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Thermodynamics

dP (r)

dr
= �GM(r)⇢(r)

r2

dM(r)

dr
= 4⇡r2⇢(r)

dT (r)

dr
= �3L(r)(r)⇢(r)

4⇡r24acT (r)3

dL(r)

dr
= 4⇡r2⇢(r)✏(r)

P = P (⇢, T, composition)

 = (⇢, T, composition)

✏ = ✏(⇢, T, composition)

Hydrostatic equilibrium

Mass continuity

Radiative energy transport

Energy conservation

without nuclear burning
zero temperature limit
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Pressure

Radiation pressure of photon & neutrino 

Thermal (kinetic) pressure of ideal gas 

Quantum degeneracy pressure of ideal gas 

Pressure from strong interactions

(PV = NkT )
<latexit sha1_base64="PI4b3X5JY2dsa4JROFHN195vICI=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRahXspuFfQiFL14kgr9ENulZNNsG5pklyQrlKX/wosHRbz6b7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3D1o6ShShTRLxSD0EWFPOJG0aZjh9iBXFIuC0HYxupn77iSrNItkw45j6Ag8kCxnBxkqP5XoLXaG7UeO0Vyy5FXcGtEy8jJQgQ71X/Or2I5IIKg3hWOuO58bGT7EyjHA6KXQTTWNMRnhAO5ZKLKj209nFE3RilT4KI2VLGjRTf0+kWGg9FoHtFNgM9aI3Ff/zOokJL/2UyTgxVJL5ojDhyERo+j7qM0WJ4WNLMFHM3orIECtMjA2pYEPwFl9eJq1qxTurVO/PS7XrLI48HMExlMGDC6jBLdShCQQkPMMrvDnaeXHenY95a87JZg7hD5zPH1SJj2M=</latexit>

Prad =
1

3
aT 4

<latexit sha1_base64="R/P7aXyPMPfRTCh6GUDZ1u/I/28=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kklb0I1QdOOyQl/QxDCZTtqhM5MwMxFK6MaNv+LGhSJu/Qd3/o3TNgttPXDhcM693HtPmDCqtON8Wyura+sbm4Wt4vbO7t6+fXDYVnEqMWnhmMWyGyJFGBWkpalmpJtIgnjISCcc3Uz9zgORisaiqccJ8TkaCBpRjLSRAvukEWSe5FCi/gReQS+SCEO3ChFs3tcCu+SUnRngMnFzUgI5GoH95fVjnHIiNGZIqZ7rJNrPkNQUMzIpeqkiCcIjNCA9QwXiRPnZ7IsJPDNKH0axNCU0nKm/JzLElRrz0HRypIdq0ZuK/3m9VEeXfkZFkmoi8HxRlDKoYziNBPapJFizsSEIS2puhXiITBDaBFc0IbiLLy+TdqXsVsuVu1qpfp3HUQDH4BScAxdcgDq4BQ3QAhg8gmfwCt6sJ+vFerc+5q0rVj5zBP7A+vwBS5WWgA==</latexit>

Pkin = nkT
<latexit sha1_base64="m1nr6NBJ48jZrM5wNzt12SUpYuw=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5JUQS9C0YvHCv2CNoTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2OXDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M7zxQqVgsmnqSUC/CQ8FCRrA2km+XG37WlxEaMzFF10iMm75dcarOHGiVuDmpQI6Gb3/1BzFJIyo04Vipnusk2suw1IxwOi31U0UTTMZ4SHuGChxR5WXz06fo1CgDFMbSlNBorv6eyHCk1CQKTGeE9UgtezPxP6+X6vDKy5hIUk0FWSwKU450jGY5oAGTlGg+MQQTycytiIywxESbtEomBHf55VXSrlXd82rt/qJSv8njKMIxnMAZuHAJdbiDBrSAwCM8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+ACeqk0c=</latexit>

Pdeg =?
<latexit sha1_base64="hFe6QespgJkSHHhyoPijiFelBQE=">AAAB+HicbVBNS8NAEN34WetHox69LBbBU0mqoBex6MVjBfsBbQibzaRdutmE3Y1QQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZF6ScKe0439bK6tr6xmZpq7y9s7tXsfcP2irJJIUWTXgiuwFRwJmAlmaaQzeVQOKAQycY3U79ziNIxRLxoMcpeDEZCBYxSrSRfLvS9PO+jHEIgwm+wte+XXVqzgx4mbgFqaICTd/+6ocJzWIQmnKiVM91Uu3lRGpGOUzK/UxBSuiIDKBnqCAxKC+fHT7BJ0YJcZRIU0Ljmfp7IiexUuM4MJ0x0UO16E3F/7xepqNLL2cizTQIOl8UZRzrBE9TwCGTQDUfG0KoZOZWTIdEEqpNVmUTgrv48jJp12vuWa1+f15t3BRxlNAROkanyEUXqIHuUBO1EEUZekav6M16sl6sd+tj3rpiFTOH6A+szx9OF5Iz</latexit>

(Pauli exclusion)
<latexit sha1_base64="PTaJT6zxhrOgnZCdvkIDk/JdILk=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR6qbMVEHBTdGNywr2AZ2hZNJMG5pkhiQjlqFu/BU3LhRx61+482/MtLPQ1gOBwznncnNPEDOqtON8W4Wl5ZXVteJ6aWNza3vH3t1rqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2MrjO/fU+kopG40+OY+BwNBA0pRtpIPfug4kkOGyhhFHqXkDxglmThk55ddqrOFHCRuDkpgxyNnv3l9SOccCI0ZkipruvE2k+R1BQzMil5iSIxwiM0IF1DBeJE+en0ggk8NkofhpE0T2g4VX9PpIgrNeaBSXKkh2rey8T/vG6iwws/pSJONBF4tihMGNQRzOqAfSoJ1mxsCMKSmr9CPEQSYW1KK5kS3PmTF0mrVnVPq7Xbs3L9Kq+jCA7BEagAF5yDOrgBDdAEGDyCZ/AK3qwn68V6tz5m0YKVz+yDP7A+fwD/SZX3</latexit>

Pnuclear matter =?
<latexit sha1_base64="7Ahg5ZRxB/fezK5BgXJrgb0tGYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBovgqiRV0I1YdOOygn1AE8JketsOnUzCzEQooQs3/oobF4q49SPc+TdO2yy09cDA4Zx779x7woQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BS8WppNCkMY9lJyQKOBPQ1Exz6CQSSBRyaIejm6nffgCpWCzu9TgBPyIDwfqMEm2kwC43gsyTERYp5UCkhyOiNcgJvsRXgV1xqs4MeJm4OamgHI3A/vJ6MU0jEJpyolTXdRLtZ0RqZqZPSl6qICF0RAbQNVSQCJSfzY6Y4GOj9HA/luYJjWfq746MREqNo9BUmh2HatGbiv953VT3L/yMiSTVIOj8o37KsY7xNBHcYxKo5mNDCJXM7IrpkEhCTQ6qZEJwF09eJq1a1T2t1u7OKvXrPI4iKqMjdIJcdI7q6BY1UBNR9Iie0St6s56sF+vd+piXFqy85xD9gfX5A6K6l24=</latexit>

