsY9cpCQztojcV//M6GSSXUc5VmgFTdL4oyQQGjaf/4z43jIIYO0Ko4e5WTIfEEAoupYoLIVh8eZmEZ/VGPbg9rzUbRRpldISO0SkK0AVqomvUQiGiSKNn9IrePPBevHfvY95a8oqZQ/QH3ucPSXKQHQ==</latexit>

independent measure of goodness of approximation

above relation ‘exact’ for the PB potential

(D � 2)T +DV ! 0
<latexit sha1_base64="DZ7S7IwqLb57gmukwdKMMmGSe4Y="></latexit><latexit sha1_base64="DZ7S7IwqLb57gmukwdKMMmGSe4Y="></latexit><latexit sha1_base64="DZ7S7IwqLb57gmukwdKMMmGSe4Y="></latexit><latexit sha1_base64="DZ7S7IwqLb57gmukwdKMMmGSe4Y="></latexit>
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Expand to higher orders 

- improves convergence 

- important @ extrema

Perturbative expansion ' = 'PB + ⇠
<latexit sha1_base64="POihStWwop/1ojB+wFxYbEdkWxM=">AAACBXicbZDLSsNAFIZPvNZ6i7rUxWARBKEkVVAXQtGNywr2Ak0Ik+mkHTq5MDMpltCNG1/FjQtF3PoO7nwbp20W2vrDwMd/zuHM+f2EM6ks69tYWFxaXlktrBXXNza3ts2d3YaMU0FoncQ8Fi0fS8pZROuKKU5biaA49Dlt+v2bcb05oEKyOLpXw4S6Ie5GLGAEK2155oEzwCLpMXSFcvKy2vUInSDngXlmySpbE6F5sHMoQa6aZ345nZikIY0U4VjKtm0lys2wUIxwOio6qaQJJn3cpW2NEQ6pdLPJFSN0pJ0OCmKhX6TQxP09keFQymHo684Qq56crY3N/2rtVAUXbsaiJFU0ItNFQcqRitE4EtRhghLFhxowEUz/FZEeFpgoHVxRh2DPnjwPjUrZPi1X7s5K1cs8jgLswyEcgw3nUIVbqEEdCDzCM7zCm/FkvBjvxse0dcHIZ/bgj4zPHwfwl5g=</latexit>
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Higher orders
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Match at perturbed radii

Rs ! Rs (1 + rs) , rs ⌧ 1
<latexit sha1_base64="rCXRFFiAdRgr57F+JfJ42RLpTpc=">AAACF3icbZDLSgMxFIYz9VbrrerSTbBYKkqZqYK6K7hxWcVeoFOGTJppQzOZITkjlKFv4cZXceNCEbe6821MLwtt/SHw5T/nkJzfjwXXYNvfVmZpeWV1Lbue29jc2t7J7+41dJQoyuo0EpFq+UQzwSWrAwfBWrFiJPQFa/qD63G9+cCU5pG8h2HMOiHpSR5wSsBYXr5852lcdCHCBlzBAig5+AQr47qK9/pwfIqL06sQ2PHyBbtsT4QXwZlBAc1U8/JfbjeiScgkUEG0bjt2DJ2UKOBUsFHOTTSLCR2QHmsblCRkupNO9hrhI+N0cRApcyTgift7IiWh1sPQN50hgb6er43N/2rtBILLTsplnACTdPpQkAhsYhiHhLtcMQpiaIBQxc1fMe0TRSiYKHMmBGd+5UVoVMrOWblye16oXs3iyKIDdIhKyEEXqIpuUA3VEUWP6Bm9ojfryXqx3q2PaWvGms3soz+yPn8ACTWcrA==</latexit>

Rederive the matching conditions

A single linear equation = very fast
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Higher orders
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<latexit sha1_base64="h5IZn94ltj+Rcrt7RCFxm3FoKNg="></latexit>