number density
n = N/V

<latexit sha1_base64="uuq2gxNp4pHM/Q+eQap5PfIDTYw=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQS9C0IsniWAekCxhdtJJhszOLjOzQljyEV48KOLV7/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo9up33xCpXkkH804Rj+kA8n7nFFjpaYk1+T+rNEtltyyOwNZJl5GSpCh1i1+dXoRS0KUhgmqddtzY+OnVBnOBE4KnURjTNmIDrBtqaQhaj+dnTshJ1bpkX6kbElDZurviZSGWo/DwHaG1Az1ojcV//Paielf+SmXcWJQsvmifiKIicj0d9LjCpkRY0soU9zeStiQKsqMTahgQ/AWX14mjUrZOy9XHi5K1ZssjjwcwTGcggeXUIU7qEEdGIzgGV7hzYmdF+fd+Zi35pxs5hD+wPn8AbiVjoI=</latexit>
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Virial theorem dP (r)

dr
= �GM(r)⇢(r)

r2

Z R

0

dP

dr
4⇡r3dr =

Z R

0

✓
�GM

r2
⇢

◆
4⇡r3dr

<latexit sha1_base64="WSGihvbT+uds9CEINYGSyH6sxPM="></latexit>

Z R

0

dP

dr
4⇡r3dr = P · 4⇡r2

��R
0
�

Z R

0
3P · 4⇡r2dr

<latexit sha1_base64="7ZLdxGDey1MKgFYCM6NaYP6fHm0="></latexit>

Etherm =

Z R

0

✓
3

2
nkT

◆
4⇡r2dr =

1

2

Z R

0
3P · 4⇡r2dr

<latexit sha1_base64="jhfA32RgOwOEqJadtWrGyTx9l5U="></latexit>

Z R

0

✓
�GM

r

◆
4⇡r2⇢dr

<latexit sha1_base64="IUEFyowAF/RPYbJzPY/2ZbKG8lA="></latexit>

Etherm = �1

2
EG =

1

2
|EG|

<latexit sha1_base64="7GuTMn9IWLGnYOxkOJI4vdhfoAc=">AAACF3icbVDLSgMxFM3UVx1foy7dBIvgxjJTBd0UilJ0WcE+oC1DJs20oUlmSDJCmfYv3Pgrblwo4lZ3/o3pA9HWA4Fzz7mXm3uCmFGlXffLyiwtr6yuZdftjc2t7R1nd6+mokRiUsURi2QjQIowKkhVU81II5YE8YCRetC/Gvv1eyIVjcSdHsSkzVFX0JBipI3kO/myn7Ykh7pHJB/BIjxphRJh6BVg2b+2i/CnHJp66Ds5N+9OABeJNyM5MEPFdz5bnQgnnAiNGVKq6bmxbqdIaooZGdmtRJEY4T7qkqahAnGi2unkrhE8MkoHhpE0T2g4UX9PpIgrNeCB6eRI99S8Nxb/85qJDi/aKRVxoonA00VhwqCO4Dgk2KGSYM0GhiAsqfkrxD1kgtAmStuE4M2fvEhqhbx3mi/cnuVKl7M4suAAHIJj4IFzUAI3oAKqAIMH8ARewKv1aD1bb9b7tDVjzWb2wR9YH9/7YZyn</latexit>

Etot = EG + Etherm =
1

2
EG = �1

2
|EG| < 0

<latexit sha1_base64="MYMSIk0dKj3JcFehQNvjxUFGNDY="></latexit>

�2Etherm = EG
<latexit sha1_base64="lxGZWCOe7sF4a3+zqZqu0jebBwI=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR3FhmqqAboSiiywr2Ae0wZNI7bWgyMyQZoYxd+CtuXCji1t9w59+YPhbaeuDCyTn3kntPkHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFsBkQBZxHUNNMcmokEIgIOjaB/NfIbDyAVi6N7PUjAE6QbsZBRoo3k23vHZXztZ20psO6BFEN8Yd43vl10Ss4YeJ64U1JEU1R9+6vdiWkqINKUE6VarpNoLyNSM8phWGinChJC+6QLLUMjIkB52Xj/IT40SgeHsTQVaTxWf09kRCg1EIHpFET31Kw3Ev/zWqkOz72MRUmqIaKTj8KUYx3jURi4wyRQzQeGECqZ2RXTHpGEahNZwYTgzp48T+rlkntSKt+dFiuX0zjyaB8doCPkojNUQbeoimqIokf0jF7Rm/VkvVjv1sekNWdNZ3bRH1ifP5TBlIk=</latexit>
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Virial theorem Etherm = �1

2
EG =

1

2
|EG|

<latexit sha1_base64="7GuTMn9IWLGnYOxkOJI4vdhfoAc=">AAACF3icbVDLSgMxFM3UVx1foy7dBIvgxjJTBd0UilJ0WcE+oC1DJs20oUlmSDJCmfYv3Pgrblwo4lZ3/o3pA9HWA4Fzz7mXm3uCmFGlXffLyiwtr6yuZdftjc2t7R1nd6+mokRiUsURi2QjQIowKkhVU81II5YE8YCRetC/Gvv1eyIVjcSdHsSkzVFX0JBipI3kO/myn7Ykh7pHJB/BIjxphRJh6BVg2b+2i/CnHJp66Ds5N+9OABeJNyM5MEPFdz5bnQgnnAiNGVKq6bmxbqdIaooZGdmtRJEY4T7qkqahAnGi2unkrhE8MkoHhpE0T2g4UX9PpIgrNeCB6eRI99S8Nxb/85qJDi/aKRVxoonA00VhwqCO4Dgk2KGSYM0GhiAsqfkrxD1kgtAmStuE4M2fvEhqhbx3mi/cnuVKl7M4suAAHIJj4IFzUAI3oAKqAIMH8ARewKv1aD1bb9b7tDVjzWb2wR9YH9/7YZyn</latexit>

Etot = EG + Etherm =
1

2
EG = �1

2
|EG| < 0

<latexit sha1_base64="MYMSIk0dKj3JcFehQNvjxUFGNDY="></latexit>

• Star forms by slow gravitational contraction 
• Total energy becomes more negative 

- T & density increase as star loses energy

- start nuclear burning  
- thermal pressure dominates

Fate of stars

- reach quantum state  
- degeneracy pressure dominates 
- contraction stops and cools down

Tc
<latexit sha1_base64="82IFnva339rhn9hxehyCyDmWCEk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rFiv6ANZbOdtEs3m7C7EUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77CZXmsWyYSYJ+RIeSh5xRY6XHRp/1S2W34s5BVomXkzLkqPdLX71BzNIIpWGCat313MT4GVWGM4HTYi/VmFA2pkPsWipphNrP5qdOyblVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmf5MBV8iMmFhCmeL2VsJGVFFmbDpFG4K3/PIqaVUr3mWl+nBVrt3mcRTgFM7gAjy4hhrcQx2awGAIz/AKb45wXpx352PRuubkMyfwB87nDyHujbI=</latexit>

⇢quantum
<latexit sha1_base64="g37uc42lrcbSn37eXZkEIor0tLA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXRjcsK9gFtCJPppB06M4nzEEvIr7hxoYhbf8Sdf+O0zUJbD1w4nHMv994TpYwq7XnfTmltfWNzq7xd2dnd2z9wD6sdlRiJSRsnLJG9CCnCqCBtTTUjvVQSxCNGutHkZuZ3H4lUNBH3epqSgKORoDHFSFspdKsDOU7CbCA5fDBIaMPz0K15dW8OuEr8gtRAgVbofg2GCTacCI0ZUqrve6kOMiQ1xYzklYFRJEV4gkakb6lAnKggm9+ew1OrDGGcSFtCw7n6eyJDXKkpj2wnR3qslr2Z+J/XNzq+CjIqUqOJwItFsWFQJ3AWBBxSSbBmU0sQltTeCvEYSYS1jatiQ/CXX14lnUbdP6837i5qzesijjI4BifgDPjgEjTBLWiBNsDgCTyDV/Dm5M6L8+58LFpLTjFzBP7A+fwBjKaUxQ==</latexit>
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Polytropic Structure