Shooting method impractical 

- highly non-linear 

- multi-dimensional field space

'i(0) = '0i
<latexit sha1_base64="5/lpCSmqw+px6I3HPnaqiLpdsMo=">AAACBXicbVDLSgMxFL3js9bXqEtdBItQN2WmCupCKLhxWcE+oB1KJs20oZnMkGQKZejGjb/ixoUibv0Hd/6NaTuCth64cHLOveTe48ecKe04X9bS8srq2npuI7+5tb2za+/t11WUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD24mfmNIpWKRuNejmHoh7gkWMIK1kTr2UXuIZdxnHVZ0TtE1+nmmDmLjjl1wSs4UaJG4GSlAhmrH/mx3I5KEVGjCsVIt14m1l2KpGeF0nG8nisaYDHCPtgwVOKTKS6dXjNGJUbooiKQpodFU/T2R4lCpUeibzhDrvpr3JuJ/XivRwaWXMhEnmgoy+yhIONIRmkSCukxSovnIEEwkM7si0scSE22Cy5sQ3PmTF0m9XHLPSuW780LlKosjB4dwDEVw4QIqcAtVqAGBB3iCF3i1Hq1n6816n7UuWdnMAfyB9fENrLiXYA==</latexit>
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φ(ρ)

φ(ρ)

path in field space

Multi-fields



 CosmoTransitions

 AnyBubble

Wainwright ’11

Masoumi, Olum, Shlaer ’16

bounce and path deformation separate, 
oscillations, Runge-Kutta PDE solver

multiple shooting, damping 
approximations

 Other approaches

tunnelling potential

machine learning

Espinosa, Konstandin ’18

Piscopo, Spannowsky,  Waite ’19
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⇢
'̇i =
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<latexit sha1_base64="h5IZn94ltj+Rcrt7RCFxm3FoKNg="></latexit>
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<latexit sha1_base64="5/lpCSmqw+px6I3HPnaqiLpdsMo=">AAACBXicbVDLSgMxFL3js9bXqEtdBItQN2WmCupCKLhxWcE+oB1KJs20oZnMkGQKZejGjb/ixoUibv0Hd/6NaTuCth64cHLOveTe48ecKe04X9bS8srq2npuI7+5tb2za+/t11WUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD24mfmNIpWKRuNejmHoh7gkWMIK1kTr2UXuIZdxnHVZ0TtE1+nmmDmLjjl1wSs4UaJG4GSlAhmrH/mx3I5KEVGjCsVIt14m1l2KpGeF0nG8nisaYDHCPtgwVOKTKS6dXjNGJUbooiKQpodFU/T2R4lCpUeibzhDrvpr3JuJ/XivRwaWXMhEnmgoy+yhIONIRmkSCukxSovnIEEwkM7si0scSE22Cy5sQ3PmTF0m9XHLPSuW780LlKosjB4dwDEVw4QIqcAtVqAGBB3iCF3i1Hq1n6816n7UuWdnMAfyB9fENrLiXYA==</latexit>
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gradient flow

Sato ’19

Multi-fields
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<latexit sha1_base64="AX6FquL3ugGhRF++FWI5cWfcW3Q=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5JUQd0V3LisYB/QhDCZ3LRDJw9mJoUSs/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd77/FTzqSyrG9jZXVtfWOzslXd3tnd2zcPDjsyyQSFNk14Ino+kcBZDG3FFIdeKoBEPoeuP7qd+t0xCMmS+EFNUnAjMohZyChRWvLM49xRjAeAnTER6ZAVXs6wLDyzZtWtGfAysUtSQyVanvnlBAnNIogV5UTKvm2lys2JUIxyKKpOJiEldEQG0Nc0JhFIN5/dX+AzrQQ4TISuWOGZ+nsiJ5GUk8jXnRFRQ7noTcX/vH6mwms3Z3GaKYjpfFGYcawSPA0DB0wAVXyiCaGC6VsxHRJBqNKRVXUI9uLLy6TTqNsX9cb9Za15U8ZRQSfoFJ0jG12hJrpDLdRGFD2iZ/SK3own48V4Nz7mrStGOXOE/sD4/AFONJZB</latexit>

'̄is(⇢)
<latexit sha1_base64="SJ+whqkaP9PJStNY3GDUjJ+cKnA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUmqoO4KblxWsA9oQphMJ+3QyUyYmRRKCLjxV9y4UMStP+HOv3HaZqGtBy4czrmXe+8JE0aVdpxva2V1bX1js7RV3t7Z3du3Dw7bSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHodup3xkQqKviDniTEj9GA04hipI0U2MeZFyIJvTGSyZDmQUahyqueHIrzwK44NWcGuEzcglRAgWZgf3l9gdOYcI0ZUqrnOon2MyQ1xYzkZS9VJEF4hAakZyhHMVF+Nvshh2dG6cNISFNcw5n6eyJDsVKTODSdMdJDtehNxf+8Xqqjaz+jPEk14Xi+KEoZ1AJOA4F9KgnWbGIIwpKaWyEeIomwNrGVTQju4svLpF2vuRe1+v1lpXFTxFECJ+AUVIELrkAD3IEmaAEMHsEzeAVv1pP1Yr1bH/PWFauYOQJ/YH3+AK9Ml4I=</latexit>

Crucial idea #1

 perturbation up to linear term in V,  keeps the PB

⇣is = vis +
2

D � 2

bis
⇢D�2

+
4

D
ais⇢

2

<latexit sha1_base64="y4/Nl7mycXz+UhtT4tyy21wdjDk="></latexit>

¨̄'is +
D � 1

⇢
˙̄'is

| {z }
8āis
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<latexit sha1_base64="pp2YxmD4pBWOO4wsn3QkwWNieTk="></latexit>

Polygonal approach with many fields

 Initial ansatz straight line, via saddle, 
custom segmentation

 Initial solution
longitudinal single field 
PB



Crucial idea #2

 simultaneous solution for the 

bounce and path deformation

dV

d'i
' 1

2

⇣
diṼs + diṼs+1 + d2ij Ṽs⇣̃js + d2ij Ṽs+1⇣̃js+1

⌘

<latexit sha1_base64="x+0Qhps2uGFr/6E8ijQCplmuFSg="></latexit>

 linear system for      (as in the 

single field expansion) and 

 iterate until

⇣̃is
<latexit sha1_base64="Asq7JHzRrlYls9FjUvK1vrokqIg=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjNRUG8BLx4jmAWSMPT0VJImPQvdNUIyBH/FiwdFvPof3vwbO8kcNPFBweO9Kqrq+YkUGh3n21pZXVvf2CxsFbd3dvf27YPDho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nffASlRRw94CiBbsj6kegJztBInn2cdVDIAGhnDMgmXiaonnh2ySk7M9Bl4uakRHLUPPurE8Q8DSFCLpnWbddJsJsxhYJLmBQ7qYaE8SHrQ9vQiIWgu9ns+gk9M0pAe7EyFSGdqb8nMhZqPQp90xkyHOhFbyr+57VT7F13MxElKULE54t6qaQY02kUNBAKOMqRIYwrYW6lfMAU42gCK5oQ3MWXl0mjUnYvypX7y1L1Jo+jQE7IKTknLrkiVXJHaqROOBmTZ/JK3qwn68V6tz7mrStWPnNE/sD6/AGvApVX</latexit>
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<latexit sha1_base64="n9wtSgVV7DlYikwH5+hrEooipHI=">AAACFnicbVDLSgNBEJyNrxhfqx69DAZBEMNuFNRbwIvHCOYBSQizk04yZPbBTG8gLvkKL/6KFw+KeBVv/o2TZBFNLGgoqrrp7vIiKTQ6zpeVWVpeWV3Lruc2Nre2d+zdvaoOY8WhwkMZqrrHNEgRQAUFSqhHCpjvSah5g+uJXxuC0iIM7nAUQctnvUB0BWdopLZ9mjRRyA7Q5pCpqC/G7URQPaYn9Me4B2Sp3LbzTsGZgi4SNyV5kqLctj+bnZDHPgTIJdO64ToRthKmUHAJ41wz1hAxPmA9aBgaMB90K5m+NaZHRunQbqhMBUin6u+JhPlaj3zPdPoM+3rem4j/eY0Yu5etRARRjBDw2aJuLCmGdJIR7QgFHOXIEMaVMLdS3meKcTRJ5kwI7vzLi6RaLLhnheLteb50lcaRJQfkkBwTl1yQErkhZVIhnDyQJ/JCXq1H69l6s95nrRkrndknf2B9fANk8Z97</latexit>