� =
cp
cV

ratio of specific heats

pV � = constant

Thermal pressure for an adiabatic process
E =

3

2

N

V
kT

<latexit sha1_base64="FSehHXvFuwS6kdb+Dd767geagqc=">AAACCHicbZDLSsNAFIZP6q3WW9SlCweL4KokraAboSiCK6nQi9CWMplO2qGTSZiZCCVk6cZXceNCEbc+gjvfxmmbhbb+MPDxn3M4c34v4kxpx/m2ckvLK6tr+fXCxubW9o69u9dUYSwJbZCQh/Lew4pyJmhDM83pfSQpDjxOW97oalJvPVCpWCjqehzRboAHgvmMYG2snn14jS5Qx5eYJJU0KacZ36ZJM0UjVO/ZRafkTIUWwc2gCJlqPfur0w9JHFChCcdKtV0n0t0ES80Ip2mhEysaYTLCA9o2KHBAVTeZHpKiY+P0kR9K84RGU/f3RIIDpcaBZzoDrIdqvjYx/6u1Y+2fdxMmolhTQWaL/JgjHaJJKqjPJCWajw1gIpn5KyJDbJLQJruCCcGdP3kRmuWSWymV706L1cssjjwcwBGcgAtnUIUbqEEDCDzCM7zCm/VkvVjv1sesNWdlM/vwR9bnD+AnmJ8=</latexit>

Pkin =
N

V
kT

<latexit sha1_base64="rzSLCJ2vDvirvCk4//t8kaVcAas=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0I1QdONKKvQhNCFMppN26MwkzEyEErJy46+4caGIW7/BnX/jtM1CWw9cOJxzL/feEyaMKu0431ZpaXllda28XtnY3NresXf3OipOJSZtHLNY3odIEUYFaWuqGblPJEE8ZKQbjq4nfveBSEVj0dLjhPgcDQSNKEbaSIF92AwyT3I4oiKHl9CLJMLZbZ51cjiCrcCuOjVnCrhI3IJUQYFmYH95/RinnAiNGVKq5zqJ9jMkNcWM5BUvVSRBeIQGpGeoQJwoP5u+kcNjo/RhFEtTQsOp+nsiQ1ypMQ9NJ0d6qOa9ifif10t1dOFnVCSpJgLPFkUpgzqGk0xgn0qCNRsbgrCk5laIh8gkoU1yFROCO//yIunUa+5prX53Vm1cFXGUwQE4AifABeegAW5AE7QBBo/gGbyCN+vJerHerY9Za8kqZvbBH1ifP+YmmB0=</latexit>

� =
5

3
mono-atomic gas

ideal Fermi gas p / ⇢� / ⇢(n+1)/n

n : polytropic index

cf)
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E =
3

2
nkT

<latexit sha1_base64="8tqXEWVLNc3uaF0odDb+lZiXnxQ=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5K0gl6EoggeK/QL2lA22027dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzz485U9pxvq3c2vrG5lZ+u7Czu7d/YBcPWypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2xzczv/1ApWKRaOhJTL0QDwULGMHaSH27eIuuUC+QmKBqBQk0bvTtklN25kCrxM1ICTLU+/ZXbxCRJKRCE46V6rpOrL0US80Ip9NCL1E0xmSMh7RrqMAhVV46P32KTo0yQEEkTQmN5urviRSHSk1C33SGWI/UsjcT//O6iQ4uvZSJONFUkMWiIOFIR2iWAxowSYnmE0MwkczcisgImxy0SatgQnCXX14lrUrZrZYr9+el2nUWRx6O4QTOwIULqMEd1KEJBB7hGV7hzXqyXqx362PRmrOymSP4A+vzBzJekgU=</latexit>

Pkin = nkT
<latexit sha1_base64="m1nr6NBJ48jZrM5wNzt12SUpYuw=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5JUQS9C0YvHCv2CNoTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwtr6xuVXcLu3s7u0f2OXDtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M7zxQqVgsmnqSUC/CQ8FCRrA2km+XG37WlxEaMzFF10iMm75dcarOHGiVuDmpQI6Gb3/1BzFJIyo04Vipnusk2suw1IxwOi31U0UTTMZ4SHuGChxR5WXz06fo1CgDFMbSlNBorv6eyHCk1CQKTGeE9UgtezPxP6+X6vDKy5hIUk0FWSwKU450jGY5oAGTlGg+MQQTycytiIywxESbtEomBHf55VXSrlXd82rt/qJSv8njKMIxnMAZuHAJdbiDBrSAwCM8wyu8WU/Wi/VufSxaC1Y+cwR/YH3+ACeqk0c=</latexit>

� =
5

3
mono-atomic gas



Ideal Degenerate Electron Gas

ne =

Z pf

0

8⇡

h3
p2dp =

8⇡

3h3
p3f = Zn+ = Z

⇢

Amp

�x�px > h d3pdV > h3

⇢WD ⇠ 106 g/cm3

⇢quantum ⇡ mp

(�e/2)3
=

8mp(3mekT )3/2

h3

⇢quantum(T = 108 K) ⇡ 11, 000 g/cm3

⇢quantum(sun, center) ⇡ 640 g/cm3

ne, n+
<latexit sha1_base64="0FCfMsYDc0u8PfsGK3RVmlp6jho=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoMgKGE3CnoMevEYwTwgWcLspJMMmZ1dZ2aFsOQnvHhQxKu/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKLdnFcyK7Z91iyS27M5Bl4mWkBBlq3eJXpxexJERpmKBatz03Nn5KleFM4KTQSTTGlI3oANuWShqi9tPZvRNyYpUe6UfKljRkpv6eSGmo9TgMbGdIzVAvelPxP6+dmP61n3IZJwYlmy/qJ4KYiEyfJz2ukBkxtoQyxe2thA2poszYiAo2BG/x5WXSqJS9i3Ll/rJUvcniyMMRHMMpeHAFVbiDGtSBgYBneIU359F5cd6dj3lrzslmDuEPnM8f+KGPRA==</latexit>

number density
white dwarfs
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✓
20�C = 293K ⇡ 1

40
eV

◆

<latexit sha1_base64="hj+OO4ziqjPNeqhk6SMQOI9Mxlo="></latexit>
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Typical white dwarfs

dP (r)

dr
= �GM(r)⇢(r)

r2

⇢WD ⇠ 106 g/cm3

TWD ⇠ 107 K

Quantum degeneracy pressure dominates : thermal pressure negligible

Pdeg ⇡ 3⇥ 1022dyne/cm2

Pth ⇡ 2⇥ 1020dyne/cm2
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Degeneracy Pressure / Polytropic Structure

ideal Fermi gas

Pe =

✓
3

⇡

◆2/3 h2

20mem
5/3
p

✓
Z

A

◆5/3

⇢5/3

Non-relativistic

Pe =

✓
3

8⇡

◆1/3 hc

4m4/3
p

✓
Z

A

◆4/3

⇢4/3

Ultra-relativistic

� =
5

3

� =
4

3

p / ⇢� / ⇢(n+1)/n

n =
3

2

n = 3

n : polytropic index

Pe /
Z 1

0
ne(p)pvdp /

Z pF

0

p4p
p2 +m2

dp
<latexit sha1_base64="7cdKmjSsh2/wgHQBbUUHohEJ1wc="></latexit>

p = �mv
<latexit sha1_base64="QYCdM63UTSS9fxbBqhctVL+cLBY=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6EUIevEYwTxgs4TZyWwyZB7LTG8ghHyGFw+KePVrvPk3TpI9aGJBQ1HVTXdXnApuwfe/vbX1jc2t7cJOcXdv/+CwdHTctDozlDWoFtq0Y2KZ4Io1gINg7dQwImPBWvHwfua3RsxYrtUTjFMWSdJXPOGUgJPC9LbTJ1ISLEfdUtmv+HPgVRLkpIxy1Lulr05P00wyBVQQa8PATyGaEAOcCjYtdjLLUkKHpM9CRxWRzEaT+clTfO6UHk60caUAz9XfExMirR3L2HVKAgO77M3E/7wwg+QmmnCVZsAUXSxKMoFB49n/uMcNoyDGjhBquLsV0wExhIJLqehCCJZfXiXNaiW4rFQfr8q1uzyOAjpFZ+gCBega1dADqqMGokijZ/SK3jzwXrx372PRuublMyfoD7zPH94vkPs=</latexit>

p : momentum transfer

v : number of particles
<latexit sha1_base64="YDh1IDD7NKmMTDuoqMnsuhlFw10=">AAACJ3icbVDLSgMxFM3UVx1fVZdugkVwVWaqoLgQ0Y3LClYLnaFk0js1mMeQZIQy9G/c+CtuBBXRpX9iWkfwdSBwOOc+ck+ScWZsELx5lanpmdm56ry/sLi0vFJbXbswKtcU2lRxpTsJMcCZhLZllkMn00BEwuEyuT4Z+5c3oA1T8twOM4gFGUiWMkqsk3q1wwwf4CLSAgslQNpcRNhqIk0KehRF/s2XLXORgI6wSiOcEW0Z5WBGvVo9aAQT4L8kLEkdlWj1ao9RX9F8vIpyYkw3DDIbF+XAkR/lBjJCr8kAuo5KIsDExeTOEd5ySh+nSrsnLZ6o3zsKIowZisRVCmKvzG9vLP7ndXOb7scFk1luQdLPRWnOsVV4HBruMw3U8qEjhGrm/orpFdGEWhet70IIf5/8l1w0G+FOo3m2Wz86LuOoog20ibZRiPbQETpFLdRGFN2ie/SEnr0778F78V4/Syte2bOOfsB7/wCVP6XN</latexit>
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Non-relativistic

Ultra-relativistic
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Degeneracy Pressure
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Degeneracy Pressure
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Lane-Emden Equation

dP (r)

dr
= �GM(r)⇢(r)

r2

dM(r)

dr
= 4⇡r2⇢(r)

1

r2
d

dr

✓
r2

⇢

dP

dr

◆
= �4⇡G⇢

⇢ = ⇢c✓
n

r = a⇠

P = K⇢�

1

⇠

d

d⇠
⇠2

d✓

d⇠
= �✓n
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⇢ = ⇢c✓
n

center

surface

R = a⇠1
<latexit sha1_base64="NHKj+xo35Q2T/Zc4JsEDh3xLFWY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIevEYxTwwWcLspJMMmZ1dZmbFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4xGV5pG8N6MY/ZD2Je9xRo2VHu4uCSXtJ97xOoWiW3KnIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvQs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6ReLnmnpfLtWbFylcWRg0M4ghPw4BwqcANVqAEDCc/wCm+Odl6cd+dj1rrkZDMH8AfO5w8SWo/f</latexit>

R = a⇠1
<latexit sha1_base64="NHKj+xo35Q2T/Zc4JsEDh3xLFWY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIevEYxTwwWcLspJMMmZ1dZmbFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glhwbVz321laXlldW89t5De3tnd2C3v7dR0limGNRSJSzYBqFFxizXAjsBkrpGEgsBEMryd+4xGV5pG8N6MY/ZD2Je9xRo2VHu4uCSXtJ97xOoWiW3KnIIvEy0gRMlQ7ha92N2JJiNIwQbVueW5s/JQqw5nAcb6daIwpG9I+tiyVNETtp9OLx+TYKl3Si5QtachU/T2R0lDrURjYzpCagZ73JuJ/XisxvQs/5TJODEo2W9RLBDERmbxPulwhM2JkCWWK21sJG1BFmbEh5W0I3vzLi6ReLnmnpfLtWbFylcWRg0M4ghPw4BwqcANVqAEDCc/wCm+Odl6cd+dj1rrkZDMH8AfO5w8SWo/f</latexit>
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Constants of Lane-Emden equation r = a⇠

Stellar Structure by S. Chandrasekhar
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Polytropic Structure

ideal gas

Pe =

✓
3

8⇡

◆1/3 hc

4m4/3
p

✓
Z

A

◆4/3

⇢4/3

Ultra-relativistic

� =
4

3

p / ⇢� / ⇢(n+1)/n

n = 3

n : polytropic index
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Chandrasekhar limit

Ultra-relativistic � =
4

3
n = 3

M = 1.457

✓
2

µe

◆2

M�

Mass is independent of central density

µe = A/Z ⇡ 2 for He, C, O, ..

R = 3.347⇥ 104
✓

⇢c
106 g cm�3

◆�1/3 ✓ 2

µe

◆2/3

km
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White Dwarfs - electron degeneracy pressure

R

M

Ultra relativistic 

Non-relativistic

n = 3

n =
3

2
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White Dwarfs

Non-relativistic � =
5

3
n =

3

2

Ultra-relativistic � =
4

3
n = 3

M = 1.457

✓
2

µe

◆2

M�

independent of central density

µe = A/Z ⇡ 2 for He, C, O, ..

R = 1.122⇥ 104
✓

⇢c
106 g cm�3

◆�1/6 ✓ 2

µe

◆5/6

km

M = 0.7011

✓
R

104 km

◆�3 ✓ 2

µe

◆5

M�

R = 3.347⇥ 104
✓

⇢c
106 g cm�3

◆�1/3 ✓ 2

µe

◆2/3

km
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White Dwarfs

iopscience

반경

질량

비상대론적  

 상대론적  
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White Dwarfs

4
He, 12

C

56Fe

ApJ 530, 949 (2000)
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Q) What about neutron star?

Nucleon degeneracy pressure

28



Evolution of star

as star radiates
R

T
H

Nuclear burning

He C/O Si…

Brown 
Dwarf

White Dwarf Neutron 
Star

gravity ⇠ Pdeg,nucleon
<latexit sha1_base64="AHyImdt3nh9wuqPB+ebi6jD3vNw=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCopSDBWsDAWiT6kpqoc102t2k5kO5WiKJ/Awq+wMIAQKyMbf4ObZoCWI13p6Jx77XuPHzGqtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzCWmLRwyELZ9ZEijArS0lQz0o0kQdxnpONPbmd+Z0qkoqF40ElE+hwFgo4oRtpIA/s09SSHgURTqpMMeopy2Bzk4pAE51DEmJFQZAO76tScHHCZuAWpggLNgf3lDUMccyI0ZkipnutEup8iqal5Mat4sSIRwhMUkJ6hAnGi+ml+UAZPjDKEo1CaEhrm6u+JFHGlEu6bTo70WC16M/E/rxfr0XU/pSKKNRF4/tEoZlCHcJYOHFJJsGaJIQhLanaFeIwkwtpkWDEhuIsnL5N2veZe1Or3l9XGTRFHGRyBY3AGXHAFGuAONEELYPAInsEreLOerBfr3fqYt5asYuYQ/IH1+QOIupzl</latexit>