new path
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<latexit sha1_base64="y4pXh35JzzIOMmAn7D8SgiKdi70=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWpgroruHFZwT6gCWEymbRDJw9mJoUSs/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd77/FTzqSyrG9jZXVtfWOzslXd3tnd2zcPDjsyyQShbZLwRPR8LClnMW0rpjjtpYLiyOe0649up353TIVkSfygJil1IzyIWcgIVlryzOPcUYwHFDljLNIhK7ycIbvwzJpVt2ZAy8QuSQ1KtDzzywkSkkU0VoRjKfu2lSo3x0IxwmlRdTJJU0xGeED7msY4otLNZ/cX6EwrAQoToStWaKb+nshxJOUk8nVnhNVQLnpT8T+vn6nw2s1ZnGaKxmS+KMw4UgmahoECJihRfKIJJoLpWxEZYoGJ0pFVdQj24svLpNOo2xf1xv1lrXlTxlGBEziFc7DhCppwBy1oA4FHeIZXeDOejBfj3fiYt64Y5cwR/IHx+QPp25X/</latexit>
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old path
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D = 4

Case A

Action

Number of Iterations: 3

Multi-Field PBN=15 : 101.726
Multi-Field PBN=100: 100.996
Shooting: 100.939
CosmoTransition: 101.267
AnyBubble: 100.375

 converges in a few iterations

 works for thin wall

 no oscillations

 works for D=3 and 4

 tested for up to 20 fields



FindBounce



Guada, MN, Pintar ’20

https://github.com/vguada/FindBounce/releases

https://github.com/vguada/FindBounce/releases


Load the package as usual

Define a metastable potential

Compute the bounce - obtain bf = the bounce function

Retrieve the 
bounce properties

Run on single points

And multifields



Custom options control the input

“Dimension”

“FieldPoints”

“Hessian”

“Gradient”

“MaxPath”

“MidFieldPoint”

“PathTolerance” & 

“ActionTolerance”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

one can define a starting fixed point (e.g. the saddle)

set a goal for the precision of the path variation and the 

Euclidean action



Output is a bundled container that can be easily accessed

“Action”

“Bounce”

“Path”

“Coefficients”

“Radii”

sets the Eucludiean spacetime dimension, 3 or 4

number of field points defines the segmentation

one can pre-calculate the gradient, or make it numerical

similar to the gradient, needed for multi-fields

limits the number of path iterations, typically small 

custom function for convenient 
plotting



Other exact N=3 potentials, quartic-
linear, quartic-quartic

Dutta, Hector, Vaudrevange, Westphal ’11

known exact solution, ‘fair’ comparison and test for the PB method
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 CosmoTransitions

 AnyBubble

fails with the action, possible to repair by hand, 
precise from 20% to 0.5%

fails to compute

 Polygonal bounce works smoothly with a bi-homogeneous 
segmentation 
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Scales linearly by construction

CT - CosmoTransitions

Thick: α ∈ {.6,.75}
Thin: α ∈ {.9,.99}
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Package

Works in thin and thick regimes

Tested up to 20 fields

Wainwright ’11

Masoumi et al. ’16

Sato ’20

BP - BubbleProfiler

AB - AnyBubble

SB - SimpleBounce

Athron et al. ’19

Time demand



Intermediate minima, multi-step transitions

N=5 
minimal 
case

ΓABC
ΓAB
ΓBC
ΓTotal
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Action = 59119.3
V 1

V 2

V 3

V 4

V 5

appear in theories with many fields, relaxion-type potentials

Q: which transition wins, direct tunneling or two subsequent transitions?

Direct tunneling impossible 
when intermediate minimum 
too low

bubble with two 
walls

Dahlen, Brown ’11

Disappearing instanton



Phase Transitions and  

False Vacua are 

fascinating and timely



Indico:  https://indico.global/event/5685

Youtube: https://www.youtube.com/@TunnelingQFT

https://indico.cern.ch/event/1346195
https://www.youtube.com/@TunnelingQFT