gravity ⇠ Pdeg, electron
<latexit sha1_base64="L8tny1FgmI1iCLB48JmmxRHoJaQ=">AAACEnicbVDLSgMxFM3UV62vqks3wSIoSJmpgi6LblxWsA/olJJJb9vQJDMkmUIZ+g1u/BU3LhRx68qdf2M6nYW2HggczrmXm3OCiDNtXPfbya2srq1v5DcLW9s7u3vF/YOGDmNFoU5DHqpWQDRwJqFumOHQihQQEXBoBqPbmd8cg9IslA9mEkFHkIFkfUaJsVK3eJb4SuCBImNmJlPsayZwrZuKPRic+xg4UKNCOe0WS27ZTYGXiZeREspQ6xa//F5IYwHSUE60bntuZDoJUYZRDtOCH2uICB2RAbQtlUSA7iRppCk+sUoP90NlnzQ4VX9vJERoPRGBnRTEDPWiNxP/89qx6V93Eiaj2ICk80P9mGMT4lk/uMeUDcwnlhCqmP0rpkOiCDW2xYItwVuMvEwalbJ3Ua7cX5aqN1kdeXSEjtEp8tAVqqI7VEN1RNEjekav6M15cl6cd+djPppzsp1D9AfO5w8Zf529</latexit>

Black 
Hole

gravity � Pdeg,nucleon
<latexit sha1_base64="SlD9f1mYyEOtJq+Tq/BjFp7T1Fg=">AAACD3icbVDLSgMxFM3UV62vqks3waK4kDJTBV0W3bisYB/QliGTSaehSWZI7hTK0D9w46+4caGIW7fu/BvTx0JbD1w4nHNvcu8JEsENuO63k1tZXVvfyG8WtrZ3dveK+wcNE6easjqNRaxbATFMcMXqwEGwVqIZkYFgzWBwO/GbQ6YNj9UDjBLWlSRSvMcpASv5xdOsoyWONBlyGI1xJ4pwzZ9qIYvOsUqpYLEa+8WSW3anwMvEm5MSmqPmF786YUxTyRRQQYxpe24C3Yxo4PbFcaGTGpYQOiARa1uqiGSmm03vGeMTq4S4F2tbCvBU/T2REWnMSAa2UxLom0VvIv7ntVPoXXczrpIUmKKzj3qpwBDjSTg45JpRECNLCNXc7oppn2hCwUZYsCF4iycvk0al7F2UK/eXperNPI48OkLH6Ax56ApV0R2qoTqi6BE9o1f05jw5L8678zFrzTnzmUP0B87nD5genGA=</latexit>

Tas star radiates R ~ fixed
gravity ⇠ Pquantum?

<latexit sha1_base64="IEUazspTDSslHzCo/98oArqPPJs=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhbsoaGfQxjKC+YBcCHubTbJkd+/cnQuEI3/Axr9iY6GIrb2d/8ZNcoUmPhh4vDfDzLwwFtyA5307S8srq2vruY385tb2zq67t18zUaIpq9JIRLoREsMEV6wKHARrxJoRGQpWDwc3E78+ZNrwSN3DKGYtSXqKdzklYKW2e5wGWuKeJkMOozEODJe40p6KDwlRkMgxvmq7Ba/oTYEXiZ+RAspQabtfQSeiiWQKqCDGNH0vhlZKNHAq2DgfJIbFhA5IjzUtVUQy00qn34zxiVU6uBtpWwrwVP09kRJpzEiGtlMS6Jt5byL+5zUT6F62Uq7iBJiis0XdRGCI8CQa3OGaURAjSwjV3N6KaZ9oQsEGmLch+PMvL5JaqeifFUt354XydRZHDh2iI3SKfHSByugWVVAVUfSIntErenOenBfn3fmYtS452cwB+gPn8wdmPJvB</latexit>

(He or C/O) ?
(O/Ne/Fe WD)

29



What’s inside black hole ?

lPlanck ⇠ 10�33 cm
<latexit sha1_base64="lXUL85txqtT7Luhbq8dDm7rG2S4=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCAWqqRFgrGChbFI9CE1IXJcp7VqO5HtIFVR/oCFX2FhACFWVjb+BjftAC1HutLROffq3nvChFGlHefbWlpeWV1bL22UN7e2d3btvf22ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoeuJ3HohUNBZ3epwQn6OBoBHFSBspsE9YkHmSwyZDAo9y6CnKoevcZ2f1eu7BwsM8D+yKU3UKwEXizkgFzNAM7C+vH+OUE6ExQ0r1XCfRfoakppiRvOyliiQIj9CA9AwViBPlZ8U/OTw2Sh9GsTQlNCzU3xMZ4kqNeWg6OdJDNe9NxP+8XqqjSz+jIkk1EXi6KEoZ1DGchAP7VBKs2dgQhCU1t0I8RBJhbSIsmxDc+ZcXSbtWdevV2u15pXE1i6MEDsEROAUuuAANcAOaoAUweATP4BW8WU/Wi/VufUxbl6zZzAH4A+vzBx71m3A=</latexit>

tPlanck =
lPlanck

c
⇠ 10�43 s

<latexit sha1_base64="ES+g65hMipx+44hvvPrV77eUFrM=">AAACKXicbVDLSsNAFJ34rPUVdelmsAhuLElb0I1QdOOygn1AU8tkOmmHzkzCzEQoIb/jxl9xo6CoW3/EaZqFbT1w4XDOvdx7jx8xqrTjfFkrq2vrG5uFreL2zu7evn1w2FJhLDFp4pCFsuMjRRgVpKmpZqQTSYK4z0jbH99M/fYjkYqG4l5PItLjaChoQDHSRurbdd1PPMlhgyGBxym8gl4gEU7YnJwmOIWeohy6zkNyXqumHsx8lfbtklN2MsBl4uakBHI0+vabNwhxzInQmCGluq4T6V6CpKaYkbToxYpECI/RkHQNFYgT1UuyT1N4apQBDEJpSmiYqX8nEsSVmnDfdHKkR2rRm4r/ed1YB5e9hIoo1kTg2aIgZlCHcBobHFBJsGYTQxCW1NwK8QiZpLQJt2hCcBdfXiatStmtlit3tVL9Oo+jAI7BCTgDLrgAdXALGqAJMHgCL+AdfFjP1qv1aX3PWlesfOYIzMH6+QXjFqZf</latexit>

gravity ⇠ Pquantum?
<latexit sha1_base64="IEUazspTDSslHzCo/98oArqPPJs=">AAACDXicbVA9SwNBEN3zM8avU0ubxShYhbsoaGfQxjKC+YBcCHubTbJkd+/cnQuEI3/Axr9iY6GIrb2d/8ZNcoUmPhh4vDfDzLwwFtyA5307S8srq2vruY385tb2zq67t18zUaIpq9JIRLoREsMEV6wKHARrxJoRGQpWDwc3E78+ZNrwSN3DKGYtSXqKdzklYKW2e5wGWuKeJkMOozEODJe40p6KDwlRkMgxvmq7Ba/oTYEXiZ+RAspQabtfQSeiiWQKqCDGNH0vhlZKNHAq2DgfJIbFhA5IjzUtVUQy00qn34zxiVU6uBtpWwrwVP09kRJpzEiGtlMS6Jt5byL+5zUT6F62Uq7iBJiis0XdRGCI8CQa3OGaURAjSwjV3N6KaZ9oQsEGmLch+PMvL5JaqeifFUt354XydRZHDh2iI3SKfHSByugWVVAVUfSIntErenOenBfn3fmYtS452cwB+gPn8wdmPJvB</latexit>

M ⇠ E

c2
<latexit sha1_base64="T96XPuaoJ59A5nqE0+mtsjLVm8c=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRV0GVRBDdCBfuAppbJdNIOnUnCzESoIfgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/gxZ0o7zre1sLi0vLJaWCuub2xubds7uw0VJZLQOol4JFs+VpSzkNY105y2Ykmx8Dlt+sPLsd98oFKxKLzTo5h2BO6HLGAEayN17f0b5CkmkBdITNKrLCX3laxrl5yyMwGaJ25OSpCj1rW/vF5EEkFDTThWqu06se6kWGpGOM2KXqJojMkQ92nb0BALqjrp5PoMHRmlh4JImgo1mqi/J1IslBoJ33QKrAdq1huL/3ntRAfnnZSFcaJpSKaLgoQjHaFxFKjHJCWajwzBRDJzKyIDbHLQJrCiCcGdfXmeNCpl96RcuT0tVS/yOApwAIdwDC6cQRWuoQZ1IPAIz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwDDaZTJ</latexit>

GMm

l
⇠ G

l

E

c2
m ⇠ G

lc2
~c
l
m =

G~
l2c

m ⇠ mc2
<latexit sha1_base64="hE8yyPNoJNtF5f8pOYHkFr92XMc="></latexit>

l ⇠
r

G~
c3

<latexit sha1_base64="mOWkSJVs7kLuzfNynLCP60TqCEs=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEhMVdIiwVjBAGOR6ENqSuW4TmvVcYJ9g1RFWVn4FRYGEGLlD9j4G9w2A7Qc6V4dnXOv7Hv8WHANjvNtLS2vrK6tFzaKm1vbO7v23n5TR4mirEEjEam2TzQTXLIGcBCsHStGQl+wlj+6nPitB6Y0j+QtjGPWDclA8oBTAkbq2VhgT/PQtHsFqRcoQtMrb+gTlaX0rpplPbvklJ0p8CJxc1JCOeo9+8vrRzQJmQQqiNYd14mhmxIFnAqWFb1Es5jQERmwjqGShEx30+klGT42Sh8HkTIlAU/V3xspCbUeh76ZDAkM9bw3Ef/zOgkE592UyzgBJunsoSARGCI8iQX3uWIUxNgQQhU3f8V0SEwaYMIrmhDc+ZMXSbNSdqvlys1pqXaRx1FAh+gInSAXnaEaukZ11EAUPaJn9IrerCfrxXq3PmajS1a+c4D+wPr8AeeQmno=</latexit>

quantum gravity

E ⇠ hc

�
⇠ hc

2⇡l
=

~c
l

<latexit sha1_base64="SllfdHH9UCS8LQ/wVfZxEebTRHE=">AAACLXicbVDLSgMxFM3UV62vUZdugkVwVWaqoBuh+ACXFewDOkPJZDJtaJIZkoxQhvkhN/6KCC4q4tbfMG1noa0HAodz7uHmniBhVGnHmVilldW19Y3yZmVre2d3z94/aKs4lZi0cMxi2Q2QIowK0tJUM9JNJEE8YKQTjG6mfueJSEVj8ajHCfE5GggaUYy0kfr27R30FOXQiyTC2RDnmcdMOkT5ol73EgpZDq8KzRsGSEJjsLxvV52aMwNcJm5BqqBAs2+/eWGMU06Exgwp1XOdRPsZkppiRvKKlyqSIDxCA9IzVCBOlJ/Nrs3hiVFCGMXSPKHhTP2dyBBXaswDM8mRHqpFbyr+5/VSHV36GRVJqonA80VRyqCO4bQ6GFJJsGZjQxCW1PwV4iEyXWhTcMWU4C6evEza9Zp7Vqs/nFcb10UdZXAEjsEpcMEFaIB70AQtgMEzeAUT8GG9WO/Wp/U1Hy1ZReYQ/IH1/QNJqajJ</latexit>
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Initial mass of progenitor star (with solar metallicity)

R

T
H

Nuclear burning

He C/O Si…

Brown 
Dwarf

White Dwarf Neutron 
Star

Black 
Hole

0.09M�
<latexit sha1_base64="qgi9YQFzRKkN3lxaRWo/er1QlVg=">AAAB83icbVDLSgMxFM34rPVVdekmWARXZaYK6q7oxo1QwT6gM5RMJtOGZpIhuSOUob/hxoUibv0Zd/6NaTsLbT1w4eSce8m9J0wFN+C6387K6tr6xmZpq7y9s7u3Xzk4bBuVacpaVAmluyExTHDJWsBBsG6qGUlCwTrh6Hbqd56YNlzJRxinLEjIQPKYUwJW8t2ae43v+76KFPQrVfucAS8TryBVVKDZr3z5kaJZwiRQQYzpeW4KQU40cCrYpOxnhqWEjsiA9SyVJGEmyGc7T/CpVSIcK21LAp6pvydykhgzTkLbmRAYmkVvKv7n9TKIr4KcyzQDJun8ozgTGBSeBoAjrhkFMbaEUM3trpgOiSYUbExlG4K3ePIyaddr3nmt/nBRbdwUcZTQMTpBZ8hDl6iB7lATtRBFKXpGr+jNyZwX5935mLeuOMXMEfoD5/MHXi+Qmw==</latexit>

25 ⇠ 40M�
<latexit sha1_base64="Y8ABk4V2E7Hc/0eTxegbl6bDEzM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiS1osuiGzdCBfuAJoTJZNIOncyEmYlYQn/FjQtF3Poj7vwbp20W2nrgwuGce7n3njBlVGnH+bZKa+sbm1vl7crO7t7+gX1Y7SqRSUw6WDAh+yFShFFOOppqRvqpJCgJGemF45uZ33skUlHBH/QkJX6ChpzGFCNtpMCuNi6gp2gCmw68CzwRCR3YNafuzAFXiVuQGijQDuwvLxI4SwjXmCGlBq6Taj9HUlPMyLTiZYqkCI/RkAwM5Sghys/nt0/hqVEiGAtpims4V39P5ChRapKEpjNBeqSWvZn4nzfIdHzl55SnmSYcLxbFGYNawFkQMKKSYM0mhiAsqbkV4hGSCGsTV8WE4C6/vEq6jbp7Xm/cN2ut6yKOMjgGJ+AMuOAStMAtaIMOwOAJPINX8GZNrRfr3fpYtJasYuYI/IH1+QOz15Lx</latexit>

ZAMS (zero age main sequence) mass

7 ⇠ 11M�
<latexit sha1_base64="6S9YOUTg+KSa2TganvBmxb/RNSk=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiRVqMuiGzdCBfuAJoTJZNIOncmEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBlVGnH+bZKa+sbm1vl7crO7t7+gV097CqRSUw6WDAh+yFShNGEdDTVjPRTSRAPGemF4+uZ33sgUlGR3OtJSnyOhgmNKUbaSIFdbUJPUQ5dF94GnoiEDuyaU3fmgKvELUgNFGgH9pcXCZxxkmjMkFID10m1nyOpKWZkWvEyRVKEx2hIBoYmiBPl5/PTp/DUKBGMhTSVaDhXf0/kiCs14aHp5EiP1LI3E//zBpmOL/2cJmmmSYIXi+KMQS3gLAcYUUmwZhNDEJbU3ArxCEmEtUmrYkJwl19eJd1G3T2vN+4uaq2rIo4yOAYn4Ay4oAla4Aa0QQdg8AiewSt4s56sF+vd+li0lqxi5gj8gfX5Az+nkrU=</latexit>

?

(He or C/O) (O/Ne/Fe WD)
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Neutron Star Formation from Fe Core Collapse 

Nuclear Photodisintegration

Neutralisation

� +
56
Fe ! 13

4
He + 4 n (124 MeV is consumed)

When Fe core reaches Chandrasekhar Limit

� +
4
He ! 2 p + 2 n (28.3 MeV is consumed)

Econsumed(10
57p) ⇠ 1.4⇥ 1052 erg ⇠ 1011year with L�

e� + p ! n + ⌫e

e� +56Fe !56Mn+ ⌫e

e� +MnFe !56Cr + ⌫e ⌧fall ⇠ a few seconds

RFe ⇠ 1500km

RNS ⇠ O(10km)

core collapse NS + Supernova 

(n : neutron)
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Properties of Neutron Star

M = 1.5 ⇠ 2.0M�

R = 10 ⇠ 15 km

A ⇠ 1057 nucleons

e+e� pair creation

Pulsar

35

n0 ⇡ 0.16 fm�3

⇡ 1.6⇥ 1044m�3

⇢0 ⇡ 2.04⇥ 1017kg ·m�3

<latexit sha1_base64="TK7Lr8ug6lEqLLJy74sSO4v7eHA="></latexit>

⇢center ⇡ several⇥ ⇢0

<latexit sha1_base64="8ZRq2EFn7LEHAM3ySaS2z8oTPqY=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwVRJR1F3RjcsK9gFNCJPpbTt0kgkzE7GEfokbf8WNC0UEV/o3TtMstPXCwOHcczhzT5hwprTjfFulpeWV1bXyemVjc2t7x97daymRSgpNKriQnZAo4CyGpmaaQyeRQKKQQzscXU/37XuQion4To8T8CMyiFmfUaINFdhnnhyKIPNkhCnEGuQEeyRJpHjAOanAuAk3rGYRKJzLncCuOjUnH7wI3AJUUTGNwP70eoKmkYmgnCjVdZ1E+xmRmlEOk4qXKkgIHZEBdA2Micnys/y8CT4yTA/3hTQv1jhnfzsyEik1jkKjjIgeqvndlPxv1011/8LPWJykGmI6C+qnHGuBp13hHpNANR8bQKhk5q+YDokk1PSkKqYEd/7kRdA6qbmntcvb02r9qqijjA7QITpGLjpHdXSDGqiJKHpEz+gVvVlP1ov1bn3MpCWr8OyjP2N9/QAMQ6MO</latexit>



Educated Guesses 

M = 1.457

✓
2

µe

◆2

M�

white dwarfs

Quantum degeneracy pressure of protons/neutrons
neutron stars

⇢WD ⇠ 106 g/cm3

TWD ⇠ 107 K

R = 3.347⇥ 104
✓

⇢c
106 g cm�3

◆�1/3 ✓ 2

µe

◆2/3

km

µe = A/Z ! µn = 1

MNS,Chan ⇡ 0.2

✓
2

µn

◆2 ✓ hc

Gm2
p

◆3/2

mp ⇡ 4⇥ 1.4M� = 5.6M�

RNS ⇡ 2.3⇥ 109 cm

✓
me

mn

◆✓
1

µn

◆5/3 ✓ M

M�

◆�1/3

⇡ 14 km

✓
M

1.4M�

◆�1/3

⇢ ⇠ 1014g/cm3
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General Relativity

hydrostatic equilibrium

dP

dr
= �GM⇢

r2

✓
1 +

P

⇢c2

◆✓
1 +

4⇡Pr3

Mc2

◆✓
1� 2GM

rc2

◆�1dP

dr
= �GM⇢

r2

dM

dr
= 4⇡r2⇢

include all energy sources

physics of dense nuclear matter 
(strong interaction)

dM

dr
= 4⇡r2

⇣ ✏

c2

⌘
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Without general relativity

ideal gas

nonrelativistic

ultrarelativistic

� =
5

3

� =
4

3

p / ⇢� / ⇢(n+1)/n

n =
3

2

n = 3

n : polytropic index

PN =

✓
3

8⇡

◆1/3 ✓hc

4

◆✓
⇢

mN

◆4/3

<latexit sha1_base64="1ajMvVIy3jWqo5+F52y278Go1Nc="></latexit>

PN =

✓
3

⇡

◆2/3 ✓ h2

20mN

◆✓
⇢

mN

◆5/3

<latexit sha1_base64="FOxxoZ4zQnPjcJVEj/knT6fVlyU="></latexit>
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� = (n+ 1)/n

� ⇡ 2 (n ⇡ 1)

M / K1/(3��4)R(��2)/(3��4)

� > 2

n = 1/(� � 1)
<latexit sha1_base64="ziSdo6zM8wy/uwk5PTe3vFPSNe8=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQxCPBh3o6AXIejFYwTzgGQJvZNJMmRmdpmZFZYQf8WLB0W8+iHe/Bsnj4MmFjQUVd10d4UxZ9p43reTWVldW9/Ibua2tnd299z9g7qOEkVojUQ8Us0QNOVM0pphhtNmrCiIkNNGOLyd+I1HqjSL5INJYxoI6EvWYwSMlTpuHkt8jX18Vmz3QQjAp/5Jxy14JW8KvEz8OSmgOaod96vdjUgiqDSEg9Yt34tNMAJlGOF0nGsnmsZAhtCnLUslCKqD0fT4MT62Shf3ImVLGjxVf0+MQGiditB2CjADvehNxP+8VmJ6V8GIyTgxVJLZol7CsYnwJAncZYoSw1NLgChmb8VkAAqIsXnlbAj+4svLpF4u+eel8v1FoXIzjyOLDtERKiIfXaIKukNVVEMEpegZvaI358l5cd6dj1lrxpnP5NEfOJ8/lLiSJg==</latexit>

n < 1
<latexit sha1_base64="0cvCo5AxhH6qFWNHmKmeTxTjhpk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPRS8eK9gPaEPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqX+d0nqjSL5KOZxdQXeCxZyAg2mSTRjTes1ty6mwOtEq8gNSjQGla/BqOIJIJKQzjWuu+5sfFTrAwjnM4rg0TTGJMpHtO+pRILqv00v3WOzqwyQmGkbEmDcvX3RIqF1jMR2E6BzUQve5n4n9dPTHjtp0zGiaGSLBaFCUcmQtnjaMQUJYbPLMFEMXsrIhOsMDE2nooNwVt+eZV0GnXvot54uKw1b4s4ynACp3AOHlxBE+6hBW0gMIFneIU3RzgvzrvzsWgtOcXMMfyB8/kDHqmNoQ==</latexit>

non-relativistic ideal gas

� =
5

3
n =

3

2

ultra-relativistic

� =
4

3

n = 3

M

R

increase central density

matter with strong interactions

M / K1/(3��4)R(��2)/(3��4)
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Nuclear matter is not an ideal gas
F.  Weber 2005

• still uncertain due to the nature of strong interactions 
• introduction of 3 body forces 
• exotic states with strangeness 
• … …

nonrelativistic

ultrarelativistic

� =
5

3

� =
4

3

NS EOS includes

� ⇡ 2 (n ⇡ 1)
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Neutron Star Equation of States

41

with general relativity & strong interactions !

p / ⇢� / ⇢(n+1)/n



Constraints from Observations

42



Neutron Star-White Dwarf Binaries 
1.97 solar mass NS : Nature 467 (2010) 1081


2.01 solar mass NS : Science 340 (2013) 6131

    Q) Which EOS ?

43

prefer harder EOS

prefer soft EOS

Tidal deformability of NS from GW 
Strangeness in NS

J0030+0451 by NICER (2019)

IJMPE (2020) Kim, Lee, Kim, Kwak, Lim, Hyun



44

Constraints from LMXB (including PSR J0030+0451) [ Raaijmakers et al. (2019) ]







Parameterized EOS

Astrophysical Approaches 

47



48

piecewise polytropic EoS (Bayesian approaches)

P (⇢) = Ki⇢
�i

<latexit sha1_base64="6kgoYZ+I4cMn8xsKlwjwmeigFbw=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E1JqqAboehCwU0Fe4Emhsl00g6dScLMRCihKze+ihsXirj1Gdz5Nk7aLLT1h4GP/5zDmfP7MaNSWda3UVhYXFpeKa6W1tY3NrfM7Z2WjBKBSRNHLBIdH0nCaEiaiipGOrEgiPuMtP3hZVZvPxAhaRTeqVFMXI76IQ0oRkpbnrnfqDhiEB3Bc3jjUZjxfepcIc6RR8eeWbaq1kRwHuwcyiBXwzO/nF6EE05ChRmSsmtbsXJTJBTFjIxLTiJJjPAQ9UlXY4g4kW46OWMMD7XTg0Ek9AsVnLi/J1LEpRxxX3dypAZytpaZ/9W6iQrO3JSGcaJIiKeLgoRBFcEsE9ijgmDFRhoQFlT/FeIBEggrnVxJh2DPnjwPrVrVPq7Wbk/K9Ys8jiLYAwegAmxwCurgGjRAE2DwCJ7BK3gznowX4934mLYWjHxmF/yR8fkDVCSXyQ==</latexit>



Spectral expansion of adiabatic index [Lindblom et al.]

49

cf. piecewise polytropic EoS

A new constraints by GW observations
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A new constraints by GW observations

53

⇤1.4M� = 190+390
�120

<latexit sha1_base64="oJtOkLqA4GJntDvmU928dsaeDCA=">AAACEnicbVBLSwMxGMzWV62vVY9egkVQxLLbFrQHoejFg0IF+4C2Ltls2oZmN0uSFcqyv8GLf8WLB0W8evLmvzFt96CtAyHDzHwk37gho1JZ1reRWVhcWl7JrubW1jc2t8ztnYbkkcCkjjnjouUiSRgNSF1RxUgrFAT5LiNNd3g59psPREjKgzs1CknXR/2A9ihGSkuOedS51mEPObFdKMMbp8M9rhJ4Du2KdR8flypW4sQndlFfZt4qWBPAeWKnJA9S1Bzzq+NxHPkkUJghKdu2FapujISimJEk14kkCREeoj5paxogn8huPFkpgQda8WCPC30CBSfq74kY+VKOfFcnfaQGctYbi/957Uj1zroxDcJIkQBPH+pFDCoOx/1AjwqCFRtpgrCg+q8QD5BAWOkWc7oEe3bledIoFuxSoXhbzlcv0jqyYA/sg0Ngg1NQBVegBuoAg0fwDF7Bm/FkvBjvxsc0mjHSmV3wB8bnD7vYmvk=</latexit>

P2⇢nuc = 3.5+2.7
�1.7 ⇥ 1034 dyne/cm2

<latexit sha1_base64="PsASAdVeghmC/9BpCq8RsIeHELU="></latexit>

P6⇢nuc = 9.0+7.9
�2.6 ⇥ 1034 dyne/cm2

<latexit sha1_base64="NeY4zNKpbGFEx/YnTe3X47xIVso="></latexit>

⇢nuc = 2.8⇥ 1014 g/cm3
<latexit sha1_base64="4K3wIBsuYp0BbmvjPSQBza6TnPw=">AAACGnicbVDLSgMxFM3UV62vUZdugkVwVWfagt0IRTcuK9gHdNqSSdM2NMkMSUYow3yHG3/FjQtF3Ikb/8Z0OgttPXDhcM693HuPHzKqtON8W7m19Y3Nrfx2YWd3b//APjxqqSCSmDRxwALZ8ZEijArS1FQz0gklQdxnpO1Pb+Z++4FIRQNxr2ch6XE0FnREMdJGGtiuJyfBIPYkhyLCCbyC5VINeppyoqDr9GO3mngw9ccXmPcrycAuOiUnBVwlbkaKIENjYH96wwBHnAiNGVKq6zqh7sVIaooZSQpepEiI8BSNSddQgczqXpy+lsAzowzhKJCmhIap+nsiRlypGfdNJ0d6opa9ufif1430qNaLqQgjTQReLBpFDOoAznOCQyoJ1mxmCMKSmlshniCJsDZpFkwI7vLLq6RVLrmVUvmuWqxfZ3HkwQk4BefABZegDm5BAzQBBo/gGbyCN+vJerHerY9Fa87KZo7BH1hfP+6dnus=</latexit>

LSC and Virgo, PRL  121, 161101 (2018)



Nature physics / Annala et al. (2020)

54

npQCD = 40 n0

<latexit sha1_base64="1t46qivLSc66bpM8xNql2HPvgtI=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVECupCKNaFyxbsA5oQJtNJO3RmEmYmQold+CtuXCji1t9w5984bbPQ1gMXDufcy733hAmjSjvOt1VYWV1b3yhulra2d3b37P2DtopTiUkLxyyW3RApwqggLU01I91EEsRDRjrhqD71Ow9EKhqLez1OiM/RQNCIYqSNFNhHIsg8yWHSrN9O4DWsOh4UgRPYZafizACXiZuTMsjRCOwvrx/jlBOhMUNK9Vwn0X6GpKaYkUnJSxVJEB6hAekZKhAnys9m90/gqVH6MIqlKaHhTP09kSGu1JiHppMjPVSL3lT8z+ulOrr0MyqSVBOB54uilEEdw2kYsE8lwZqNDUFYUnMrxEMkEdYmspIJwV18eZm0zytutXLVrJZrN3kcRXAMTsAZcMEFqIE70AAtgMEjeAav4M16sl6sd+tj3lqw8plD8AfW5w9CkJRV</latexit>

n � npQCD

<latexit sha1_base64="AHzz4dbZUfEt1ZZJjn8ry6Rigvk=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRSUHfFunDZgn1AE8JkOmmHzkzCzEQsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7T5gwqrTjfFuljc2t7Z3ybmVv/+DwyD6u9lScSky6OGaxHIRIEUYF6WqqGRkkkiAeMtIPp625338kUtFYPOhZQnyOxoJGFCNtpMCuCuiNCRRB5kkOk07rLg/smlN3FoDrxC1IDRRoB/aXN4pxyonQmCGlhq6TaD9DUlPMSF7xUkUShKdoTIaGCsSJ8rPF7Tk8N8oIRrE0JTRcqL8nMsSVmvHQdHKkJ2rVm4v/ecNUR9d+RkWSaiLwclGUMqhjOA8CjqgkWLOZIQhLam6FeIIkwtrEVTEhuKsvr5PeZd1t1G86jVrztoijDE7BGbgALrgCTXAP2qALMHgCz+AVvFm59WK9Wx/L1pJVzJyAP7A+fwDLjJOp</latexit>
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How to understand neutron star equations of state ?

• Massive NS from EM waves 
- prefer hard EOS (large sound velocity) at very high densities                     

• Tidal deformability & Mass distribution from Gravitational waves 
- constraints around 2 normal matter density 

• J0030+0451 from NICER (X-ray) 
- constraints M & R 

• Nuclear & particle physics
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To be continued

• One can understand the structure of neutron stars if we know the polytropic 
structure. 

• Question is how to determine the (density-dependent) polytropic index. 

• Nuclear & Particle Physics is essential to determine dense matter equations of 
state. 
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